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ABSTRACT

This paper studies linear piecewise fractional delay systems motivated by models with switch-
ing dynamics and memory effects. An explicit interval-wise solution is constructed via a gen-
erating-function approach, and its continuity at all junction points is established. Based on
this representation, a computable finite-time stability condition is derived in the form of an
explicit inequality involving the system parameters, delay, and fractional order. Several scalar
and matrix-valued examples illustrate the theoretical results and confirm the effectiveness of
the proposed stability criterion. The novelty of this work lies in providing, to the best of our
knowledge, the frst explicit interval-wise solution framework for piecewise fractional delay
systems together with a directly verifiable finite-time stability condition, thereby extending
existing results that rely on implicit formulations or restrictive structural assumptions.

Cite this article as: Aydin M, Bilen A. Solution and stability analysis of homogeneous piece-

wise fractional systems. Sigma J Eng Nat Sci 2026;44(4):2808—2822.

INTRODUCTION

Finite-time stability constitutes a critical characteristic
of dynamical systems, describing the ability of a system to
reach a desired state or remain within a prescribed bound
over a finite time interval. This notion has been widely
investigated in nonlinear systems, fractional-order systems
[1, 2], and systems with delays [3-10]. Its importance stems
from applications such as synchronization in complex net-
works, stabilization of robotic systems [11], and regulation
of time-sensitive processes, where transient performance is
often more relevant than asymptotic behavior.
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*E-mail address: m.aydin@yyu.edu.tr
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The increasing use of fractional differential equations
(FDEs) in engineering, economics, physics, and related
elds has further motivated the study of finite-time stabil-
ity in fractional-order settings [12-17]. Fractional models
are particularly effective in capturing memory and hered-
itary effects that cannot be adequately described by classi-
cal integer-order dynamics. A wide range of analytical and
numerical methods has been developed for FDEs, includ-
ing transform-based techniques and numerical schemes
[18-23]. More recently, explicit analytical solution tech-
niques and stability analyses for fractional and conformable
systems have attracted increasing attention in the applied
mathematics and engineering literature. For example,
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explicit solution formulas for linear conformable systems
with variable coeffcients were proposed in [24], while frac-
tional epidemic models illustrating real-world applications
were studied in [25]. In addition, existence, uniqueness,
and generalized stability notions for fractional operators
were addressed in [26].

For classical linear systems of the form v’(¢) = Bv(¢), the
solution is given by the matrix exponential v(¢) = e*v(0).
However, the introduction of a delay term v(¢ - 7) signifi-
cantly complicates the analysis. Khusainov and Shuklin
[27] investigated linear autonomous delay systems using
delay exponential functions under restrictive commu-
tativity assumptions, while Li and Wang [28] studied the
corresponding fractional analogues. In a related direction,
Huiping and Wang [29] analyzed piecewise linear state-de-
lay systems with more complex structures, focusing pri-
marily on controllability properties.

From an application viewpoint, piecewise fractional
delay systems naturally arise in models with switching
dynamics and memory effects. Typical examples include
networked control systems with mode-dependent commu-
nication delays, fractional-order viscoelastic models subject
to regime changes, and hybrid engineering or biological
processes in which system parameters vary in a piecewise
manner. For such systems, understanding transient behav-
ior and guaranteeing performance within a finite time hori-
zon are of practical importance.

In parallel, several studies have addressed finite-time
stability of fractional delay differential equations. Li and
Wang [30] derived quantitative finite-time stability crite-
ria, while delayed Mittag-Leffer type matrix functions were
introduced in [28] to obtain more constructive solution rep-
resentations and stability bounds. Despite these advances,
the existing literature largely relies on implicit solution for-
mulations, numerical approaches, or restrictive structural
assumptions. In particular, explicit interval-wise analytical
solu tions for piecewise fractional delay systems, together
with rigorous continuity analysis at switching points and
directly verifiable finite-time stability conditions, remain
relatively scarce.

Classical approaches for fractional delay differential
equations are typically based on the fractional method of
steps, where the solution is constructed recursively on suc-
cessive delay intervals by solving a sequence of fractional
initial-value problems; see, for instance [28, 30]. Within this
framework, explicit representations are usually expressed
in terms of delayed Mittag-Leffler matrix functions and are
mainly developed for systems with constant coefficients or
under restrictive structural assumptions. Similarly, linear
delay systems with special matrix structures are treated via
delay exponential functions under permutation or commu-
tativity conditions [27]. More recently, piecewise state-delay
systems have been investigated primarily from the control-
lability viewpoint, without providing explicit analytical
solution formulas or finite-time stability guarantees [29].

In contrast to these studies, the present work introduces
a generating-function-based construction that encapsulates
the stepwise procedure into a single explicit interval-wise
representation. This approach yields closed-form expres-
sions on each delay subinterval with interval-dependent
coefficient matrices, enables a transparent continuity anal-
ysis at all junction points, and leads to a directly comput-
able finite-time stability condition expressed as an explicit
inequality involving the system matrices, delay length, and
fractional order. Hence, beyond the existing results in [27-
30], the proposed framework provides an explicit, unified,
and verifiable solution-stability methodology for piecewise
fractional delay systems.

Motivated by these gaps, the present work develops a
generating-function-based frame work for linear piecewise
fractional delay systems. The proposed approach yields
explicit closed-form solutions on successive delay intervals,
proves continuity at all junction points, and leads to a com-
putable finite-time stability criterion expressed as an explicit
inequality involving the system matrices, delay parameter,
and fractional order. In contrast to existing methods, the
results do not rely on restrictive commutativity assump-
tions and provide transparent analytical tools suitable for
both theoretical analysis and engineering applications.

Inspired by the studies [28] and [29], we dedicated this
paper to investigate the following homogeneous fractional
piecewise delayed systems,

“Din_1)e+V(§) = Anv(s — T), ¢ € [(m — D7, m1),

DEY(Q) = Qpv(s — 1), ¢ € [1,20), (1)
‘Dysv(e) = v(s — 1), ¢€[0,1),
v($) = @(5), ¢ €[-70),

where ¢ : [-7, 0] > R" is an initial function, CDiiJr, i=0,1,..,
m - 1 stand for the well-known Caputo fractional deriva-
tives, 7> 0 is a delay parameter, and Q, € R™, i = 1,..., m.
This paper is organized as follows. Section 1 emphasises
the importance of finite-time stability and fractional differ-
ential equations and their usages addition to introducing
our system by touching on the existing studies in the liter-
ature, while Section 2 provides the necessary symbols and
definitions of fractional derivatives and integrals and some
their properties. In Section 3, a solution to the system by
proposing the generating function is constructed and its
continuity is proved, and in Section 4 a finite-time stability
analysis is carried out. Section 5 presents illustrative exam-
ples, and Section 6 concludes the paper with final remarks.

QUICK PRELIMINARIES

In this section, we briefly recall the basic de definitions,
notations, and results that will be used throughout the

paper.
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Let R*and R denote the sets of all positive real numbers
and all real numbers, respectively. For -co < a < b < oo, we
denote by C([a, b], R) the Banach space of

continuous real-valued functions on [a,b] endowed
with the maximum norm ||-||.., is defined by,

lpllo, = max kp(o),

where | - | denotes an arbitrary norm on R. The Riemann-
Liouville integral If+ v(¢) of fractional order 3 > 0 is given by

1 S
If+V(C) :TB)f (¢ — s)B(s)ds, ¢>a > —oo,

the Caputo derivative CDf+ of fractional order 0 < < 1is
given by
1

F; S
DEVS) = =g | (6 =PV $ds, 6> a> oo

where I'() is the well-known Gamma function. Their com-
positions satisfy

12,508 v(9)=v(9) —v(@), 15.DEv(e) = V(o).

Moreover, CDf + ¢ = 0 for any constant ¢ € R. For more
details, we recommend the readers to look at the references
[31, 32]. The methodological structure of this paper is
shown by Figure 1.

Glossary of Symbols

o a € (0, 1): Order of the fractional operators.

o 7> 0: Constant time delay.

« m € N: Number of subintervals.

o ¥(¢): State vector (or scalar state) of the system.

o ¢(c): Initial history function defined on [-7, 0).

o O Constant system matrix (or scalar coefficient) act-
ing on the k-th subinterval

« I7:: Riemann-Liouville fractional integral of order a.

An explicit interval-wise
construction of solutions for
linear piecewise fractional
delay systems was
presented via a generating
function

Continuity at the junctions
was proved

v

The effectiveness of the
proposed results was
demonstrated through
several examples

A computable finite-time
stability criterion was
derived

Figure 1. The owchart of methodological structure in this
paper.

+ ©DZ,: Caputo fractional derivative of order a.

o D,(¢, ¢): Generating function used to construct the
solution recursively on each subinterval.

e |l Il : Vector or matrix norm.

o M: Uniform bound such that || Q|| < M for all k.

A Solution to Linear System (1)

In this section, we construct a solution to the linear
system (1) by introducing an appropriate generating func-
tion. We then verify that the proposed solution satisfies
the system, provide alternative proofs including an induc-
tion-based argument, and establish the continuity of the
solution.

Let’s understand the root of the linear piecewise frac-
tional delayed systems more and discover the representa-
tions of their explicit solutions. In the interval ¢ € [0, 7), the
equation acquired from system (1) is given by:

DEV(Q) = (s — 1), ¢ €[0,7). @

By applying the definition of the Riemann-Liouville
fractional integral I3, this equation can be rewritten in
terms of the Riemann-Liouville fractional integral as:

1 (S
VOV =0vs= D=y s [ =0 va—ndr. (3)
0
Employing the substitution A, = x - 7, one has

Q, [T (e—T—2)"!
M@J., — T

v(s) =v(0) + v(1,)dA,.

Since A, [-7, ¢ - 7) , and ¢ € [0, 7), and we recall that the
initial condition satis es v(¢) = ¢(¢) for ¢ € -, 0]. Therefore,
the equation can be restructured as follows:

ot =t =)
= Q -— -

v =+ [ 0,5

=T

@(41)dA,.

Now, let us consider a general interval such that ¢ €
[mt, (m + 1)7). Then, the equation obtained from (1) can
be expressed as follows:

Dt V(6) = nyav(s — D)

Now, if the Riemann-Liouville fractional integral is
applied, then

v(Q)=v(mtt)+ Q fc (¢ — ) v(x—1)dx.

1
m+1 F((X) e
If the transformation A,,,, = x - 7 is applied, then the
solution function is isolated:

(6T Apy)™ !

v(g)=v(mr") o

V(Am+1)dlm+1' (4)

(m-1)t

It is so clear that for small values of m € N, finding the
solution is relatively easy. As m € N becomes sufficiently
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large, finding the solution is getting difficult, so it becomes
necessary to obtain a general form of the solution to the lin-
ear piecewise fractional system (1). For this purpose, let us
derive the solution to the linear piecewise fractional system
for the case m = 1, which is noted below:

DEv(9) = Qv(s — ), ¢E€[r,21),

Dgrv(s) = Qv(s — 1), ¢ €[0,7), (5)
v(s) = ¢(5), ¢ €[-70).

Based on the equation (4), the explicit solution of the
first equation of the system (5) is presented as follows:

e ey D

OEMORTH M
0

v(4)dA,.  (6)

The explicit solution of the second equation of the sys-
tem (5) is given by

C—T ( _ _/11 a—1
V(g = (0) + 0, f kit Vil

. () p(A)dA,. (7)

Now, let us take for ¢ = Tand ¢ = A, in the equation (7) ,
and substitute them into the equation (6). One obtains the
explicit solution to the linear piecewise fractional system
(5) as noted below

0 _/’{1 a—-1
v(g) = p(0) + f al%wl)dal

¢—=T _ _A‘Z oa—1

+ f 0,81 1) o ) [fp(O)
Ay—T A1, — _Al a—1

+ f_ Ql%qa(ll)dll] da,

0 (=a)t
o [ e (8)

¢—T _ _/1 a—1

+ fo Qz%go(o)d/lz
T (gmT— 2p)

+fo YT
Ay—T o o—

[Tt E(af D DAy,

As can be seen in this solution, the expression is already
quite cumbersome even for m = 1, and it is clear that it will
be come much more complex form m > 1.

Intuitive Interpretation of the Generating Function
Now, we define the (fractional) generating function,

which is produced by the initial function, to represent the

explicit solution to the linear piecewise fractional system by

m=0,

v(),
Du(s@)§ [ G-t=2) (R )
J:mﬁ)r Q. T (; D; (i, ) + Dy (A, (p)) dA,, mEeN;.

The generating function D,,(¢, ¢) provides a recursive
mechanism to construct the solution interval by interval
using the method of steps. Instead of solving the entire frac-
tional delay system at once, the solution on each subinterval
is built from the previously known history.

For n = 1, the system reduces to a single fractional equa-
tion on [0, 7), driven solely by the history function ¢(¢ - 7).
In this case, the generating function coincides with a frac-
tional convolution between Q, and the initial history.

For n = 2, the solution on [7, 27) depends both on the
accumulated contribution at ¢ = T and on the solution con-
structed on [0, 7). The corresponding generating function
D, therefore combines these two effects through a recursive
integral representation.

The case n = 2 corresponds to the solution of system (5).
Using the classical approach, this solution is expressed by
means of equation (8), making use of the intermediate steps
given in equations (6) and (7).

Below, the case n = 2, which represents the interval [,
271) is reformulated according to the numbering of system
(5) as the case m = 1, that is, the solution corresponding
to the interval [, 27). This solution is then derived step by
step as an application of the generating function method.

Consequently, the generating function approach is
explicitly illustrated through the cases n = 1 and n = 2 by
considering m = 1. Moreover, it is shown that the obtained
expression coincides with the solution of system (5) given
in equation (8). This establishes the scientific validity of
the proposed approach, demonstrating that the solution
of equation (5) can indeed be represented by means of the
generating function framework.

This pattern continues inductively: for general n, the
generating function encodes the cumulative memory of all
previous subintervals, allowing the explicit representation
given in Theorem 2.

For m = 1, the explicit solution presented in (8) is rewrit-
ten in terms of the generating function (9):

v©= ) Diim )+ Dals, 9)=Do(0.0) +Dy(r0)

10
i=0 + DZ (g! 90)‘ S € [Tr ZT)I )

because, from the definition of the generating function,

Dy(s, ) = p(s) = Dy(0,9) = ¢(0), (11)

-1

=T — _/11 a-1
Di(s ) :f_r QZ%(; D;(it, (ﬂ)"'Do(lp(ﬂ))d}Ll»

T gt A)
‘L S )
T e—T— A
‘f_, M

Dy(A1, 0)d2y

@(A)dAy,

(_/11)0(_1

0
Dy (7, (p)ZJ-_TQIW(p(Al)dAP (12)
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o1 _ 2,)%1
Datso)= [0, %(Z DIt ) + Dy, w)) ar,

T T2
= Q0,2
J T@

+fl B )Al) :

N ety
= Q- 27
fo @

T (gmtm At (B (G — 1= 2,
*fn ) f R )

<Do(0. ®)

()da, ) da,
o) (13)

@(0)d2,

@(A)dA,dA,.

This, in fact, coincides with the solution given in (8) by
combining (11), (12), and (13), as we claimed.

Remark 1. The fractional generating function reduces
to the iterative function introduced in [29] when the alpha
parameter is equal to one.

Explicit Solution Via Generating Functions

In this subsection, we derive an explicit interval-wise
representation of the solution to the linear system (2) by
employing a generating function approach.

Theorem 2. An explicit solution to the following linear
piecewise fractional system

CD(um 1)r+v(g) = mV(C— T) ¢E [(m—l)‘[ 1’1’1‘[)
D(m z)T+V(§) =0 1v(—1), ¢ €[(m—2)7,(m—1)7),

DEv(¢) = sz(c - 1), ¢E€[r,21), (14)
“Dysv(s) = Qv(s — 1), c€[0,7),
v(¢) = ¢(¢), ¢ €[-7,0),

has the following form with the help of the generating
function

m-—1

v(§) = D DT ) + D5, 0).

i=0

(15)

Proof. To show that it holds for any m € N, we will use
the method of mathematical induction on m. For m = 1,
considering the solutions (8) and (10), we can conclude that
the statement holds. Now, assume that our claim holds for
m = n. We will now prove that it also holds for m = n +1.
That is, the solution given in (15) for k = m to the system
(14) must hold:

v(§) = D DIt ) + D5, ). (16)
i=0
When k = m + 1, the solution becomes:
m
V)= ) Dt @) + D (@) (17)
i=0

We need to show that it holds. When ¢ € [m7, (m + 1)1),
our equation becomes

Dy +v(6) = Quygv(s — 1),

whose explicit solution followed from the equation (4) is
given by:

T c—1-

Q m+1)a_
‘m+1 V(A

v(c)=v(m‘r+)+f )

(m-1t

m+1)dlm+1' (18)

Now, if we take ¢ = m7 in the equation (16), then one
gets

m—1

v(mt) = Z D, (it, ¢) + D,,(mt, )

= iD (it, ).
i=0

If we take ¢ = A,,.,, in the equation (16), then one has

m—1

V(i) = D DT ) + Dy G, @)

i=0
If these equations are substituted into the equation (18),
then the following is obtained:

V() = iDi(ir.«J) + f( o
i=0 m-=

PGy A
e T(a)

(Z Dy(ir, ) + Dm(AM.<a>> U
i=0

Based on the definition of the generating function, one
can observe that:
o G-t

m—1
_ }’m )0(71
Qs =3 (z Di(it, @) + Do (A1, ¢)) A

DaGs) = @ \L

(m—-1)t

By rearranging this system for ¢ € [m7, (m + 1)7), the
corresponding explicit solution to the corresponding sys-
tem is found as stated below

v(§) = ) Diit,9) + Dys (5, 0),

i=0

which gives the desired solution. This concludes the induc-
tion proof.

B

Alternative Proof. Because of €D o+ € =0 for any con-
stant ¢ € R, one has

m-1
Din-1yr (Z Dy(it, ) + Dm(c,¢)> = Din-1y:Dm (5, 9)

i=0

N

= Do [ Oy Zn(n #)+ Duys O 9) ) d
m-2)t

0 [T A
= CD(m—l)r J;m—l)rnmw z D;(it,) + D1 (A — 7, 0) | dA

applying the substitution 6 = A,, + 7, one has

CD(aM—l)r(zﬁal D;(iz, )+ D (s, (p)) = CDgn—an’m-l)rﬂm (Z:ZBZ D;(it, )
+Dpa(s—1, 90))
= 0 (Z17 Di(iT, ) + Dot (5~ 7,9))
= Qp v(g—1).



Sigma J Eng Nat Sci, Vol. 44, No. 4, pp. 2808-2822, August, 2026

2813

Remark 3. In the special case a = 1, the Caputo frac-
tional derivative reduces to the classical first-order deriv-
ative. Consequently, the linear piecewise fractional delay
system (14) becomes a classical piecewise linear state-delay
system. In this setting, the explicit solution representation
(15) is consistent with the structure of solutions studied for
piecewise linear state-delay systems in the literature, such
as [29]. Hence, the present result recovers known classical
models when « = 1, while extending them to the fraction-
al-order case 0 < & < 1 and providing explicit interval-wise
analytical solution representations together with nite-time
stability bounds.

Remark 4. For the special case of a constant initial his-
tory ¢(¢) = ¢,, the solution admits a closed piecewise rep-
resentation. Define the shorthand coefficients

_ r—1 N j .L.ur '
P, = Hﬂj_q (r=1), Sj:= ¢0+2Pj‘rm, Soi= @o-
q=0 r=1

Then, for m = 6 the solution is given explicitly by

Po, ¢ € [_T' 0),
C(I
So+ 0, T+ 1) ¢ €[0,7),
(c—1)* (c-0)*
51+QZF(0(+1)+QZQIF(20(+1)' ¢ € [1,27),
(¢ —21)* (¢ —21)*
248 T(a+ 1) + 0 I2a+ 1)
(¢ —21)%
+ Q30,0 m, ¢ € [21,37),
(¢—3D)" (¢ —31)*
S5+ T(a+1) + 0, TQa+1)
v(s) = (¢ —31)% (¢ —30)*
+Q,050, TGa+ 1) +Q,050,0, m, ¢ € [37,41),
(¢ —41)" (¢ —41)*
Sat0s T(a+ 1) 059, T(2a+ 1)
(¢ —41)% (¢ —40)*
e s ) ) (PR
(g —47)%
+ Q50,030,0, m, ¢ € [41,57),
(g —50)* (¢ —51)*
S5+ 0 T(a+1) + s T2a+ 1)
(¢ —51)% (¢ —51)*
+ 06050, rBa+1) 6050,0; T(4a+1)
(¢ —50)%*
+0,0:0,0,0, TGaiD
(s —510)%
> 2 ¢ € [57,67).
005040500, =,

Here, the constants Sj accumulate the contributions
from the preceding intervals, explicitly,

(04

T
Si=@ + 0 ——,
1 0 1I‘(oc+1)

T(x .L.Za
$=85+0 ——+ 0,0, ————,
27T r(a+1) P ITQa+ 1)
,L_ot ,L.Z(x
$=5+0 —+ 0,0, ———,
27T r(a+ 1) AITQa+ 1)
Toc T2a
Sa=S:4+0,———+ 0,0, ————
AT M r+1) Y3 rQa+ 1)
3a T4o¢
—_— 4+ 0,000 ———,
2TBa+1) 2T+ 1)
T(x .L.Z(x
Ss =S4+ 0, ————+ 00, ————
ST r(e+1) T 4rQa+ 1)
3a _[4-a
+0:0,0.0 ————
S (4o + 1)

+0,0,0

+0:00 ——
B TEa+ 1)

TSa

+ Q50,00 Q0 ——.
(S + 1)

This piecewise expression shows that at each node ¢ =

kt the left and right limits coincide, and hence the solution

v(¢) is continuous acrossall subintervals.

The Continuity of the Explicit Solution

Now, the continuity of the explicit solution we have con-
structed is debated in the following theorem.

Theorem 5. The analytical solution expressed in (15)
to the linear piecewise fractional system (14) is continuous
on [-T, o).

Proof. Before proceeding to the junction-point analysis,
we briefly justify the continuity of the generating functions
D, (s, ¢) and the convergence properties of the recursive
integral representations involved. We proceed by induction
on m. For m = 0, one has Dy(¢, ¢) = ¢(¢), which is continu-
ous on [-7, 0] by assumption. Assume that, for some m > 1,
the functions D (-, ¢), i = 0,1,..., m - 1, are continuous and
bounded on their respective domains.

By definition, D, (¢, ¢) is given by a fractional integral
whose integrand consists of the bounded matrix Q,,, the
weakly singular kernel (¢- 7-1)*!/I'(a) with 0 < « < 1, and the
continuous bounded function Y% D;(it, ®) + Dyp_q (A, @).
Since the kernel is integrable on any finite interval and the
remaining factors are bounded, standard properties of frac-
tional integrals imply that D, (-, ¢) is continuous on [(m - 1)
7, mt]. This completes the induction step and establishes
continuity of all D,,,.

Moreover, the integrands defining D, are dominated by
an integrable majorant independent of ¢ on compact subin-
tervals. Hence, the family of recursive integrals converges
uniformly on compact sets. As a consequence, limit opera-
tions with respect to ¢ can be interchanged with the integral
sign, which justifies the limit arguments used below.

It is evident that ¢ € [(m - 1)1, m7], m € N, is continuous
at every interior point. At the critical point ¢ = mr, it suf-
fices to show that the right-hand limit, the left-hand limit,
and the function’s value coincide. For ¢ = mT,
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m
v(§) = ) DiIT,0) + D (6,9)
i=0
Evaluating at ¢ = m7 yields
v(mT) = ) DT, ) + Dpas (17,0,
i=0

Since the integration limits of D, ,(m7t, ¢) coincide,
one has D, ,,(mt, ¢) = 0, and therefore

m+1
v(mt) = Z D;(it, ).
i=0
The right-hand limit is

lim v(¢) = ) Di(it, @) + lim Dypy(5,¢)
¢omtt L ¢omtt

m
= Z Di(iT' (P):
i=0

where the limit of D,,,,, follows from the continuity estab-
lished above. For the left-hand limit, one uses

m-1

YD) = ) Dt e) +Duls0),

i=0

which gives
m—1

D Dilit,9) + Dy (e, 9)

= i D;(iz, ¢).

i=0

lim v(¢) =
¢->mt

Since the left-hand limit, right-hand limit, and the
function value coincide at ¢ = mr, the solution is continu-
ous at each junction point. Therefore, the explicit solution
expressed in (15) is continuous on [-7, o).

Finite-Time Stability

In this section, we first present the formal definition of
finite-time stability. To support the main result, two auxil-
iary lemmas are established, followed by the proof of the
principal theorem on the finite-time stability of the system
under consideration.

Definition 6. [33] The system described by the homoge-
neous state equation (1), and subject to the initial condition

v(g) = ¢(5), —T<¢=<0,

is said to be finite-time stable with respect to the parame-
ters {J, &, ¢y, J}, under the condition § < ¢ if and only if

el <6,

implies

vl < & V¢ €],

where ¢, denotes the initial observation time of the system,
and J is the observation interval given by J = [¢,, ¢, + T] € R.
Lemma 7. Let 72> 0, o, M > 0 be given. Definee

j
Tj=25i, k,j = 0.
i=0

Mk+1T(k+1)a

5= Nk Da+ D)’

Then,
m-2
So + Z 21T, 4 2m2T, | < 21T, wm > 2,
i=1
Proof. Based on the given definition, one has without
any calculations

m-—2
So+ ) 27 42T, < Ty
i=1
m-—2
+ Z 2071, 4 2Mm72T, 1, Vm > 2.
i=1

Because of §; > 0, T; is monotonically increasing and so
T;< T,, m for all i < m. Thus

m—2
T, + Z 2071 4 2m=2T,
i=1
m-—2
<Tm+ Z 2071 4 2m72T,
i=1
m-=2
< (1 + z 2071 4 zm-2> T,
i=1
=1 +2Mm2—-1+2Mm2T,
=2m2T

which is, indeed,we want to show.
Lemma 8. Let D, (¢, ¢) be given in the equation (9), that
is,

Do (s, 9) = 9(5),

Di(s, ) = fm .

for m € N, and ¢ € [(m-1)7, m7] Then,

(C_T m+1)u e ]
e Dy

i=0

k. ka

M
m-—1
Sup IIDm(c,<p)|IS2 6RE_O—F(ka+1)' (19)

¢€[(m—-1)t,mr]

Proof. We proceed by the mathematical induction on m.
For the base case m =1,
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¢—T (c T A)a—l
D)= | 0t oA s €0,
. I'(a)
Using |l ¢ ll.. < & and the change u =¢-7-1 € [0, ¢],

[l 1II i [l
du= a5 <
r() wdu F(a—l)g

Mt“ p
Ma—1)

1D (s, @I <

Taking the supremum in ¢ € [0, 7] yields

1
Mk.[ka
pszisy M
supllDy | ) T

which is (19) with m =1 (since 2°= 1 and the sum has only k
=0and k = 1). Consider the induction step, that is, assume
that foreach1 <r<m-1,

kaa
sup

B = A zr-lsi”’— 20)
" se[(m-1)t,m1] B P ['(ka + 1)

for fixed ¢ € [(m - 1), m1], taking norms in the recursive
formula and using linearity,

m—2

T A)a—l )
T(;union Ol + 11Dy, 2, «»)n)da

1Pm Gl < gl | (€
(5+ ZB +B,,_ 1>

(m-2)7
i=

(¢—(m-1n)*
< M1 ”[ r(a+ 1)

G-t=1 o (= (m-1)1)"
we used 5, ), o A =T and Dy(0, ¢) =

¢(0). Since ¢ < mt, we have (g - (m - 1)7)* < 7% and thus

m-2

Mt*
1D (5, @Il < m((s + ; B; + Bm—l)- (21)

Applying the induction hypothesis (20) to each B; gives

Mk ka
Bi+B,_, < Zzll Z
5+Z B, <5+ 5) AT

m—1

+2m” 262 M
T(ka + 1)

By multiplying by Mt*/I'(« + 1) and using the Beta-
. . Mt Mkrk“ Mk+1T(k+1)a
identity bound

I'(a +1)

Lemma 7, we obtain

I(ka+1) — T((k+Da+1) and using

Mk ka

< m-—1 Z
1D, )l £ 27718 ) s

sup
¢e[(m-1)T,m1]

This is exactly (19) and completes the mathematical
induction on m.

Theorem 9. The considered system (1) is finite-time
stable if

m

Z oi-1
k=

i=1

Mkgka £
 T(ka + 1) <3 (22)

Proof. From Theorem 2, the explicit continuous solu-
tion of the homogeneous piecewise fractional system (1) is
expressed by

m—1

v(¢) = Z D;(it, @) + D, (s, 9),

i=0

Taking the norm of both sides, we obtain
m—-1

VoIl < Z ID; iz, @I + 11D (s, @) .
i=0

Based on the definition of finite-time stability, let || ¢
II., hold. Now, let’s take the maximum value for ¢ € [(m -
1)7, m1] on the right-hand side together with employing
Lemma 8

m
W@l sw (D, oll
= Oce[(m—l)r,mr]

Mk ka

<822‘ 1 Em

Hence, employing the basic condition of this theorem,
relation (23) yields:

vl < & Vg €]J.

The desired is readily obtained. Consequently, the con-
sidered system (1) is finite-time stable under the established
inequality.

Remark 10. Although the sufficient condition (22) is
explicit, the double sum may be come computationally
heavy for large m. In practice, it can be evaluated effi-
Mok d
I'(ka+1)
updating the partial sums recursively. Specifically, one
may compute T;:= Yi_,a; incrementally via T, = T, +
a,, and then accumulate S,,:= Y72, 27T, in O(m) time.
Moreover, for large k, I'(ka + 1) grows superlinearly, so
a; decays rapidly once k is moderate; hence, truncating
the inner sum at a finite index (based on a prescribed tol-
erance) yields an accurate and stable numerical check of
(22). Finally, (22) explicitly reveals parameter sensitivity:
the left-hand side increases with 7 and M, and typically
decreases as « increases (because larger a produces larger
I'(ka + 1), reducing the terms). Therefore, smaller delays
7 and/or larger fractional orders « enlarge the admissible
stability margin &/8, which can guide design and tuning of
the piecewise coefficients.

ciently by precomputing the coefficients a;:=
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Remark 11. Although the finite-time stability condition
obtained in this study is explicit and directly verifiable, it
may exhibit a certain degree of conservatism. This conser-
vatism mainly originates from the use of uniform norm
bounds and the exponential-type growth factors intro-
duced in the recursive estimation procedure. Such bound-
ing techniques are commonly adopted in the finite-time
stability analysis of fractional delay systems to ensure ana-
Iytical tractability and broad applicability. While sharper
bounds may be achievable for particular system structures
or specific coefficient configurations, the proposed crite-
rion provides a reliable and computable sufficient condi-
tion guaranteeing finite-time stability over the prescribed
time interval.

Examples

In this section, several illustrative examples are pro-
vided to demonstrate the applicability of the theoretical
results. The following examples include explicit numerical
simulations and trajectory plots in order to visually verify
the continuity at switching points and to support the finite-
time stability results derived theoretically.

Example 12. Consider the case m=6,a=12,7=1, con-
stant history ¢(¢) = 1, and coefficient sequence (£2,,...,0¢) =
(0.8, 0.5, -0.3, 0.2, -0.1, 0.05). Using the closed representa-
tion in Remark 1, the accumulated constants are

SO = 1,
S, =1+08 ! 1.9027
1 “r(s) TV
S, =8, +05 ! +0.4 ! 2.8669,
27 r(1.5) OB
S3=S§ ! —0.15 !
2 r(1 5 U Tr(2)
1
—0.12 ~ 2.2881,
r(2.5)

1
Sy =834+ 02———10.06

1
r(1.5) r(2)

1
—0.024 ——= =~ 2.4192,

— 003505 r3)
1
S =8, — —F(l 5 —0.02 ﬁ

1 1
+ 0.006 ——= + 0.003 ——=
r(2.5) r@)

+ 0.0024 ~ 2.3131.

1
r'(3.5)

Hence, the solution v(¢) is given piecewise as in (23).
Before presenting the graphical representation, we empha-
size that the piecewise expression (23) has been constructed
so that the left- and right-hand limits coincide at each junc-
tion point ¢ = k7, k = 0,1,...,5, in accordance with the conti-
nuity result established in Theorem 5.

1, s €[-10),
1/2
50+08F(15) ¢ €[0,1),
(¢ — 1)1/ (c—1)
S14+0.5 T(L5) +04 oK €[1,2),
(¢ —2)12 (c-2)
$,—0.3 T 0'15—r(2)
(¢ —2)%2
- 0'12—r(2.5) , s €[23),
(¢ —3)1/2 (cs—3)
) = Ss+ O.Z—F(l_S) —0.06 )
(¢—3)3/2 (¢—3)?
—0.03 RS 0.024 ORI €[3,4),
(-2 ()
Sy — 0.17“1_5) —0.02 o)
(¢ —4)3/2 (¢ —4)?
+0.006 ) +0.003 O]
(¢ =42
+0'0024W’ €[4,5),
(¢ —5)*? (c—5)
Ss + 0.05W —0.005 D
(¢—5)32 (c—5)?
- 0'001—r(2.5) +0.0003 BOR
(c—5)%? -5 ese.
+0'00015W+ 0.00012 OR ¢ €[56)

This explicit expression, whose graph is presented in
Figure 2, confirms the validity of the generating-function
construction and shows that the solution remains continu-
ous across each junction ¢ = k7. Figure 2 visually confirms
that the explicit solution constructed in (23) is continuous
at each junctionpoint ¢ = k7, k = 0,1,...,5, despite the piece-
wise definition. In particular, no jump discontinuities or
cusp-like behaviors are observed at the switching instants,
which is fully consistent with the analytical continuity prof
provided in Section 3.

We now verify the finite-time stability condition for this
example. Here, a = 1/2, 7= 1, m = 6, and M: = max, ¢ | Q|
= 0.8. For the constant history ¢(¢) = 1, we have

llgll.,= & = 1. Evaluating the stability bound in Theorem

9, we obtain
k
Z 9i-1 Z 0.8
2+ 1)

3o

for some finite constant C. Consequently, by choosing & >
C, the inequality (22) is satisfied, and the system is finite-
time stable on J = [0,6]. This computation shows how the
abstract finite-time stability condition of Theorem 9 can be
explicitly evaluatedin practice using the system parameters,

i

Mk ka
I‘(ka +1)
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2.25¢1
G 2.00
5
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1.50
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1.00| ‘ .
-1 0 1 2 3 4 5 6
3
Figure 2. Graph of the explicit solution (23), illustrating the continuity of v(¢) across the junction points ¢ = k7.
there by linking the analytical criterion to concrete numeri- Since
cal verification. Overall, this example demonstrates that the 141
proposed generating function-based solution framework o) = (2 _ /1),
not only yields explicit closed-form expressions, but also
allows a direct verification of continuity and finite-time the integral can be evaluated componentwise as
stability through both analytical bounds and graphical 4
inspection. 0 ) f_ol(—/l)_l/z(l +)da =
Example 13. Consider the following linear piecewise f =D"pM)dr = | =114/
. - [ .(=D)~12(2 = A)da =
fractional system -1 3

D) = Qv(s— 1), ¢E[23),

DH*v()=Qv(s — 1), ¢€[12),
2 (24)
Dy v(e) = Qv(s — 1), ¢€[01),
v(§) = (), ¢ € [-1,0),
where
1+6 1
p@=(, ) 0€l-10, %=(7 o)

5= _og) 2=(% 01
BasedonthedefinitionofthegeneratingfunctionD,,,(¢,¢)
(=: D,,(¢) for simplicity) in (9), for m = 1, ¢ € [0,1), one
obtains
6¢1/2 — §C3/2
Q, —r
r(1/2) 0

Dy (g)= f (o= 1- D)) dA=

Explicit computation of D,;(1) (matrix-valuedcase).
For the reader’s convenience, we detail the computation of
D,(1). Setting ¢ = 1 in the definition of D, (¢) yields

N ’ —-1/2
o5 f Do

D;i(¢) = I

Consequently, applying the matrix coefficient

%=(p o)

4 14
1 (0 1) 3)_ i 3 .
r(1/2)\o o/\2 N A
This computation illustrates explicitly how the matrix
coefficient acts on the vector-valued fractional integral of

j— 14 T
the history function. Hence b)) = (mf") and

gives

D;(1) =

14

+_
3vm |,
2

1 14 1
Si=p(0H)+D; (1) = (2>+ B\éﬁ =

For m =2, ¢ € [1,2), one gets

QZ i —-1/2 +
F(1/z)f0 (¢=1-D7"(p(0") + Dy (2))d2

FE-D 456D - g6 - P

- A1

D,(¢) =

Inparticular,
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1,5
4
p@={ V7",
RE
14 1 5
1+—+—=++
4
2 _=£
Vr
14 1 9
_[3Vr Vno 4
,_12

For m =3, ¢ € [2,3) , one has

¢—1

93
Ds(5) = (c—1-D)2(p(0")

r(1/2) J,
+ D1 (1) + D, (2))dA

14
Y O U SN
Vr 2

VT (¢~ 2) + 20 - 22

~ 15 (5~ 2)%2 ~0.6vT(s ~ 2)

Based on Theorem 2, the explicit solution to the linear

piecewise fractional system (24) is expressed by

o) = (; t Z) ¢ €[-1,0),

. 6(1/2 _ %.3/2
9@ +D10) = () + < VT ) selon,

0

v(g)= 14
1 —_
S1+Da(s) = ( +23ﬁ>

1 s 3
. \/—E(C—l)/ +7(€—1)
1 , 12 " » ¢ E€[12),
-z6-1 —ﬁ(c—l)/

¢ E[23),

Sz + D3(9),

with S, and D; (¢) as explicitly given above. Note that
F(lg) =, F(g) = i—n ,F(g) = # have been employed
above. The left and right limits match at ¢ = 0,1,2, hence v is
continuous on [-1,3). We emphasize that the piecewise rep-
resentation above is constructed so that the accumulated
terms S, and S, ensure the matching of left-and right-hand
limits at the switching instants ¢ = 0,1,2, in agreement with
the continuity result established in Theorem 5.

Figure 3 depicts the two components of the solution v(¢)
= (v(¢), v,(¢))" on [-1,3) and visually confirms the conti-
nuity at the junction points ¢ = 0,1,2. Inparticular, Figure
3 shows that both components v, and v, evolve smoothly
across the switching points, despite the presence of distinct
system matrices on successive intervals. This confirms that
the continuity property is preserved component wise, not
merely in a normed sense.

— wnlg)
| valg)

3—\\

| _—1

-1.0 -0.5 0.0 0.5 1.0

Figure 3. Componentwise solution of Example 13 illustrating the continuity of v,(¢) and v,(c) across the junction points

¢=0,1,2,.
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The infinity-norm trajectory shown in Figure 4 pro-
vides a quantitative visualization of the finite-time stabil-
ity concept. By plotting the innity norm of the solution
together with the prescribed bound ¢ = 0.80, the figure
illustrates how the analytical bound derived in Theorem 9
constrains the entire solution trajectory within the stability
margin. This representation is consistent with the defini-
tion of finite-time stability and visually confirms the con-
dition stated in Definition 6 and Theorem 9, showing that
the solution remains within the prescribed bound for all ¢
€ [0,3].

Overall, this example illustrates how the proposed
framework simultaneously delivers explicit matrix-valued
solutions, guarantees continuity at switching points, and
enables direct numerical verification of finite-time stabil-
ity, thereby bridging the gap between abstract theory and
applied analysis.

Example 14. Consider the following homogeneous
piecewise fractional system

‘Dyv(s) = Qv(s— 1), ¢€[23),

Div() = Qv(s — 1), ¢€[L2),

DEV(S) = Avis — 1), ce[o1), )
v(s) = o(5), ¢ € [-1,0).

Let § = 0.05, ¢ = 0.80 be given. Then, M: = max, 3 |24/
=0.30 and &/§ = 16. In the light of the statement of Theorem
9, one has to calculate the following sum

Z 2t Zr((ko/zoj D

3

_ i Jegka

i=1

Fori=1:

20 (1+%)=1(1+

Fori=2:
) 0.30° 0.30
21+ +— =2-(1+7+0.09)
re) 0.8862269
=2- (1+0.3385 + 0.09)
=2-1.4285 =~ 2.8570,

0.30

—): 1(1+0.3385) ~ 1.3385,
0.8862269

0.30
r(1.5)

fori=3:
22<1+

Then,

0.30%  0.30° —a(1+
r(2) +r(2.5) - ( 0.8862269
=4-(1.4488) ~ 5.7953.

0.30
r(1.5)

0.027
o)
1.3293404

S(3) = 1.3385 + 2.8570 + 5.7953 = 9.9908.

Since

S(3) = 9.9908 < gz 16,

the hypothesis (22) holds. Therefore, by Theorem 9, the
homogeneous piecewise fractional system (25) is finite-
time stable on J = [0,3] for all histories with ll¢ll., < § =
0.05, and its solution satisfies [[v(¢)|l < ¢ = 0.80 for all ¢ €
J. To complement the analytical verification above, we
provide a numerical trajectory of the solution in order to
visualize the finite-time stability property predicted by
Theorem 9. Figure 5 illustrates the evolution of v(¢) over ¢
€ [0,3] obtained by applying the Caputo fractional deriva-
tive of order a =1/2 with piecewise coefficients Q; = 0.30,
Q, = 0.20, and Q; = 0.25. The initial history is assumed as

w
L

(g2

=
L

T T
-1.0 -0.5 0.0 0.5 1.0

1.5 2.0 2.5 3.0

Figure 4. Infinity norm of the solution [[v(¢)l., for Example 13. The dashed horizontal line indicates the prescribed sta-
bility bound ¢ = 0.80, while the vertical dashed lines mark the junction points ¢ = 0,1,2. The trajectory remains within the

bound, confirming finite-time stability on J = [0,3].
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0.8
0.6
0.41
0.2r

v(c)

—0.2t
_o.4t
-0.61
-0.8

0.0} -— - 1 @ @O

00 0.5 10 15

2.0 75 30

Figure 5. Solution profile illustrating finite-time stability for the system to the system 25.

¢(¢) = 6 = 0.05 for ¢ € [-1,0). The dashed horizontal lines
correspond to the prescribed bound |v(¢)| = ¢ = 0.80. It is
clearly observed that the entire trajectory of v(¢) remains
within the stability margin |v(¢)| < ¢, confirming the finite-
time stability condition §(3) = 9.99 < ¢/ = 16 predicted by
Theorem 9.

We emphasize that the above finite-time stability verifi-
cation is not restricted to constant histories. Indeed, the sta-
bility condition in Theorem 9 depends only on the bound
llgll.. < & and not on the specific functional form of ¢(c).
For instance, choosing a non-constant history ¢(¢) = 6(1 +
¢) for ¢ € [-1,0), one still has [lgll., = § = 0.05 because

sup |[6(1 + ¢)| =6 sup (1 + ¢).
¢€[-1,0) ¢€[-1,0)

llolle =

Since 1 + ¢ is continuous and monotonically increasing
on [-1,0), its maximum is attained at ¢ > 0, yielding

sup (1 +¢)=1.
¢€[-1,0)

Hence,

lolle = & = 0.05.

Hence, the inequality S(3) < &/d remains unchanged
and the homogeneous piecewise fractional system (25) is
finite-time stable on J = [0,3]. This shows that the numer-
ical validation applies to a broader class of initial histories,
including non-constant functions.

The numerical trajectory shown in Figure 5 remains
strictly within the prescribed bound [v(¢)| < ¢ for all ¢ €
[0,3], providing a direct visual confirmation of the finite-
time stability result and demonstrating the practical sharp-
ness of the analytical estimate.

Note that the gures presented in the examples are
intended to complement the analytical results by providing
a direct visual interpretation of the explicit solution con-
struction and the finite-time stability analysis. In particular,

the solution trajectories illustrate the continuity of the
piecewise-defined solutions at the switching points, while
the plotted norms demonstrate that the solutions remain
within the prescribed stability bounds over the finite time
interval. These graphical representations therefore serve as
numerical con rmations of the theoretical findings, bridg-
ing the gap between the abstract analytical conditions and
their observable dynamical behavior.

CONCLUSION

We develop an explicit interval-wise solution for linear
piecewise fractional systems with Caputo derivatives and a
single delay via a generating-function approach. The solu-
tion is continuous across junctions, and a computable sum
inequality yields a finite-time stability condition. A couple
of examples are presented to validate our findings.

The originality of this work lies in the explicit construc-
tion of solutions for piecewise fractional delay systems
together with a directly applicable finite-time stability cri-
terion, extending existing results that are mainly based on
implicit formulations or restrictive assumptions.

There are many directions for future work. For example,
is our system controllable? Is it exponentially or asymptot-
ically stable? One may also consider the nonhomogeneous
type of the system under study.
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