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ARTICLE INFO ABSTRACT

This paper investigates an anisotropic cosmological model Bianchi Type-VI0 in the frame 
work of Lyra’s geometry with barotropic matter, dark energy and bulk viscous effects using 
bilinearly varying deceleration parameter. The physical and kinematical properties will be 
studied.
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INTRODUCTION

By the motivation of several extensions of Riemannian 
geometry study. One of the most influential attempts was 
introduced by Hermann Weyl in 1918 [1], who proposed 
a generalised geometric framework to achieve a unified 
description of gravitational and electromagnetic inter-
actions within one spacetime manifold. Although Weyl’s 
theory represented a remarkable step toward unified field 
theory, it was affected by the non-integrability property of 
length transport, which led to serious physical objections 
and limited its acceptance.

In order to overcome this difficulty, A modified geo-
metrical structure of Riemannian geometry was proposed 
by Günther Lyra in 1951 [2] by incorporating a gauge 
function into a structureless manifold. Lyra’s modification 

successfully removed the non-integrability problem asso-
ciated with Weyl’s geometry and naturally introduced a 
displacement vector field into the gravitational framework. 
Motivated by this geometrical formulation, D. K. Sen [3], 
and Sen and Dunn [4], established a scalar–tensor theory of 
gravity founded on Lyra geometry. Further developments 
by W. D. Halford [5,6] demonstrated that the displacement 
vector field ϕi remains constant in Lyra geometry.

To understand the study of early stage of universe , we 
must study the high energy physical processes like symmet-
ric phase breaking and trasition from one stage to another 
stage to produced topological relics in the form ofdomain 
walls, cosmic strings and monopoles. Out of these, the cos-
mic strings are more stable one-dimensional massive struc-
tures, and hence they are more important for the formation 
of large-scale cosmic structure, including galaxy clusters 
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and galaxies. By this motivation, String-based cosmologi-
cal models have been widely analysed in classical general 
relativity and extended theories of gravity. Important con-
tributions in this direction were made by researchers such 
as Patricio Letelier, Krori, Reddy, and Tripathy [7–13], who 
studied different classes of string-dominated cosmological 
models and analyzed their influence on the evolution and 
dynamics of the universe. Several investigations carried 
out by Bali [14], Rao [15], Reddy [16], Naidu [17], and 
Vijayasanthi [18] examined the combined effects of bulk 
viscosity, cosmic strings, and modified gravitational theo-
ries on the large-scale evolution of the universe. 

The evolution of the universe is commonly described 
using the Hubble parameter H and the deceleration param-
eter q, both of which are determined by the behaviour of the 
cosmic scale factor a(t). The observational discovery of the 
accelerated expansion of the universe through type Ia super-
novae by Saul Perlmutter, Adam Riess, and their collabora-
tors [19–21] generated significant interest in cosmological 
models with variable deceleration parameters. Earlier, M. S. 
Berman [22] introduced a constant deceleration parameter 
model that provided exact cosmological solutions, although 
it could not successfully explain the transition from a decel-
erating phase to an accelerating phase of the universe. To 
overcome this drawback, Özgür Akarsu and Cengiz Dereli 
[23], together with Misra [24–27], proposed cosmological 
models based on time-dependent deceleration parameters. 
In particular, the linearly varying deceleration parame-
ter (LVDP) and bilinearly varying deceleration parameter 
(BVDP) models offer more realistic descriptions of cosmic 
evolution by explaining various stages of expansion, includ-
ing the smooth transition from early-time deceleration to 
the presently observed accelerated expansion.

Modern observational evidence obtained from type Ia 
supernovae, CMB radiation, baryon acoustic oscillations 
[28–36]. Several researchers, including John D. Barrow 
[37], Santhikumar [38], and Krishna [39], studied Lyra 
geometry in different alternative theories of gravitation.

Motivated by these developments, the present work 
investigates a Bianchi type-VI0 Lyra geometrical cosmo-
logical model by considering cosmic strings, bulk viscous 
fluid, with BVDP. The study aims to examine the influence 
of anisotropy, viscosity, and variable expansion dynamics 
on the evolution of the universe and to analyze the physical 
and geometrical behaviour of the resulting cosmological 
model in the light of modern observational cosmology.

Metric and Field Equations
Consider a Bianchi type-VI0 anisotropic spacetime with 

spatial homogeneity is 

	 	 (1)

Using the standard gauge in Lyra manifold, the modi-
fied form of Einstein’s field equations can be written as

	 	 (2)

Where the displacement vector ϕi = (0,0,0, β(t))
Here Tij represents the energy–momentum tensor for a 

bulk viscous fluid coupled with a one-dimensional string 
distribution

	 	 (3)

In this expression, λ represents the string tension, 
whereas ρ stands for the proper density of the system

The total pressure is 

	 	 (4) 

In this context, p is the proper pressure, 3ξH corre-
sponds to the bulk viscous pressure, ξ(t) denotes the bulk 
viscosity coefficient, and H represents the Hubble expan-
sion parameter.

 is a four-velocity vector and xi space-like vector 
representing the strings’ anisotropic direction.

	 	 (5)

The energy density of particles attached to the one-di-
mensional cosmic string is expressed as

	 	 (6)

For the metric (1), from the field equations (2) –(5) are 

	 	 (7)

	 	 (8)

	 	 (9)

	 	 (10)

	 	 (11)

By conservative condition 

	  	 (12)

Which leads to 

	 	 (13)

Concentration on the LHS of equation (2) leads to 

	 	
(14)

 

which leads to 

	 	 (15)
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Integrating equation (11), we have that,

	 B = lC	 (16)

take l = 1

	 Hence, B = C	 (17)

The average physical parameters are as followes 

	 	 (18)

	 	 (19)

	 	 (20)

	 	 (21)

	 	
(22)

	 	 (23)

	 	 (24)

Where i = 1, 2, 3

Solution of Field Equations 
By Eq.(23) , we get

	 	 (25)

	 	 (26)

Since deceleration parameter (DP) models play an vital 
role to stidy the universe’s expansion history, the Bilinear 
Varying Deceleration Parameter (BVDP) model is a more 
general approach than LVDP) and CDP. The advantages of 
BVDP over LVDP and CDP are that it can describe multiple 
evolutionary phases, including deceleration, acceleration, 
and potential future deceleration. Predicts an earlier transi-
tion to acceleration compared to LVDP. 

we consider BVDP “q” by Mishra et al. (2016) is 

	 	 (27)

By equation (24), we get 

	 	
(28)

Since, as t → 0, H → ∞ for physical visibility, consider k1 = 0, 
During the early inflationary epoch, the expansion rate 

of the universe is extremely high 

	 	

(29)

Integrating on both sides,

	 	 (30)

where

	 	
(31)

Figure 1. Hubble’s parameter Vs. cosmictime t.
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Where a0 is the constant of integration.
The behaviour from Figure 1 of Hubble’s parameter 

​ over time. This indicates rapid expan-
sion during the early universe; the rate of decrease slows, 
reflecting a transition phase in the universe’s evolution 
during the middle stage, and then stabilises and approaches 
zero, showing slower expansion in the late universe.

	 	
(32)

	 	
(33)

Using a0 = 1the metric equation (1), we can write it as 

	 	

(34)

Physical Properties of the Model 
Equation (34) describes the Bianchi type-VI0 cosmo-

logical model in Lyra geometry in the presence of cosmic 
strings and bulk viscosity with BVDP.

We obtain the average physical and kunematical param-
eters are 

	 	 (35)

	 	 (36)

	 	 (37)

Clearly 

	 	 (38)

Since 

	 	
(39)

	 	
(40)

	 	 (41)

Integrating equation (15), we get

	 	
(42)

Using equation (10), we get

	 	
(43)

	 	

(44)

Figure 2. Energy density ρ(t) Vs cosmictime t.
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Figure 2 shows that the behaviour indicates high energy 
density in the early stages of evolution. In the middle stage, 
the impact of exponential terms F(t) begins to moderate the 
growth, leading to a smoother transition. At late times, the 
energy density ρ(t) stabilises or asymptotically approaches 
smaller values as exponential decay dominates. Smaller α 
leads to steeper growth at early times and slower decay at 
late times. More prominent moderates the energy density, 
leading to a more stable behaviour.

As we observed the behaviour , the energy density 

increases sharply as t → 0, showing a modelis has singular-

ity. Since the first term, , domi-

nates because the denominator . It 
becomes small for small t, leading to a rapid increase in 
energy density and to singular behaviour. Possible sharp 
changes or divergences might occur at specific interme-

diate times, depending on the balance among polynomial, 

logarithmic, and exponential terms. The contributions 

from the  terms are minimal because the 

factors F(t) and  are small for t → 0. The factor F(t), 
being a series expansion, grows gradually, and its impact 
on the energy density becomes noticeable. At Late Times (t 
→ ∞), Energy density asymptotically approaches a constant 
or nearly constant value governed by the last exponential 
terms. Stabilisation reflects the model’s convergence to a 

steady state in the late universe. Because the terms involv-

ing  dominate because the exponential 

decay and polynomial components become stable as F(t) 

reaches an asymptotic behaviour. The first term diminishes 

as  to zero.

Clearly, it follows that in the initial stages of the uni-
verse, ρ grows rapidly due to the dominance of the first 
term, reflecting instability or singular behaviour. The model 
transitions to a phase of stabilisation, in which competing 
terms determine the energy density’s behaviour, leading to 
a smoother evolution during the intermediate stage. And, 
Exponential and polynomial terms dominate, causing ρ 
to stabilise, consistent with the late-time behaviour of an 
expanding universe.

Since ρ = rλ we have the string tension density is 

	 	

(45)

 

Where r is an arbitrary constant.
The graph (Figure 3) illustrates the behaviour of λ(t) for 

different r values. The curves demonstrate how λ(t) var-
ies with time t, showing distinct behaviours for different r 
values. We observed that for smaller values of r (e.g., r = 
0.5), λ(t) shows steeper variations, indicating more signif-
icant changes in early times. As r increases (e.g., r = 5), the 
variations in λ(t) become smoother, and the overall mag-
nitude decreases. At later times (t → ∞), all curves exhibit 
stabilization trends depending on the dominant terms in 
the expression.

The energy density of the particles coupled with the 
string is defined as

Figure 3. String tension density λ(t) Vs. cosmictime t.
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(46)

Figure 4 illustrates the behaviour of ρp for varying values 
of r. As r changes, the energy density shows distinct trends, 
emphasising the impact of r on the model’s evolution with 
respect to time. This visualisation helps to understand how 
ρρ behaves across different r values, with early-time rapid 
changes and late-time stabilisation or decay.

Pressure 

	 	

(47)

 

The graph (Figure 5) gives the pressure p(t) as a func-
tion of time with respect to different values of ω. Each curve 
represents a specific ω value, and the variations highlight 
how ω influences the pressure evolution: if ω < 0 , Pressure 
values tend to be negative, representing a contracting or 
repulsive phase. For Zero ω (ω = 0), it represents a neutral 
scenario in which the pressure behaviour stabilises without 
additional scaling effects. For Positive ω(ω > 0), which leads 

to positive pressure values associated with an accelerating 
universe or an expanding phase.

The coefficient of Bulk viscosity is 
Since

	 	

(48)

Figure 6 illustrates the behaviour of ξ(t) as a function 
of cosmic time t for different values of ω. At the early stage 
of the formation of the universe, the values of ξ(t) vary sig-
nificantly. For smaller values of ω, the initial value of ξ(t) 
is relatively minor compared to higher ω. At the middle 
stage formation of the universe, as time progresses, the 
rate of change of ξ(t) reduces, indicating stabilisation. For 
Late Times (t → ∞), for all ω, ξ(t) stabilises or approaches 
asymptotic values, as the exponential decay dominates the 
behaviour. The impact of ω is higher: higher ω results in a 
larger magnitude of ξ(t) across all times, reflecting the pro-
portional dependence of ξ(t) on ω. This analysis highlights 
the role of the parameter ω in determining the temporal 
evolution of ξ(t), with smooth stabilisation observed at later 
times. ​​

Clearly ρ = rλ, , 

indicates that 
. Therefore, the behaviour of λ, ρρ, p̄, p, ξ are the same as 
the behaviour of energy density ρ. i.e., we concluded as at 
early times, ρ, λ, ρρ, p̄, p, ξ exhibits rapid growth due to the 

Figure 4. ρρ Vs. cosmictime t.
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dominance of the first term, reflecting instability or singular 
behaviour at the initial stages of the universe. At middle of 
the formation of universe the model transitions to a phase 
of stabilisation. At Late Times, Exponential and polynomial 
terms dominate, causing ρ, λ, ρρ, p̄, p, ξ to stabilise, consis-
tent with the late-time behaviour of an expanding universe. 

The Behavior of the Displacement Vector β(t)
From equation (15), we have a displacement vector. 

	 	 (49)

From the graph (figure 7), the behaviour of the displace-
ment vector can be explained as follows: Early Time (t → 0), 
the term.  dominates the behaviour of the scale factor 
a, causing β(t) to show rapid growth or decay depending 
on the parameter values. F(t) has minimal contribution at 
small t, making the power-law term the primary driver. 

Figure 5. Pressure p(t) Vs. cosmic time.

Figure 6. The coefficient of bulk viscosity ξ(t) Vs. cosmictime t.
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At the intermediate time, as t increases, the exponential 
term eF(t) becomes significant. F(t), with its higher-order 
polynomial corrections, contributes to a gradual growth/
decay rate adjustment. At late time (t → ∞), the scale factor 
a(t) grows significantly, causing β(t) to decay towards zero 
asymptotically. The exponential term eF(t) stabilises, leading 
to smoother behaviour of β(t) at larger t. This behaviour 
demonstrates how β(t) transitions through various phases 
of cosmic evolution, controlled by the power-law and expo-
nential contributions from a(t). ​

CONCLUSION 

In this paper, the field equations for the Bianchi 
type-IV0 cosmological model within the framework of Lyra 
geometry are obtained by considering a bilinearly varying 
deceleration parameter in the presence of cosmic strings 
and bulk viscous fluid. The analysis reveals that the BVDP 
model provides more realistic, physically acceptable results 
than the LVDP and constant deceleration parameter (CDP) 
models. In particular, the BVDP model predicts an earlier 
transition from decelerated to accelerated expansion with 
a comparatively smaller deceleration parameter, making it 
better suited to explaining the universe’s current acceler-
ated phase. Hence, the BVDP approach appears to be an 
effective framework for investigating several cosmologi-
cal phenomena while remaining compatible with current 
observational evidence.

From the above analysis, the spatial volume becomes 
zero at the primordial stage of the universe and gradually 
increases with cosmic time, signifying the late-time cosmic 
expansion. The physical parameters such H, ρ, σ, θ, and p 
attain very large values at t = 0, while all these quantities 
decrease and approach zero when t → ∞. Since Am remains 
constant throughout the evolution, the general dynamics 

of the universe do not change over time. Moreover, the 
constancy of the ratio σ2 /θ2 indicates that the model does 
have anisotropy. The parameter β, being inversely related 
to the deceleration parameter, has a large value at the initial 
stage and gradually diminishes during the late accelerated 
phase of the universe. Therefore, the obtained cosmological 
model represents an expanding universe without an initial 
singularity.

The behaviour of the string tension density λ, particle 
density ρp, effective pressure pˉ, isotropic pressure p, and 
bulk viscous coefficient ξ strongly depends on the evolution 
of the energy density ρ. During the early universe, these 
quantities increase rapidly due to the dominance of the 
leading terms, marking an unstable, highly energetic phase 
of cosmic evolution. At the intermediate stage, the compet-
ing contributions from different terms lead to smoother, 
more stable behaviour of the physical parameters. At late 
times, the exponential and polynomial contributions dom-
inate the dynamics, causing ρ, λ, ρp, pˉ, p, and ξ to stabilise 
gradually, which is consistent with the observed behaviour 
of the present expanding universe.

The evolution of the displacement field β(t) Further sup-
ports the dynamical Nature of the model. In the early epoch 
(t → 0), the power-law term  governs the behaviour of 
the scale factor, resulting in a rapid variation of β(t). In this 
region, the contribution of the exponential term remains 
negligible. However, at later times (t → ∞), the scale factor 
increases significantly, forcing β(t)to decay asymptotically 
towards zero. Simultaneously, the exponential contribution 
stabilises the overall behaviour, leading to a smooth cosmic 
evolution. This transition illustrates how the displacement 
field evolves through different cosmological phases under 
the combined influence of power-law and exponential 
terms.

Figure 7. Displacement vector β(t) Vs. time t.
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Overall, the study of anisotropic models contributes 
significantly to our understanding of cosmic evolution and 
large-scale structure formation, while providing potential 
observational tests for future research.
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