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INTRODUCTION (HIV), Ebola have occurred that threaten human health
and cause the death of millions of people. These pandem-
ics have affected not only the health system and phar-
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devastating impacts on politics, education, and social life,
forcing governments to face very difficult situations [1-3].
Thus, the spread of pandemics has been of great concern to
every individual for years.

In the 21st century, in December 2019, a novel coronavi-
rus (SARS-CoV-2) causing pneumonia-like cases was iden-
tified in Wuhan City, Hubei Province, China. Subsequently,
it was concluded that this disease led to a severe and poten-
tially fatal respiratory syndrome. The disease spread rapidly
around the world was declared as Covid 19 pandemic by
the World Health Organization (WHO). Due to the lack
of proper medicine or vaccines, in order for countries to
overcome the pandemic, the WHO published guidelines on
its website and governments have taken a series of precau-
tions such as quarantine of suspected individuals, wearing
masks, social distancing, self-isolation, and lock down, to
control the spread of the disease [3]. While every individ-
ual made an effort to fight the pandemic that affected every
aspect of society, researchers have directed their studies to
understand the dynamic pattern of the disease [4-6]. In this
sense, the mathematical models for epidemic diseases make
contributions that provide a way to determine the course of
the pandemic.

The literature on the system of differential equations
describing a physical phenomenon or biological pro-
cess consists of both theoretical and numerical results.
Theoretical studies focus on the statistical analysis of the
problem parameters that fit the model or stability anal-
ysis of the solutions for the problem. On the other hand,
numerical investigations present approximate solutions
that are valuable in the absence of exact solutions and sup-
port theoretical studies with error analysis of the solutions.
As the approximate solutions of an epidemic model can
be used for comparison purposes, they can also present
time-dependent simulations to determine the dynamics of
the model and the model parameters that affect the most
on healing process. Additionally, through error analysis,
approximate solutions provide information about the accu-
racy that is crucial to observe the course of the disease and
determine the recovery strategies accurately.

On the other hand, the accuracy of the approximate
solutions relies on not only the efficiency of the numerical
technique but also on the stability of model parameters. In
other words, these models require real and reliable data to
obtain accurate results. However, it is not always possible to
obtain the reliable data. For this reason, among epidemic
models, one of the most preferred model is the suscepti-
ble-infected-removed (SIR) model, since it requires limited
data, due to its basic structure. As an epidemic model, SIR
model divides the population into three compartments:
the susceptible, infected and removed compartments and
explains the transmission of the disease through these
compartments, including only two model parameters: the
transmission rate and recovery rate. Many other epidemic
models are derived from the SIR model. This means, when
a numerical approach, applied on SIR model, results in

accurate solutions, then it can be adopted to solve more
extended epidemic models. In this sense, the SIR epidemic
model has attracted the interest of the researchers.

The literature on the SIR model mostly consists of sta-
bility analysis or other qualitative features of the model.

Numerical techniques in these studies have only been
tackled to confirm their theoretical results [7-19]. In this
sense, Runge-Kutta methods are mostly used for this pur-
pose, however these methods do not explicitly provide
approximate solutions for problems with no exact solution;
therefore, the accuracy cannot be discussed through error
analysis.

There are only a few papers devoted to finding approx-
imate solutions of the model for Covid 19 spread. In [20],
Tiirkyilmazoglu obtained numerical and non-numerical
solutions to SIR and SEIR epidemic models, in form of expo-
nential series. In [21], Prodanov derived a double exponen-
tial analytical asymptotic solution for the I-variable to use
in parametric estimation. In [22], Barlow and Weinstein
obtained a closed-form solution of the SIR model for the
Covid 19 spread by the use of asymptotic approximants.
Hasan et al. [23] used a generalized Taylor series-based
method to solve the SIR epidemic model of fractional
order and obtained an approximate solution in terms of
convergent power series. Polynomial-based collocation
methods are among the preferred methods for numer-
ically solving the SIR model of the Covid 19 spread. For
instance, Hermite polynomial solutions for the SIR model
of Covid 19 were derived in [24]. Ucar and Celik obtained
approximate solutions using the Taylor Matrix method
[25]. A Taylor wavelet-based numerical algorithm was
used to obtain approximate solutions in [26]. Shiralashetti
and Kumbinarasaiah used a numerical method based on
Laguerre wavelets to solve the SIR epidemic model [27].
The approximate solutions of the SIR model for the Covid
19 spread are obtained by a collocation method based on
the Chebyshev Polynomials in [28] and the Pell-Lucas col-
location method in [29]. More recently, Gegenbauer wave-
let solutions of the SIR and SITR models for the Covid 19
spread were obtained as the approximate solutions of the
models, and the effects of the problem parameters were dis-
cussed in [30].

This study focuses on finding approximate solutions for
the SIR epidemic model of the transmission of Covid 19
in Tiirkiye using a numerical technique based on orthogo-
nal polynomials and presents their comparisons with each
other and with the previous appropriate ones as a numeri-
cal investigation. It is known that exact solutions of realis-
tic systems either cannot be found or are difficult to find.
Thus, the approximate solutions of these systems are essen-
tial to the literature. On the other hand, the most accurate
approximate solutions can give the most reliable infor-
mation about the determination of the disease dynamics.
Therefore, we aim to present approximate solutions of the
SIR model for Covid 19 using different orthogonal polyno-
mials such as the Chebyshev polynomial method (CPM),
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Legendre polynomial method (LePM) and Laguerre poly-
nomial method (LaPM). The accuracy of their results are
examined via error analysis to compare the abilities of the
polynomials for solving the model.

As mentioned previously, in the epidemic SIR model,
the total population is divided into three compartments:
Susceptible, Infected and Removed populations. The sus-
ceptible population, denoted by S(t), represents the individ-
uals that are at risk of being infected after contact with the
infected individuals, while the infected population, denoted
by I(t) represents the infected individuals and the removed
population, denoted by R(t) represents the individuals that
are recovered and died from the Covid 19 disease. As an
assumption of the SIR model, the total population P=§ + I
+ R remains constant. The flow of the population through
the compartments is given by the following system of ordi-
nary differential equations

as) B
dl(Si—tﬁ_ —FS(t)I(t),
t
T=FS(t)I(t)_VI(t)’ 0<st<lL (1)
dR(t) i)
dc '
S(O) = 50! I(O) = IO’ R(O) = RO (2)

Here, L is the length of the interval, f is the transmis-
sion rate from susceptible individuals to infected individu-
als and v is the rate of recovery from infected individuals to
removed individuals.

The paper consists of three main sections named
respectively as ‘Structure of the Orthogonal Polynomials,
‘Method of Solving’ , ‘Computational Experiments’ and
through these sections, this paper aims to
1. get approximate solutions of the SIR model for the

spread of Covid 19, using the Chebyshev, Legendre and

the Laguerre polynomials;

2. compare efficiency and the accuracy of the Chebsyhev
polynomial method, Legendre polynomial method and
Laguerre polynomial method for solving two examples
of SIR model;

3. compare the results of mentioned methods with previ-
ous numerical techniques and each other.

Therefore the paper is organized as follows. In the sec-
tion ‘Structure of the Orthogonal Polynomials, we first
introduce the structures of the Chebyshev, the Legendre
and the Laguerre polynomials. In the section ‘Method of
Solving), the implementation of the method for solving SIR
model is explained and then in the Section ‘Computational
Experiments, we demonstrate the implementation of the
method on two examples. In the first example, the model
is solved for comparison purposes; in the second example,
the model is taken under consideration with official data
regarding the course of Covid 19 in Tiirkiye. The obtained
approximate solutions are compared with the numerical

methods in figures and tables, and the accuracy of the
method is examined through error analysis.

Structure of the Orthogonal Polynomials

The orthogonal set of polynomials consists of n-th
degree polynomials {¢,, (t) }n, satisfying the orthogonality
property on the interval [a,b] [31].

b
fa P (O P (OW (D) dt=yy,6pm (3)

where v, is a real number, §,,, is the Kronecker delta and
W(t) is the weight function. If the polynomials are divided
by v/¥n, the orthogonal set will be orthonormal and consti-

tute an orthonormal basis such that a function f(t) € L* [a,]
can be written in terms of ¢, (t) ass

F©O=) f0,® @

where f, = ff f() P, (Ow(t)dt. If the series in Equation
4 is truncated, the truncated series Y.N_, f, &, (t) approx-
imates a square integrable function f(t) defined on the
bounded domain [a,b], as N tends to « [32-35]. When
the interval of interest is a different bounded interval, the
orthogonal polynomials should be shifted to that interval
under a transformation together with all other properties.

Chebyshev Polynomials

The first type of Chebyshev polynomials T, () can be
defined by a useful trigonometric property and explicitly
generated by the recurrence relation [36, 37]

ne1(t) = 2tT5 () = Ty (1), n21

for n = 0,1,2,... with the values T;)(t) = 1 and T,'(¢) = t.
They are known as the very well-known orthogonal poly-

. o . _ 1
nomials satisfying Equation 3 on [-1,1] where W (t) Newred
V,=nifn=0andy,=mn/2if n #0. When the Chebyshev
polynomials are shifted by T,(t) = T;( % t—1) to the
interval [0,L] the orthogonality property is transformed to
the shifted form

L

[ L@ T@w©d =5y,
0

with w(t) = W(%t -1).

Legendre Polynomials
Legendre polynomials P, () can be derived from the
recurrence relation [32, 34, 38]

n+1 . n .
1 tP;(t) — n—Pn_l(t), n=123..

2
Pr () = 1

n
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with P, (f) = 1 and P,’(t) = t. The orthogonality property in
Equation 3 is satisfied by these polynomials over [-1,1] with
: 2n2+ 7. The shifted Legendre
polynomials F,(t) = Py(7t — 1) satisfy the orthogonality

respect to W(t) = 1, where y, =

property over [0,L]

L

[ BB @w@ =560

0

Laguerre Polynomials

The polynomial solutions of the Laguerre Ordinary
Differential Equation are known as Laguerre polynomi-
als L,(¢) which can be constructed in an explicit form [32,
39-43]

L@ = Y (D e

or by the recurrence relation

2n+1-—t

Ly (0) = n+1

L (6) - HLHLH@), n=123,..
with Ly(t) = 1 and L,(t) = t + 1. The Laguerre polynomials
are orthonormal over an unbounded interval [0,00] with
respect to the weight function W(t) = e and y,, = 1. In this
case, one can see the theorem in [44] such that the truncated
series YN_q foLn (t) converges uniformly to a function f(t)
defined on the unbounded domain [0, e] as N tends to oo,
if the conditions of the theorem are satisfied.

METHOD OF SOLVING

In this section, we discuss the implementation of
orthogonal polynomials in a general framework and, then
adapt this numerical method to Chebyshev, Legendre and
Laguerre polynomials to solve the SIR epidemic model of
Covid 19. We assume that the solutions of the model in
Equations 1 and 2 have the following form

N
Su(®) = ) ann(®) = ATH()
n=0
N
W(®) = ) bup(®) = B(O) 5)
n=0
N
Ry(9) = ) eudn(®) = CT(0)
n=0

where a,, b, and ¢, are the unknown coefficients; ¢, (t) rep-
resents the relevant polynomial, that is, ¢,(¢) is the shifted
Chebyshev polynomial for ¢,(t) = T,(t) or the shifted
Legendre polynomial for ¢,(t) = P,(t) or the Laguerre

polynomial for ¢,(t) = L,(t) for each n =0,1,2,...,N and for
a positive integer N, A, B, C and y(t) are (N + 1) x 1 matri-
ces of the form

- ay-q]”,
B= [bo by b, ... bN—l]T )

Cc= [CO 1 Cy

A= [aO a1 a2

(6)

. Cn-—1 ]T,
P(©)=[p,(0) ¢, () b, (O] .

To obtain unknown coefficients a,, b, and c,, n =
0,1,2,...,N we first represent the derivatives of the solutions
Sn(), In(1), Ry(t) in matrix forms, utilizing the (N + 1) x (N
+ 1) operational differentiation matrix D given in Remark

S'n(8) = =g an p(t) = ATDP(D),
'v© = SZhy 400 = BTDY®, ()
R'y(t) = XnZo ¢ $n(t) = C"D (1) .

Remark. Note that (N + 1) x (N + 1) operational matri-
ces for differentiation D for the shifted Chebyshev poly-
nomials T,(t), shifted Legendre polynomials P,(t) and
Laguerre polynomials L,(t) are given respectively [45-47]

For ¢,(t) = T, (),

2(r=1), if r—s)isoddandr>s>1
D= [d] = % V2(r—1), if r —s)isoddandr >s =1
0, otherwise  (8)

For ¢,(@t) = B.(t),
2(s—1), fors=r—a,

D=[d,]=2 {0=1,3,5,...N, if Nisodd 9)
TSl Ty 0=135.N—-1, if Niseven
0, otherwise

1, ifr>s,
0, otherwise

For ¢,(6) =Lu(®), D= [drs] = (10)

Then we substitute Sy(), Iy(t), Ry(f) and their deriva-
tives into Equations 1 and 2 to get

ATDY(o) = - B ATy
BTDY(®) = — L AT B — vBTH(D)

P
C"DY(t) = vBTY(t)

ATP(0) = S;, BTYp(0) = I, C"P(0) = R,

Finally, in the obtained system above, the collocation

points
L

L=§y7

(i-1), i=12..,N
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are replaced instead of t and together with the initial condi-
tions, this yields a system of 3(N + 1) equations

ATDY(t) = —gATIP(ti)[!IJ(ti)]TB

BTDY(t) = B ATy (e)Rpe B~ vBTY(e) (1)

CTD'IJ(ti) = VBT'IJ(ti)

ATP(0) = S;, B'Pp(0) = Ip, C"p(0) = R, (12)

that can be solved for a,, b, and c,n = 0,1,2,..., N using
MATLAB. The obtained coefficients are replaced in the
approximate solutions of the model in Equations 1 and 2,
as follows

Sv®) = ) aa(®), (O = D buu(®),
n=0 n=0
Ru(®) = ) cuhn(®).
n=0

COMPUTATIONAL EXPERIMENTS

In this section, we demonstrate the adaptation of the
method to the Chebyshev polynomials for solving the
SIR epidemic model for transmission of Covid 19 and the
adaptation to the Legendre and Laguerre polynomials can
be performed in a similar way. We focus on two computa-
tional examples. In the first example, we solve the problem
within the interval [0,1] for comparison purposes, by tak-
ing the parameter values and initial conditions from [26,
27]. After ensuring that the proposed method is efficient
and has good accuracy, in the second example, we extend
the interval to [0,60] and use the real reported data as initial
conditions and the parameter values to observe the course
of the disease in a two-month period.

Example 1. In this example, we consider the SIR epi-
demic model with transmission rate = 0.01, recovery rate
v = 0.02 and initial condition S(0) = 20, I(0) = 15, R(0) =
10. Setting N = 7, we assume that the solutions of the SIR
epidemic model have the formm

S; () = 2771.=0 a,dn(t) = AT‘I’@)
() = ZZL:O b, (t) = BTII)(t)
R,(t) = Z'r71=0 Cnp(t) = CT¢(t)

(13)

where the interval is set as [0,1] for L = 1, y(#), A, B, C
are given in Equation 6, for n = 0,1,2,...,7 . Considering
the 8 x 8 operational differentiation matrix for the shifted
Chebyshev polynomials in the form

-0 0 0 0 0 0 0 O
V2 0 0 0 0 0 0 0
0 4 0 0 0 0 0 O
p—2o/3¥2 0 6 0 0 0 0 0
0 8 0 8 0 0 0 O
52 0 10 0 10 0 0 0
0 12 0 12 0 12 0 0
7V2 0 14 0 14 0 14 o0

the derivatives of S,(t), I,(t), R,(t) can be represented by
Equation 7. We substitute S,(), I(t), R,(t) and their deriv-
atives into Equation 1; then, in place of t we write the col-
location points

L .
_1(1—1), i=12,..7

ti:N

to obtain 21 equations in the form of Equation 11. Together
with the initial conditions

ATY(0) = 20, BTy(0) = 15, CTy(0) = 10,
we solve the system of 24 equations for the unknown coef-
ficients a,, b,, ¢, for n=0,1,2,...,7 using MATLAB to obtain
the Chebyshev polynomial solutions. The instructions for
finding approximate solutions is summarized as follows

Step 1. Input the values of the problem parameters 3, v,
P and initial conditions S, I, R,

Step 2. Choose N that corresponds to the degree of the
polynomial approximations

Step 3. Construct the matrices AT, BT, CT, D, ¢

Step 4, Enter the
ti=——(@-1),i=12.,N

collocation  points

Step 5. Determine the system to solve for unknown
coefficients

Step 6. Solve the system for unknown coefficients by aid
of Matlab

Step 7. Replace the obtained coefficients in the trun-
cated series

Step 8. Output the approximate solutions S, I, R

Following a similar process with the operational matri-
ces of Legendre and Laguerre polynomials in Equations 9
and 10, we can construct the Legendre polynomial solu-
tions and the Laguerre polynomial solutions. As a result,
the Chebyshev polynomial solutions, the Legendre polyno-
mial solutions and the Laguerre polynomial solutions are
given in Table 1.

This example compares the accuracy and efficiency of
the proposed methods with each other and previous numer-
ical techniques in the literature. The model in this exam-
ple has been previously solved by Taylor wavelet method
(TWM) [26] and the Laguerre wavelet method (LaWM)
[27]. In order to compare efficiency, we first compute the
absolute errors of the obtained approximate solutions.
Since the model does not have any analytic solution, we
compare the absolute errors of the approximate solutions



Sigma J Eng Nat Sci, Vol. 44, No. 3, pp. 1754-1767, June, 2026

1759

Table 1. The chebyshev polynomial solutions, the legendre polynomial solutions and the laguerre polynomial solutions

forN=7
¢,(t)
So(8), Iy(1), Ry(2) a,b,c, ¢,(6) =T, () ¢,(5) =P,(¢) ¢,(8) =L,(0)
CPM LePM LaPM
a, 32,77626653 32,77642486 30,13151082
a, -1,89142261 -1,892097452 1,822821602
9 a, -0,000335817 -0,000447561 0,068178022
Sg(f) _ Z an(l)n(t) a, 0,001124929 i 0,001800609 . -0,018191218
— a, -2,57378 x 10 -4,71467 x 10 -0,000959939
as -8,14144 x 107 -1,65487 x 10°° -0,002559686
ag 5,4219 x 10710 1,18895 x 10” 0,001364668
a; 5,9938 x 1010 1,43004 x 10” -0,000193192
b, 28,97580658 28,97763701 31,31339437
b, 1,686513301 1,687184258 -1,585532097
0 b, -0,003883262 -0,005178944 -0,083253863
Ig(t) _ Z bn¢n(t) Z3 _0’001118451 —0,001790248-6 0,017292524
~ 4 1,65646 x 10 3,03047 x 10 0,000988861
bs 8,12486 x 107 1,6515 x 10°° 0,002650748
b -1,21965 x 10 -2,69058 x 10 -0,001378344
b, -5,98509 x 10°1° -1,42797 x 10°° 0,000192915
[N 18,00835018 18,00636142 18,3155181
oy 0,20490931 0,204913194 -0,237289482
R c 0,004219079 0,005626505 0,015075774
R, (t) _ Z Cnd)n (t) [ -6,47486 x 107: -1,03613 x 10 s 0,000898804 .
— Cy -1,39908 x 10 -2,559 x 10 -2,90279 x 10
Cs 1,65768 x 107 3,36926 x 107 -9,10003 x 10°°
Cs 6,7746 x 1010 1,50163 x 10° 1,36565 x 10°°
¢ -8,71178 x 1013 -2,06968 x 10712 2,79369 x 107

of Chebyshev polynomials method (CPM), Legendre poly-
nomials method (LePM), Laguerre polynomials method
(LaPM), TWM and LaWM with the fourth-order Runge-
Kutta method (RK4) with step size At = 0.1 in Table 2,
assuming the Runge-Kutta solution as an exact solution.
CPM, LePM and LaPM use 7th degree polynomials, while
TWM and LaWM use respectively 10th and 8th degree
polynomials. As shown in Table 2, all numerical meth-
ods achieve maximum absolute error around 107 for S(t)
and I(t). For V(t), CPM and LePM get maximum absolute
error around 10", LaPM and LaWM have maximum abso-
lute error around 10'? and the maximum absolute error
of TWM is around 10° We can say that CPM, LePM and
LaPM achieve similar absolute errors using lower degree
polynomials. For this reason, CPM, LePM and LaPM.are
as efficient as each other, but more efficient than TWM and
LaWM.

In order to compare accuracy, we compute the abso-
lute residual analysis ReSy, Rely, ReRy of CPM, LePM and
LaPM by

ds
10 L suon©

dl
= gf” - éSN(t)IN(t) + le(t)|,

dRy (¢
ReRy = |¢ - le(t)| .

’

ReSN = |

Rely

dt

In Table 3, the absolute residual errors of CPM, LePM
and LaPM are compared with those of TWM but not with
those of LaWM, because the absolute residual errors of the
Laguerre wavelet solutions in [27] cannot be calculated.
As can be seen in Table 3, the approximate solutions of
CPM and LePM have better accuracy than LaPM with the
same polynomial degree and achieve the same accuracy
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Table 2. Comparison of the absolute errors of CPM, LePM,

LaPM, TWM [26], LaWM [27] with RK4 [created by author]

i((:)) ¢ CPM LePM LaPM TWM [26] LaWM [27]
R(f) N=7 N=7 N=7 N=10 N=8
0 0 6,9221 x 10 2,1284 x 10? 0 0
0.1 1,5295 x 101 8,4658 x 107" 1,9649 x 10° 1,5158 x 101 1,5154 x 10°1°
0.2 3,0144 x 100 2,3401 x 107° 1,8033 x 10? 2,9994 x 1071 2,9941 x 1071
0.3 4,4753 x 1071 3,8146 x 101 1,6427 x 10° 4,4588 x 101 4,4532 x 101
0.4 5,9173 x 107 5,3064 x 107 1,4801 x 10? 5,9022 x 10° 59021 x 107"
S(t) 0.5 7,3495 x 10710 6,9285 x 1071 1,305 x 10? 7,3379 x 101 7,3345 x 1071
0.6 8,79 x 101 8,9722 x 1010 1,0895 x 10 8,7741 x 101° 8,7674 x 1010
0.7 1,0236 x 10? 1,2033 x 10? 7,7467 x 1071 1,0219 x 10? 1,0217 x 10?
0.8 1,1681 x 10° 1,7251 x 10° 2,4438 x 1071 1,168 x 10? 1,1679 x 10°
0.9 1,3184 x 10? 2,6681 x 10? 7,1755 x 107 1,3166 x 10? 1,316 x 10?
1 1,4786 x 10 4,3595 x 10° 2,4648 x 10° 1,4683 x 10 1,4676 x 10°
0 0 2,7125 x 10 8,4726 x 107 0 0
0.1 1,5217 x 1071 1,2568 x 1071 6,7715 x 101 1,529 x 1071 1,5286 x 101
0.2 3,0064 x 101 2,7473 x 1071 5,1 x 101 3,0172 x 1071° 3,01 x 101°
0.3 4,4686 x 101 4,2201 x 10°° 3,4429 x 100 4,4724 x 10°1° 4,4669 x 1071
0.4 5,8967 x 101 5,6949 x 101 1,7826 x 101 5,9028 x 101 5,9027 x 101
I(t) 0.5 7,3045 x 1070 7,2895 x 107 7,5673 x 1077 7,3165 x 101 7,313 x 1071
0.6 8,7163 x 101 9,3007 x 101 2,1677 x 1071 8,7217 x 101 8,7148 x 101°
0.7 1,0124 x 10? 1,2317 x 10? 5,3241 x 107 1,0126 x 10® 1,0125 x 10?
0.8 1,1514 x 10? 1,7469 x 10? 1,0616 x 10? 1,1539 x 10? 1,1537 x 107 s
0.9 1,2964 x 10 2,6824 x 10° 2,0208 x 10 1,2967 x 10 1,2961 x 10°
1 1,4522 x 10? 4,3648 x 10? 3,7619 x 10 1,4419 x 10? 1,4412 x 10?
0 0 2,5224 x 10" 1,3127 x 102 0 0
0.1 7,7804 x 10" 4,6896 x 10" 1,8812 x 10°*2 1,3269 x 10°*2 1,3216 x 10°*2
0.2 7,9048 x 10 4,281 x 10 4,0092 x 101 2,6219 x 1012 1,7852 x 1012
0.3 6,6258 x 10" 2,4691 x 10" 5,6399 x 107" 1,5723 x 10" 1,3713 x 10"
0.4 2,0606 x 102 1,5969 x 102 5,6328 x 10" 1,0759 x 1071 6,3949 x 10
R(t) 05 4,496 x 1012 4,0057 x 102 4,6434 x 101 5,1058 x 101° 2,1405 x 1012
0.6 7,3666 x 107 6,9207 x 102 3,2667 x 10" 1,8319 x 10? 5,2456 x 10"
0.7 1,1273 x 10" 1,1079 x 10" 7,3186 x 10 5,3956 x 10 9,2442 x 10"
0.8 1,6692 x 10! 1,7263 x 10! 3,9275 x 107" 1,3749 x 10® 1,4126 x 10!
0.9 2,1956 x 10 2,4414 x 10" 1,0187 x 10 3,137 x 10°® 1,9869 x 10
1 2,6454 x 10" 3,3054 x 107 1,9806 x 10" 6,5602 x 10® 2,6455 x 10!

of TWM, although CPM, LePM use lower degree polyno-
mials. Therefore, CPM and LePM provide more accurate
results than LaPM and TWM.

Example 2. In this example, in order to determine the
initial conditions and the parameters, we use the reported
Covid 19 data for April 4, 2020 released in [48] Since April
4, 2020 was the first reported day, after the first Covid 19
case was declared on March 11, 2020. Therefore, we regard
the data on April 4, 2020 as the initial number of suscepti-
ble people, infected people, and removed people in Tiirkiye
on April 4. The transmission rate is f = 114 (Vdays) ~

0.0714 and the rate of recovery can be determined as f3 =
1287/23934 ~ 0.0538 [48, 49]. Setting L = 60 for time inter-
val [0,60] and considering the parameters and the initial
conditions as listed in Table 4,

we obtain the Chebyshev polynomial solutions,
Legendre polynomial solutions and Laguerre polynomial
solutions given in Table 5.

We compare the approximate solutions for the sus-
ceptible population S(¢), the infected population I(t), and
the removed population R(f), obtained by the Chebyshev
polynomial method (CPM), Legendre polynomial method
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Table 3. Comparison of the absolute residual errors of CPM, LePM, LaPM with TWM [26] [created by author]

ﬁizlvv . CPM LePM LaPM TWM [26]
ReRy, N=9 N=9 N=9 N=10
0 4,0115 x 10" 2,959 x 1071 9,6194 x 10712 3,8503 x 1013
0.1 2,2379 x 10°1° 2,5741 x 10°** 1,0036 x 101 1,9731 x 10
0.2 4,1725 x 10 3,8361 x 10*° 1,0439 x 101 3,9085 x 10°**
0.3 3,2846 x 10°%° 3,6212 x 10 1,0838 x 101 8,2499 x 101
0.4 1,9158 x 10°%° 1,5790 x 10** 1,1257 x 10 1,2032 x 10
ReSy 0.5 3,2545 x 10777 3,0454 x 101¢ 1,1657 x 107! 3,7199 x 107
0.6 2,9604 x 10°1° 3,2978 x 10°*® 1,2055 x 101 8,8818 x 101
0.7 8,9046 x 10°° 8,5669 x 10°1° 1,249 x 10" 7,6465 x 10°1°
0.8 2,1966 x 1014 2,2304 x 10 1,2885 x 101 3,9807 x 10°*
0.9 4,9315 x 104 4,8976 x 10714 1,3297 x 101 2,1719 x 104
1 2,5164 x 1077 3,1346 x 101 1,3502 x 101 3,8908 x 1013
0 7,0824 x 107 3,9542 x 1016 1,404 x 101! 4,1895 x 1013
0.1 1,1281 x 10 1,1747 x 107 1,3676 x 107! 2,1857 x 101
0.2 8,7951 x 10°%° 8,3289 x 10°*® 1,3293 x 101 5,6389 x 10°*
0.3 5,3971 x 10°° 5,8635 x 10°1° 1,2918 x 10! 8,789 x 10°1°
0.4 2,8005 x 10°1° 2,3339 x 10°® 1,2514 x 101 1,1439 x 10®
Rely 0.5 6,1473 x 1077 4,054 x 101 1,2137 x 101 1,0432 x 10*°
0.6 3,7871 x 10°%° 4,2543 x 10" 1,1762 x 101 1,5831 x 10
0.7 1,1075 x 104 1,0608 x 104 1,1341 x 10°" 2,2195 x 1016
0.8 2,6530 x 107 2,6998 x 101 1,0969 x 101! 7,0158 x 10°1°
0.9 5,8417 x 104 5,7948 x 10! 1,0578 x 101 1,7018 x 10
1 5,4365 x 10777 4,1484 x 10°'° 1,0427 x 10" 4,1454 x 1013
0 1,7476 x 107 3,0451 x 107 2,4210 x 1013 1,5677 x 10"
0.1 9,0902 x 10°%° 9,0424 x 10*° 1,8765 x 1013 9,1722 x 10
0.2 4,5764 x 10'1° 4,624 x 10 1,6732 x 1013 4,4901 x 10"
0.3 2,158 x 10°%° 2,1105 x 10 1,4337 x 1013 2,2490 x 10
0.4 8,340 x 10°'¢ 8,8730 x 101¢ 1,297 x 1013 7,5359 x 101
ReRy 0.5 1,5104 x 107 3,2098 x 107 1,0634 x 1013 1,1048 x 101
0.6 8,7017 x 10°1® 8,2311 x 101 8,2989 x 10 9,6009 x 10°1°
0.7 2,1277 x 10°1° 2,1747 x 10°** 6,9314 x 104 2,0272 x 10°**
0.8 4,6066 x 10°1° 4,5598 x 10°%° 4,5365 x 107 4,7073 x 10
0.9 9,060 x 10°%* 9,1066 x 10** 2,5038 x 1014 8,9866 x 10°1°
1 1,2750 x 1077 3,3743 x 1077 2,9412 x 1014 5,4134 x 101
Table 4. The initial conditions and the values of the parameters
Data P So I, R, p v
Values 84,000,000 83,996,609 3013 378 0.0538 0.0714

(LePM) and Laguerre polynomial method (LaPM) with the
Pell-Lucas collocation method (PLCM), recently studied in
[29], and the Runge Kutta method (RK4) when the step size
of the Runge-Kutta iteration is At = 0.1 in the interval [0,60]

and the other numerical techniques use the fifth order
polynomial approximation. As shown in Figure 1 that all
the numerical techniques are in good agreement. Namely,
the number of susceptible individuals, S(t), decreases from
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Table 5. The chebyshev polynomial solutions, the legendre polynomial solutions and the laguerre polynomial solutions

¢,(0)
85(8), I5(1), R5(t) a, b, ¢, (H) = T,(t) ¢,(D) = P,(t) é,(t) =L, (D)
CPM LePM LaPM
a, 8.3987 x 107 1.4886 x 10° 1.4888 x 10°
¢ a -1.1350 x 10* -1.4127 x 10 -2.7951 x 10?
3 3
Ss (t) _ Z an¢n(t) a, -1.4843 x 102 -2.4723 x 102 -5.0161
— as -1.2999 x 10 -2.6018 x 10 0.0915
a, -8.5362 -19.5631 -1.4277 x 1073
as -0.4477 -1.1399 4.4330 x 107
b, 5.4806 x 10° 9.4974 x 10° 5.4363 x 10°
s b1 2.8040 x 103 3.4901 x 10° -69.0802
2 2
Is(t) _ Z bn¢n(t) ZZ 3.6642 x 10 6.1032 x 10 1.2391 .
~ 3 32.0404 64.1289 -2.2566 x 10
b, 2.0974 4.8067 3.5248 x 10*
h5 0.1093 0.2783 -1.0825 x 10°
o 7.8976 x 10° 1.3337 x 10* 9.6234 x 10?
5 o 8.5457 x 10° 1.0637 x 10* -2.1043 x 10?
Rs (t) _ Z Cn¢n(t) C, 1.1179 x 10° 1.8620 x 102 3.7769
— c3 97.9539 1.9605 x 10 -0.0689
Cy 6.4389 14.7564 0.0011
Cs 0.3383 0.8616 -3.3506 x 10°

83,996,609 to 83,973,800 individuals in 60-day time period
when the number of infected individuals, I(t), increases
from 3013 to 8685 individuals and the number of removed
individuals, R(t), increases from 378 to 17619 individuals.

Figure 2 also shows that the growth of the removed popula-
tion R(t) is slower than that of the infected population I(¢).
This means that infected individuals spread the disease to
susceptible individuals faster than the rate of recovery.

7
8.4 x10
8399
%
»
8.398
8.397
0
t
10000 ~
8000 [~
. —6—CPM
S 6000 [~ &~ LePM
PLCM
4000 [~ ——LaPM
! ! ! ! ! B-Rk4

2000
0

4
2><1Cl

20
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Figure 1. Comparison of Ss(¢), I;(¢), Rs(t), obtained by CPM, LePM, LaPM, PLCM [37] and RK4.
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Figure 2. Comparison of the number of infected and removed people.

Table 6. Comparison of the absolute residual errors ReS,, Rely, and ReRy, for N =8

ReS

ReIIIVV t CPM LePM LaPM PLCM [29]

ReRy
t=0 2.6445 x 10 5.3620 x 10 2.7274 x 10 2.5055 x 10°
t=10 1.5806 x 107 1.5806 x 107 1.5806 x 107 3.9551 x 107
t=20 9.1073 x 10 9.1073 x 10 9.1073 x 10 5.4811 x 10°®

ReSg t=30 7.4352 x 108 7.4352 x 108 7.4352 x 108 1.7356 x 10
t=40 9.0451 x 10°* 9.0451 x 10°* 9.0451 x 10°* 2.7206 x 10°®
t=50 1.5590 x 107 1.5590 x 107 1.5590 x 107 7.7954 x 108
t=60 2.9876 x 1074 6.9652 x 107 7.7243 x 10 8.1501 x 10"
t=0 1.8899 x 10 8.2465 x 10 1.9978 x 10 4.5783 x 10°¢
t=10 2.9245 x 108 2.9245 x 108 2.9245 x 108 7.1278 x 108
t=20 1.6621 x 10°® 1.6621 x 10°® 1.6621 x 10°® 9.7302 x 10?

Rely t=30 1.3369 x 108 1.3369 x 108 1.3369 x 108 1.0093 x 10"
t=40 1.6000 x 10°® 1.6000 x 10°® 1.6000 x 10°® 4.6659 x 10”
t=50 2.7087 x 10°® 2.7087 x 10°® 2.7087 x 108 1.3106 x 10°*
t=60 2.4593 x 107 2.9889 x 107 52623 x 10 3.4531 x 10
t=0 7.6999 x 10 1.6644 x 10 1.4656 x 10 2.0477 x 10
t=10 1.2882 x 107 1.2882 x 107 1.2882 x 107 3.2423 x 107
t=20 7.4452 x 10°® 7.4452 x 10°® 7.4452 x 10°® 4.5081 x 10°®

ReRg t=30 6.0984 x 108 6.0984 x 108 6.0984 x 108 1.4048 x 10
t=40 7.4452 x 10°® 7.4452 x 10°® 7.4452 x 10°* 2.2540 x 10°®
t=50 1.2882 x 107 1.2882 x 107 1.2882 x 107 6.4847 x 10°®
t=60 1.4945 x 10 3.2176 x 1074 1.0288 x 10* 2.9582 x 10"
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For further comparison to check the efficiency and
robustness of CPM, LePM and LaPM, we compute the
residual errors of the approximate solutions of the suscep-
tible population Sy(t), the infected population I(f) and the
removed population Ry(t) where the values of the trans-
mission rate f, the recovery rate v and the total population
size P are listed in Table 1. The residual errors obtained by
CPM, LePM and LaPM when N = 8 and N = 10 are com-
pared with the results of Yiizbas: and Yildirim [29] obtained
by the Pell-Lucas collocation method (PLCM). Tables 6 and

7 present comparisons of the absolute residual errors ReSy,
Rely, ReRy for N = 8 and N = 10 respectivelyy.

As observed in Table 6, when N = 8, CPM, LePM and
LaPM yield similar residual errors to PLCM. For all these
methods, Table 6 shows that the absolute residual errors
ReSy, Rely, ReRy are not respectively larger than 107, 10
and 107 for t € (0,60). As N increases to 10, one can observe
in Table 7 that CPM, LePM and LaPM provide similar
residual errors ReSy, Rely, ReRy, with each other but better
results than those of PLCM for t € (0,60). Furthermore, it

Table 7. Comparison of the absolute residual errors ReS,, Rely, and ReRy, for N =10

ReSy

Rely, t CPM LePM LaPM PLCM [29]

ReRy
t=0 2.4008 x 10 1.9308 x 10" 7.1148 x 10" 1.7821 x 10°®
t=10 6.4027 x 10" 6.3995 x 10" 6.4003 x 10" 1.0382 x 101
t=20 1.4426 x 10 2.1246 x 10 1.4180 x 10 1.0065 x 10

ReS,, t=30 9.9959 x 10 1.0035 x 10" 1.0004 x 10" 1.7963 x 10
t=40 7.1641 x 10" 3.6190 x 10 3.2176 x 10" 5.4862 x 10"
t=50 7.2742 x 10" 7.2692 x 10 7.2738 x 10 2.3212x 10™
t=60 1.3613 x 10 4.6032 x 10 5.4246 x 107" 6.2135 x 10™
t=0 8.9461 x 10" 7.2896 x 10" 1.1666 x 10 1.5858 x 10°®
t=10 6.6527 x 10" 6.6521 x 10" 6.6505 x 10" 9.2552 x 10"
t=20 7.0923 x 10 2.8868 x 10 1.3670 x 107 9.0502 x 10"

ReS,, t=30 1.0370 x 10" 1.0379 x 10" 1.0379 x 10" 5.9179 x 10
t=40 3.2403 x 10¢ 8.6190 x 10" 1.6738 x 107 4.9293 x 10"
t=50 7.5241 x 10" 7.5231 x 10 7.5225x 10 2.1138 x 10™
t=60 7.1142 x 10" 1.8055 x 10 2.1556 x 10 3.2251 x 107
t=0 4.7398 x 107 8.5106 x 10" 4.9137 x 10" 1.9418 x 10°
t=10 2.4690 x 10** 2.5211 x 10" 2.5037 x 10" 1.1024 x 10"
t=20 3.6205 x 10 1.1633 x 10 9.5127 x 10" 1.0284 x 1012

ReS,, t=30 4.0023 x 10" 3.5641 x 10 3.8113 x 10 5.2996 x 10
t=40 2.8236 x 10" 1.2199 x 107 1.5713 x 10 5.4701 x 10"
t=50 2.4841 x 10" 2.5219 x 10" 24914 x 10" 2.2316 x 1072
t=60 2.6602 x 10 9.1213 x 107" 2.3371 x 107" 4.9546 x 10

Table 8. Comparison of the maximum absolute residual errors maxReSy, maxRely and maxReRy, for t € [0,60]

maxReS

maxRel, i,v N CPM LePM LaPM PLCM [29]
maxReRy

maxReSg 1.1153 x 10 1.1153 x 10° 1.1153 x 10°° 2.5055 x 10°°
maxRelg N=38 2.0827 x 107 2.0827 x 107 2.0827 x 107 4.5783 x 10°
maxReRg 9.0698 x 107 9.0698 x 107 9.0698 x 107 2.0477 x 10°®
maxReS,, N<10 5.3986 x 10°1° 5.3990 x 10°1° 5.3977 x 10°1° 1.7821 x 10°®
maxRel, 5.5796 x 10°1° 5.5785 x 10710 5.5793 x 1010 1.5858 x 10°®
maxReR 1.8151 x 10" 1.8118 x 10! 1.8153 x 10" 1.9418 x 10”




Sigma J Eng Nat Sci, Vol. 44, No. 3, pp. 1754-1767, June, 2026

1765

is clear from Table 8 that for N increases to N = 10, these
residual errors have maximum values which are not larger
than 107°. Therefore, one can say that CPM, LePM, and
LaPM are as efficient as PLCM for low-degree polynomials
but provide more accurate results than PLCM as the degree
of the polynomial is increased.

CONCLUSION

The major contribution of this paper can be considered
as the approximate solutions for solving the Susceptible-
Infected-Removed model of the Covid 19 spread. These
approximate solutions are obtained by the use of orthog-
onal Chebyshev, Legendre, and Laguerre polynomials. The
obtained approximate solutions are compared with the
other numerical results in figures and tables and the accu-
racy of the method is examined through the absolute and
residual errors. We observe that these polynomials they
are all effective in reducing the difficulty of solving sys-
tems of nonlinear ordinary differential equations and are
easy to implement with low computational cost because
discretization of the domain is not required. Furthermore,
Chebyshev, Legendre and Laguerre polynomials provide
more accurate results than other numerical techniques in
the literature. As we compare these polynomials with each
other, Chebyshev polynomials and Legendre polynomials
provide more accurate results than Laguerre polynomi-
als for the time interval [0,1], but when we extend it to a
larger interval, the Laguerre polynomials are as efficient as
Chebyshev and Legendre polynomials.

It is worth mentioning that many factors come into
play in order to obtain accurate results for realistic prob-
lems. In addition to efficiency of the technique used, the
model should be well established for good accuracy and the
problem parameters should be well estimated in along with
the given data. Moreover, the data should be reliable and
realistic so that the obtained results can reflect the reality.
In this sense, the Susceptible-Infected-Removed model is
preferred due to its basic structure to examine the efficiency
of the method. Whenever a numerical approach, applied
on SIR model, results in accurate solutions, then it can be
adopted to solve more comprehensive epidemic models.
The method, in this paper, based on the use of orthogo-
nal Chebyshev, Legendre, and Laguerre polynomials can
be applied to extensions of the SIR model. Especially, the
epidemic models that include births and natural deaths, the
infection rate of the exposed population and, the influence
of factors such as vaccination or immunity can be addressed
as future investigations.

NOMENCLATURE

N Susceptible population
I Infected population

R Removed population
p Total population

B Rate of transmission from susceptible individuals
to infected individuals

v Recovery rate

t Time variable

So The initial number of susceptible individuals

I, The initial number of infected individuals

R, The initial number of removed individuals

CPM  Chebyshev polynomials method

LePM Legendre polynomials method

LaPM Laguerre polynomials method

TWM Taylor wavelets method
LaWM Laguerre wavelets method
PLCM Pell-Lucas Collocation method
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