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With rapid industrial development, gas charging and discharging processes have become critical to energy storage systems. Current research 
predominantly focuses on specific vessel types or isolated operational stages and therefore lacks a unified thermodynamic framework that 
simultaneously addresses isochoric and isobaric constraints, heat transfer, adiabatic and isothermal processes, and the charging, storage, and 
discharging stages. Based on variable-mass thermodynamics theory, this study establishes a comprehensive modeling system comprising 18 
distinct thermodynamic models that cover all combinations of these conditions and derives explicit analytical solutions in both differential and 
algebraic forms from fundamental conservation laws. Subsequently, specific case analyses are conducted for all thermodynamic models to assess 
differences among them, and their correctness is verified through numerical simulation; finally, the engineering implications, limitations, and 
applicability of the models are discussed. The results indicate that the isochoric adiabatic model exhibits relatively large variations in temperature 
and pressure, posing serious safety threats to material integrity; the isochoric heat transfer model is susceptible to ambient temperature effects 
and exhibits somewhat smaller temperature and pressure variations than the former; the isothermal model minimizes variations during the 
charging stage and restores initial conditions after discharging; and the isobaric model maintains constant temperature and pressure with only 
volume change, representing the ideal vessel type. This study comprehensively characterizes the thermodynamic behavior of gas vessels under 
varying conditions, providing a systematic theoretical basis for the engineering design of such vessels.
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1. Introduction

Thermodynamics, as a fundamental branch of physics, gov-
erns the energy conversion and transfer principles essential for 
engineering systems [1-2].In modern industrial applications, 
gas vessels serve as critical infrastructure for energy storage 
and supply, including high-pressure hydrogen tanks for fuel 
cell vehicles, compressed air energy storage (CAES) systems 
for grid-scale energy management, oxygen cylinders for med-
ical and industrial use, and underground gas storage facilities 
for seasonal demand balancing. The thermodynamic behav-
ior of these vessels during charging, storage, and discharging 
directly impacts the system efficiency, safety, and operational 
costs [3-6].

Engineering thermodynamics classifies gas vessels as either 
constant-mass or variable-mass systems [7-8]. Constant-mass 
systems maintain fixed gas quantities, with state changes driv-
en by external boundary variations, which is a condition typ-
ical of static storage [9-10]. However, variable-mass systems 
experience dynamic mass inflow or outflow during charging 
and discharging, creating complex transient variations in 
temperature, pressure, and internal energy [11, 12]. The accu-
rate prediction of these transients is essential for preventing 
material failure, optimizing filling protocols, and ensuring the 
operational safety of the reactor.

The growing emphasis on clean energy and efficient storage 
has intensified research into the thermodynamic behavior of 
gas vessels. Most studies have targeted specific applications. 
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Research on fast-filling high-pressure hydrogen tanks commonly 
employs a simplified isochoric heat transfer model or isochoric 
adiabatic model to predict the internal temperature and pressure 
increase [13-17]. These models are limited to isochoric constraints 
and heat transfer calculations for the most part. They don’t often 
look at how systems behave when they are working under isobar-
ic conditions, or when there are complex dynamic boundaries. 
Isobaric storage chambers, in which the pressure is kept constant 
by hydraulic pistons or external pressure, have been considered in 
compressed air energy storage studies. Processes for near isothermal 
compression and expansion have been explored as well [18-22]. The 
results of these studies show that system performance is greatly af-
fected by volume changes under constant pressure. But their models 
generally only look at one process at a time, such as charging, stor-
age or discharging. They make the thermodynamic couplings within 
them too simple. This results in a lack of coherent characterization 
and mechanistic understanding of the inherent.

A comprehensive literature survey shows the following limitations 
of the present thermodynamic modeling of gas vessels:

1.	 Limited model coverage. Existing studies have typical-
ly focused on isolated configurations, either on con-
stant-volume conditions for high-pressure cylinders 
or on constant-pressure systems for compressed air 
energy storage (CAES), without integrating these ap-
proaches into a unified framework. Within the existing 
frameworks, no comprehensive model exists that can 
simultaneously address mechanical constraints(iso-
choric/isobaric), thermal boundary conditions (heat 
transfer/adiabatic/isothermal), and operational stages 
(charging/storage/discharging).

2.	 Over-idealization. Many models assume adiabat-
ic boundaries, although real systems transfer a lot 
of heat, or they assume that gases behave like ideal 
gases, ignoring the effects of compressibility at high 
pressures. Assuming a unit compressibility factor 
(Z=1) leads to large errors for high-pressure gases 
(e.g. 70 MPa hydrogen storage, or carbon dioxide at 
critical conditions) where Z corrections are required 
by real-gas equations of state (e.g. Peng-Robinson or 
Benedict-Webb-Rubin). It is very important to know 
the difference between quick near-adiabatic and slow 
near-isothermal processes when trying to predict tem-
perature, but this is not always done well.

3.	 lack of analytical solution. Differential equations are 
often shown, but explicit algebraic solutions that can 
be used for direct engineering calculations have not 
been found very often. Complex or implicit solutions 
impede practical applications and parametric analyses. 

4.	 Poor systematic derivations. Usually, the models are 
presented in their final form, without a detailed der-
ivation from the conservation laws. This omission is 
detrimental to the understanding of the basic physical 
mechanisms and limits the extension or validation of 
the model.

5.	 Insufficient comparative analysis. Horizontal compar-
isons across different thermodynamic constraints and 
vertical analyses of the complete operational cycles are 
lacking. Consequently, model selection guidelines for 
specific engineering applications have not yet been de-
veloped.

In summary, to address limitations of current research, this study 
systematically investigated the thermodynamic characteristics of 
gas vessels under various thermodynamic states. This study, based 
on variable-mass thermodynamics theory, begins with three funda-
mental equations, namely, the gas state equation, the mass conserva-
tion equation, and the energy conservation equation, and, through 
rigorous mathematical derivation, establishes a thermodynamic 
modeling system for gas vessels comprising 18 scenarios. This sys-
tem comprehensively covers the two fundamental constraints of 
isochoric and isobaric conditions, along with three typical thermal 
processes, including heat transfer, adiabatic, and isothermal condi-
tions, while establishing the corresponding governing equations and 
analytical solutions for the three independent stages of charging, 
discharging, and storage. Through subsequent case studies and val-
idation, we will compare in detail the dynamic responses and final 
states of various models under identical initial conditions, thereby 
elucidating the mechanisms by which different constraints and 
thermal processes influence the thermodynamic behavior of vessels 
during each of the independent stages of charging, storage, and dis-
charging.

The main novelty of this study is threefold. First, considering dif-
ferent operating conditions and independent stages, 18 thermody-
namic models covering all combinations of isochoric and isobaric 
constraints, heat-transfer, adiabatic, and isothermal processes, 
charging, storage, and discharging stages, are systematically derived. 
Second, it provides clear analytical solutions in both the differential 
and algebraic forms for all the models. Third, specific case analyses 
were conducted for all models, followed by in-depth comparisons 
and verifications. This study integrates charging, storage, and dis-
charging into a complete dynamic process. This study provides a 
comprehensive theoretical foundation for the refined design, effi-
cient operation, and performance optimization of gas vessels in 
energy and industrial applications.

2. Basic equation

2.1. Gas state equation

The state equations of gases are generally classified into two major 
categories: ideal gas state equations and real gas state equations [32-
34]. The ideal-gas equation of state forms the basis for the real-gas 
equation of state; the latter is a derivative and a variation of the 
former in practical applications. We analyze these equations below.

The equation of state for an ideal gas relates to the variables pres-
sure, volume, amount of substance, and temperature when the gas 
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is in stable equilibrium. This is established by Boyle’s, Charles’s, and 
Gay-Lussac’s laws. The ideal gas equation of state was first proposed 
by Clapeyron; its core equation is as follows:

pV nRT= 						       (1)

Where p represents the pressure of an ideal gas, V represents the 
volume, n represents the amount of substance, T represents the ther-
modynamic temperature, and R is the universal gas constant (also 
known as the molar gas constant). It remains unchanged regardless 
of the molecular weight of the gas and has a value of 8.314 J/(mol·K). 
Four conclusions can be drawn from the above equation.

1.	 Boyle’s law. When both n and T are constants, p is in-
versely proportional to V, and pV C1= .For further 
details, please refer to Figure 1.

2.	 Charles’s law. When both n and V are constants, T is 
directly proportional to p, and /p T C2= .

3.	 Gay-Lussac’s law. When both p and n are constants, V 
is directly proportional to T, and /V T C3= .

4.	 Avogadro’s law. When both T and p are constants, V is 
directly proportional to n, and /V n C4= .

where, , ,C C C Cand1 2 3 4 are all constants.

Figure 1. Boyle’s law (inverse relationship of volume pressure)

The ideal gas state equation reveals the relationship among sev-
eral variables of an ideal gas when it reaches a stable equilibrium 
state, including gas pressure, gas volume, amount of substance, and 
temperature. This is established based on Boyle’s, Charles’s, and 
Gay-Lussac’s laws. The ideal gas state equation was first proposed by 
Clapeyron, and its core equation is as follows:

A→B is isothermal change, which is determined by Boyle’s law: 
p V p VA A B B= .

B→C is an isochoric variation, which is determined by Charles’ law:
/ /p T p TB B C C= .

Then, based on T TA B= ,V VB C=  , it can be concluded that
/ /p V T p V TA A A C C C= .

The actual gas state equation with the gas compression factor Z is 
expressed as follows:

pV ZmRT= 						       (2)

where, m is gas mass, kg. Z is the gas compression factor, which is 
conventionally 1 for an ideal gas.

By differentiating both sides, we obtain

p
dp
V
dV
m
dm
T
dT+ = + 					      (3)

To simplify calculations, the gas compression factor in this study is 
assumed to be 1 (Z=1). All subsequent theoretical derivations and 
calculations assume ideal gas. The ideal gas assumption is applicable 
at most pressures and temperatures significantly above the critical 
point, but not at high pressures.

2.2. Mass conservation equation

Using the control volume method, the mass conservation equation 
is derived as follows:

dt
dm m m min out leakage= - -o o o 					      (4)

where mino  is the mass flow rate of charging. mouto  is the mass flow 
rate of discharging mleakageo  is the mass flow rate of leakage.

For convenience in subsequent calculations, the differential equa-
tion can be transformed into an algebraic equation as follows:

From Eq. (4), the algebraic expression can be obtained as follows:

m m m dmin out leakaged d d- - = 				     (5)

In the above mass conservation equation, it is assumed by default 
that ,m m and min out leakaged d d are all greater than 0.

When a completely sealed vessel is charging, m dmind = , At this 
point, dm 02 .

When a completely sealed vessel is discharging, m dmoutd =  , At 
this point, dm 01 .

2.3. Energy conservation equation

The general form of the law of conservation of energy for a closed 
system is as follows:

E Q WCV d dD = - 					                    (6a)

where, ECV is total system energy J or kJ. Q is heat, J or kJ. W is the 
expansion work done on the surroundings, J or kJ.

E Q E E E WCV in out leakaged dD = + - - - 			                  (6b)
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where, Ein is the energy flowing into the system, J or kJ. Eout is the 
energy flowing out the system, J or kJ. Eleakage is the energy leaked 
from the system, J or kJ.

Expanding the above equation, we obtain

( )

dt
dU Q h c gz m

h c gz m m dt
dW

2
1

2
1

in in in in

out out out out leakage

2

2

= + + + -

+ + + -

o o

o oa

a

k

k

		                  (7)

where, U is thermodynamic energy, J or kJ. hin is heat flow per unit 
time, J/s or kJ/s.  is the enthalpy of the gas flowing into the system, J 
or kJ. hout is the enthalpy of the gas flowing out of the system, J or kJ. 
cin is the kinetic energy of the gas flowing into the system, J or kJ. cout 
is the kinetic energy of the gas flowing out of the system, J or kJ. g is 
gravitational constant, N/kg. is the height of the charging port, m. 
zout is the height of the discharging port, m.

Attention should be paid to the following.

endothermic Q Q Q 0>final start+ d = -

exothermic Q Q Q 0<final start+ d = -
The system does work on the surroundings W W W 0<final start+ d = -

 

Work done on the system by the surroundings W W W 0>final start+ d = -

where,Qfinal  is the initial heat of the system, J or kJ. Qstart  is the final 
heat of the J or kJ. Wfinal  is the mechanical work of the system at the 
final moment, J or kJ. Wstart  is the mechanical work of the system at 
the start moment, J or kJ.

When the system temperature is higher than the ambient tempera-
ture, the system dissipates heat; when the system temperature is 
lower than the ambient temperature, the system absorbs heat. For 
example, during the charging process, Q 0<d . When the system 
temperature is lower than the ambient temperature, heat is absorbed, 
for example, during the discharging Q 0>d process. Because the 
velocity and positional (height) terms can be disregarded relative to 
enthalpy, this is also a uniform thermodynamic model. This simpli-
fication method significantly reduces the computational workload. 
Therefore, the above equation can be further simplified as follows:

dt
dU Q h m h m m dt

dW
in in out out leakage= + - + -o o o o^ h 		                 (8)

where, Q h A T Tamb vessel amb= -o ^ h , W or kW. hamb  is convective heat 
transfer coefficient, W/(m2·K). Avessel  is surface area of vessel, m2

If the gas storage facility is completely sealed, the leakage term can 
be omitted, yielding the following equation:

dt
dU Q h m h m dt

dW
in in out out= + - -o o o 		                  (9a)

In addition, the following equations apply:

dU mc dT c Tdm pdV Vdpp p= + - - 		                  (9b) 
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where,cp is specific heat capacity at isobaric, kJ/(kg·K). cv is specific 
heat capacity at constant volume, kJ/(kg·K). k is the adiabatic index, 
which is generally 1.4.

Substituting the above equation into equation (9a), and because of 
/dm dt m min out= -o o   and /W pdV dt=o  , we obtain:

( ) ( )mc dt
dT Q m c T T m c T T V dt

dp
p in p in out p out= + - + - +o o o                (10)

The above equation represents the energy conservation equation for 
open systems in both its mass and differential forms.

3. Thermodynamic model of gas vessels under different 
conditions

The thermodynamic model of gas vessels is established by combin-
ing the three fundamental equations from the previous section: the 
gas state equation, the mass conservation equation, and the energy 
conservation equation. In the energy conservation equation, both 
dT/dt and dp/dt appear; these are the rates of change of temperature 
and pressure and are the key unknown variables. By combining the 
dm/dt term in the mass form of the mass conservation equation 
with the gas state equation, the three unknown variables m, T, and p 
can be solved. The mass form of the vessel thermodynamic model is 
adopted in this study and in the subsequent theoretical derivations.

Variable-mass thermodynamics analyzes open systems in which 
mass crosses the system boundaries, in contrast to constant-mass 
thermodynamics. For gas vessels undergoing charging or discharg-
ing, the control-volume approach is essential: the vessel constitutes a 
control volume with mass flow across its inlet and outlet boundaries, 
while energy transfers occur as enthalpy flow associated with mass 
transfer, heat transfer across vessel walls, and boundary work in de-
formable control volumes.

For the gas vessel analysis, we employ a lumped-parameter assump-
tion in which intensive properties, such as temperature, pressure, 
and density, are uniform throughout the vessel volume at any in-
stant. This assumption is valid under the following two conditions. 
First, the vessel dimensions are small compared to the thermal 
diffusion length scales, and the Biot number is less than 0.1. Sec-
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ond, internal mixing is strong due to inlet jet turbulence. Under 
this framework, we derive system-scale governing equations from 
the gas state equation, the law of mass conservation, and the law of 
energy conservation. As shown in Figure 2, general thermodynamic 
models of sealed vessels can be classified into two types.

1.	 Isochoric model
2.	 Isobaric model

Based on the above, if heat transfer, adiabatic conditions, and iso-
thermal conditions are considered simultaneously, the thermody-
namic models can be classified into six types.

1.	 VH model: Isochoric heat transfer model
2.	 VA model: isochoric adiabatic model
3.	 VT model: isochoric isothermal model
4.	 PH model: isobaric heat transfer model
5.	 PA model: isobaric adiabatic model
6.	 PT model: isobaric isothermal model

If charging, discharging, and storage are considered simultaneously, 
the general thermodynamic model of a sealed vessel can be classi-
fied into 18 types based on the above.

1.	 VHC model: isochoric heat transfer and charging 
model

2.	 VHD model: isochoric heat transfer and discharging 
model

3.	 VAC model: isochoric adiabatic and charging model
4.	 VAD model: isochoric adiabatic and discharging 

model
5.	 VTC model: isochoric isothermal and charging model
6.	 VTD model: isochoric isothermal and discharging 

model
7.	 PHC model: isobaric heat transfer and charging model
8.	 PHD model: isobaric heat transfer and discharging 

model
9.	 PAC model: isobaric adiabatic and charging model
10.	 PAD model: isobaric adiabatic and discharging model
11.	 PTC model: isobaric isothermal and charging model
12.	 PTD model: isobaric isothermal and discharging 

model
13.	 VHS model: isochoric heat transfer and storage model
14.	 VAS model: isochoric adiabatic and storage model
15.	 VTS model: isochoric isothermal and storage model
16.	 PHS model: isobaric heat transfer and storage model
17.	 PAS model: isobaric adiabatic and storage model
18.	 PTS model: isobaric isothermal and storage model

VHC model

VHS model

VHD model

VH model VA model VT model

VAC model

VAS model

VAD model

VTC model

VTS model

VTD model

PTD model

PTS model

PTC model

PAD model

PAS model

PAC model

PHD model

PHS model

PHC model

PT modelPA modelPH model

Thermodynamic 
model

Figure 2. Classification of thermodynamic models

Table 1. Timetable for gas vessels

State

Variable        

t0 (Starting 
time) t (End time) Charging Discharging

Temperature T0 T Tin Tout

Pressure p0 p pin pout

Mass m0 m min mout

Volume V0 V

The thermodynamic parameters of the gas vessels were defined 
prior to the analysis of the thermodynamic model. The details are 
presented in Table 1.

3.1. Isochoric heat transfer and charging model (VHC model)

Regarding the charging state, equation (10), the state equation of 
energy conservation, becomes:

mc dt
dT Q m c T T V dt

dp
p in p in= + - +o o ^ h 		                  (11)

The differential form of the thermodynamic model can be derived 
from the differential form of the combined gas state equation, as 
follows:

( )
dt
dp

V
k Q km RT

dt
dT

c m
Q c m T c m T

dt
dV

1

0

in in

v

p in in v in

= - +

=
+ -

=

o o

o o o

Z

[

\

]]]]]]]]
]]]]]]]]

			                   (12)

The analytical solution for equation (12) is provided in the appendix 
at the end of this article.
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3.2. Isochoric heat transfer and discharging model (VHD 
model)

Because it is in a discharging state, equation (10), the energy conser-
vation state equation, transforms into the following form:

mc dt
dT Q m c T T V dt

dp
p out p out= + - +o o ^ h 		                  (13)

By combining the differential form of the gas state equation, we 
obtain:

dt
dp

V
k Q m RkT

dt
dT

mc
kQ m RkT

dt
dV

1

0

out

p

out

=
- -

= -

=

o o

o o

^ hZ

[

\

]]]]]]]]
]]]]]]]]

			                   (14)

The analytical solution for equation (14) is provided in the appendix 
at the end of this article.

3.3. Isochoric Adiabatic and Charging Model (VAC model)

Because it is in an adiabatic state, equation (12) changes to the fol-
lowing form:

dt
dp

V
km RT

dt
dT

m
km T m T

dt
dV 0

in in

in in in

=

= -

=

o

o o

Z
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\

]]]]]]]
]]]]]]]
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By using the variable separation method to solve the above equation, 
we can obtain:

p p V
km RT t t

T m t t m
m T kT m t t

V V
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Note that in the above equation, t represents time and is located after 
the t0 moment.

Continuing the derivation, we obtain the ordinary algebraic expres-
sion:

p p V
km RT t

T m t m
m T kT m t

V V
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in in
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0 0
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Note: t represents the period.

3.4. Isochoric adiabatic and discharging model (VAD model)

Because it is in an adiabatic state, equation (14) changes to the fol-
lowing form:

( )
dt
dp

V
m RkT

dt
dT

m
m k T

dt
dV

1
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out
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By using the variable separation method to solve the above equation, 
we can obtain:

p p m
m m t t

T T m
m m t t

V V

out

out
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Note that in the above equation, t represents time and is located after 
the t0 moment.

Thus, the general algebraic expression can be obtained as follows:

p p m
m m t

T T m
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V V
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Note: t represents the period.

3.5. Isochoric isothermal and charging model (VTC model)

Because it is an isothermal state, equation (10) becomes:

Q m c T T V dt
dp
0in p in+ - + =o o ^ h 			                   (21)

From the gas state equation under isothermal and isochoric condi-
tions, the following equation is obtained:

dt
dp
V
RT min= o

By combining the two equations, we obtain the following:

Q k
V k T

T p p1 1
in

2 1= - - -a ^k h 			                   (22)

Thus, the magnitude of heat transfer during isothermal charging 
is directly proportional to the pressure difference in the storage 
tank between the states before and after the process. The sign of 
the heat transfer during isothermal charging depends on the size of 

/kT T1 in-^ h . The specific analyses are as follows:
•	 When / ,T T k Q 0> <in  , and the system releases heat to 

the surroundings.
•	 When / ,T T k Q 0in = = , the system is thermally insulated 
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from the surroundings.
•	 When / ,T T k Q 0< >in , the system absorbs heat from the 

surroundings.

The final equation is as follows:

dt
dp
V
RT m

dt
dT

dt
dV
0

0

in=

=

=

o
Z

[

\

]]]]]]]
]]]]]]]

					                     (23)

 
3.6. Isochoric isothermal and discharging model (VTD 
model)

Because it is an isothermal state, equation (10) becomes

Q m c T T V dt
dp
0out out\ \p+ - + =o o ^ h 			                  (24)

The reasoning process is the same as that described above, and the 
final equation can be obtained as:

dt
dp
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dt
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dt
dV
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					                    (25)

 
3.7. Isobaric heat transfer and charging model (PHC model)

Under isobaric heat transfer and the charging state, equation (10) 
becomes

mc dt
dT Q m c T Tp in p in= + -o o ^ h 			                   (26)

By combining the differential form of the gas state equation, we ob-
tain the following:
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3.8. Isobaric heat transfer and discharging model (PHD 
model)

Because it is an isobaric heat transfer and discharging state, equation 
(10) becomes

mc dt
dT Q m c T Tout outp p= + -o o ^ h 			                   (28)

The reasoning process is the same as that described above, and the 
final equation can be obtained as

( )
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3.9. Isobaric adiabatic and charging model (PAC model)

Because it is an isobaric adiabatic and charging state, equation (27) 
becomes
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3.10. Isobaric adiabatic and discharging model (PAD model)

Because it is an isobaric adiabatic and discharging state, equation 
(29) becomes
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3.11. Isobaric isothermal and charging model (PTC model)

Because it is an isobaric isothermal and charging state, equation (10) 
becomes

Q m c T T 0in p in+ - =o o ^ h 				                    (32)

Combining the differential form of the gas state equation, then set-
ting  and , the derivation can be obtained as follows:
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3.12. Isobaric isothermal and discharging model (PTD model)

Because it is an isothermal, isobaric, and discharging state, equation 
(10) becomes

Q m c T T 0out p out+ - =o o ^ h 				                    (34)

Combining the differential form of the gas state equation and setting 
p ps=  and T Ts= , the derivation can be obtained as follows:
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3.13. Isochoric heat transfer and storage model (VHS model)

During the gas storage stage, convective heat transfer occurs be-
tween the air and the vessel wall; thus,

Q h A T Tamb vessel amb= -o ^ h 				                    (36)

If T Tamb2 , then the Q 0<o system is in a state of heat release. Ac-
cording to the ideal gas equation pV=mRT , as the system tempera-
ture decreases, the pressure decreases.

IfT Tamb1 , then Q 0>o the system is in a state of heat absorption. 
According to the ideal gas law pV=mRT , if the system temperature 
increases, the pressure increases accordingly.

From equation (10), the energy conservation equation under iso-
choric conditions of heat transfer and storage is obtained as follows:

mc dt
dT Q V dt

dp
p = +o 				                    (37)

By combining the gas state equation, we obtain the following:
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By continuing to employ the method of separation of variables, we 
can obtain analytical solutions for pressure, temperature, and vol-
ume in the isochoric heat transfer and storage model (VHS model). 
The results are as follows:
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Continuing the derivation, we obtain the ordinary algebraic expres-
sion:
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Note: t represents the period.

3.14. Isochoric adiabatic and storage model (VAS model)

For a closed system, the energy conservation equation is expressed 
as dU = Q -W. Since it is adiabatic and isochoric, both Q and W are 
0; thus, dU = 0. All thermodynamic variables at the end of storage 
are identical to those at the beginning, indicating that the state of the 
isobaric heat-transfer storage is also isothermal. Therefore, we have:
p p
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* 					                     (41) 

3.15. Isochoric isothermal and storage model (VTS model)

From equation (10), the energy conservation equation under isocho-
ric, isothermal, and storage conditions can be obtained as follows:

Q V dt
dp

0 = +o 					                     (42)

Further derivation yields the following equation:
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Then we have:
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3.16. Isobaric heat transfer and storage model (PHS model)

From equation (10), the energy conservation equation under isobar-
ic heat transfer and storage conditions can be obtained as follows:

mc dt
dT Qp = o 					                    (45)

Combining the differential form of the gas state equation with equa-
tion (36) yields the following derivation:
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By employing the method of separation of variables, we obtain ana-
lytical solutions for the isobaric heat transfer and storage model (PHS 
model): pressure, temperature, and volume. The results are as follows: 
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Further derivation yields the following ordinary algebraic expres-
sion for the thermodynamic model:
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Note: t represents the period.

3.17. Isobaric adiabatic and storage model (PAS model)

From equation (47), the energy conservation equation under iso-
baric adiabatic and storage conditions can be obtained as follows:
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The above equation shows that all thermodynamic variables at the 
end of storage are the same as those at the beginning of storage; that 
is, the isobaric heat-transfer storage state is also isothermal.

3.18. Isobaric isothermal and storage model (PTS model)

From equation (10), the energy conservation equation under iso-
baric and isothermal storage conditions can be obtained as follows:

Q 0=o 						                       (50)

According to the time differential form of the gas state equation, we 
can obtain / ( / / / )/ .dV dt RTdm dt mRdT dt Vdp dt p= + - . Since it 
is isobaric isothermal state and /dm dt 0= , then:

dt
dV 0= 						                      (51)

Then we can obtain:
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If it is transformed into an algebraic expression, then
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4. Case analysis and validation
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Figure 3. Schematic diagram of gas vessels

Table 2. Initial parameter values of the model

Initial parameters Value
Initial temperature (T0) 293.15 K(20 °C)
Initial air pressure (p0) 101325 Pa(1atm)

Initial volume (V0) 10 m3

Charging temperature (Tin) 293.15 K(20 °C)
Disharging pressure (pin) 0.2 MPa

Ambient temperature (T0) 293.15 K(20 °C)
Ambient pressure (p0) 101325 Pa(1 atm)

The mass flow rate of charging (mino ) 0.1 kg/s

The mass flow rate of discharging (mouto ) 0.1 kg/s
Vessel surface area (Avessel) 42 m2

Convective heat transfer coefficient (hamb) 5 W/(m2·K)

For computational convenience, the gas vessels are modeled as rect-
angular prisms with a square cross-section of 1m * 1m and a length 
of 10 m. The gas is introduced through the right cross-section and 
discharged through the left cross-section, as shown in Figure 3. A 
complete storage-discharge cycle is considered the object of anal-
ysis. Thus, the overall thermodynamic model of the gas vessels is 
divided into six types: isochoric heat transfer (VH), isochoric adia-
batic (VA), isochoric isothermal (VT), isobaric heat transfer (PH), 
isobaric adiabatic (PA), and isobaric isothermal (PT) models. The 
parameters are set as shown in Table 2; that is, the initial parameters 
of all thermodynamic models are the same, and differences among 
the models are studied.

4.1. Isochoric model

The isochoric model of gas vessels is generally divided into three 
types: heat transfer, adiabatic, and isothermal. The isochoric heat 
transfer model describes heat exchange between the vessel surface 
and the external environment. The isochoric adiabatic model is 
usually characterized by rapid charging and discharging; during 
charging, discharging, and storage, there is no heat transfer between 
the vessel surface and the external environment. The isochoric iso-
thermal model is typically characterized by slow charging and dis-
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charging, implying that during these processes the vessels exchange 
sufficient heat with the external environment. Therefore, the vessels’ 
internal temperature generally corresponds to the external tempera-
ture.

4.1.1. Isochoric heat transfer model (VH model)

According to the VH model presented in the previous section, the 
initial parameters in Table 2 are substituted into the VH model to 
calculate the variation laws throughout the entire isochoric heat 
transfer process. Figures 4-6 show the results. As shown in Fig-
ure 4, during the charging stage the pressure increased linearly to 
171,977.6 Pa (1.7 atm) and remained constant during the storage 
stage; it then decreased linearly to 127,542 Pa (1.26 atm) during the 
discharging stage. As shown in Figure 5, during the charging stage, 
the temperature slightly increased to 293.19 K (20.04 °C), returned 
to the ambient temperature of 293.15 K (20 °C) during the storage 
stage, and then sharply decreased to 257.9 K (−15.25 °C) during 
the discharging stage. As shown in Figure 6, the volume remains 
unchanged throughout the process because the model is isochoric.
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Figure 4. pressure changes throughout the Isochoric heat transfer 
process
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Figure 6. volume changes throughout the isochoric heat transfer 
process

4.1.2. Isochoric adiabatic model (VA model)

Using the VA model presented in the previous section, the initial 
parameters in Table 2 are substituted to calculate the variation 
rules throughout the entire isochoric adiabatic process. The results 
are shown in Figures 7, 8, and 9. Figure 7 shows that during the 
charging stage the pressure gradually rises to 171,977.6 Pa (1.7 atm) 
and then remains constant during the storage stage. During the 
discharging stage, the pressure decreases linearly to 97,637.76 Pa 
(0.96 atm). Theoretically, when the discharge time reaches 56.77 s, 
the pressure decreases to atmospheric (ambient) pressure, and the 
vessels stop discharging. However, if forced evacuation is performed 
(like vacuuming), the internal pressure of the vessels can be reduced 
below atmospheric pressure. 
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Figure 7. pressure changes in the entire isochoric adiabatic process
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Figure 8. temperature changes in the entire isochoric adiabatic 
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Figure 9. volume changes in the entire isochoric adiabatic process

Figure 8 shows that during the charging stage the temperature 
increases linearly to 332.15 K (59 °C) and then remains constant 
during the storage stage. During the discharging stage, the tempera-
ture drops sharply to 188.57 K (-84.58 °C). If the cut-offline is set at 
atmospheric pressure, that is, when the discharge time reaches 56.77 
s, the temperature inside the vessels is 195.7 K (-77.45 °C). As shown 
in Figure 9, the volume remains unchanged throughout the process 
because the model is isochoric.

4.1.3. Isochoric isothermal model (VT model)

According to the VT model in the previous section, the initial pa-
rameters in Table 2 are substituted to calculate the variation rules 
throughout the entire process of the isochoric and isothermal model 
(VT model). The results are shown in Figures 10, 11, and 12. By 
observing Figure 10, it can be found that during the charging stage, 
the pressure linearly rises to 151805.43 Pa (1.5 atm), then remains 
constant during the storage stage, and in the discharging stage, the 
pressure linearly drops to the atmospheric pressure level. By observ-
ing Figure 11 and Figure 12, it can be found that since it is isochoric 
isothermal model (VT model), the temperature and volume remain 
unchanged throughout the entire process.
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Figure 10. pressure changes in the entire process of isochoric and 
isothermal conditions
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Figure 11. temperature changes in the entire process of isochoric 
and isothermal conditions
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Figure 12. Volume changes in the entire process of isochoric and 
isothermal conditions

4.2. Isobaric nodel

The isobaric model of gas vessels is divided into three types: the iso-
baric heat transfer model, the isobaric adiabatic model, and the iso-
baric isothermal model. The isobaric model is analogous to a piston 
compressor, in which the gas vessels remain isobaric throughout the 
process. Among these, the isobaric heat transfer model is analogous 
to a piston compressor, which involves heat exchange with the sur-
roundings. By contrast, isobaric adiabatic model assumes that the 
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gas vessels do not exchange heat with the surroundings during the 
entire process and is characteristic of rapid charging and discharg-
ing. The isobaric isothermal model corresponds to slow charging 
and discharging and is consistent with the isochoric model. More-
over, during the charging and discharging processes of the isobaric 
model, the volumes of the gas vessels change. The initial volume of 
the gas vessels remains 10 m³, equal to that of the isochoric model. 
Therefore, the parameters of the gas vessels in the isobaric model are 
presented in Figure 3 and Table 2.
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Figure 13. The pressure variation throughout the entire process of 
the isobaric model
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of the isobaric model
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Figure 15. The volume variation throughout the entire process of 
the isobaric model

According to the conclusion of the previous section, the variation 
laws throughout the entire process of the isobaric heat transfer 
model, the isobaric adiabatic model, and the isobaric isothermal 
model are calculated by substituting the initial parameters in Table 
2. The results are consistent. This is because the intake temperature, 
the initial temperature of the vessels, the ambient temperature are 
identical, and no heat transfer occurs between the gas vessels and 
the external environment. Moreover, the models are isobaric. The 
graphs of the resulting data of the three isobaric models are identi-
cal, as shown in Figures 13-15. As shown in Figures 13 and 14, the 
pressure and temperature of the gas remained constant throughout 
the entire process. As shown in Figure 15, the volume of the gas 
vessels increased linearly to 14.98 m³ during the charging stage, re-
mained unchanged during the storage stage, and decreased to 10 m³ 
during the discharging stage, which was the initial volume.

4.3. Comparative analysis of models

To facilitate comparison among all thermodynamic models, the case 
data presented above are summarized in Table 3. The following find-
ings were observed:

1.	 The results of the VH and VA models are identical 
during both the charging and storage stages. However, 
the gas pressure and temperature following discharge 
from the VH model are higher than in the VA model. 
The VH model absorbs heat from the environment via 
convective heat transfer in the vessels during the final 
discharge stage.

2.	 The temperature and pressure at the end of charging 
in the VT model are lower than those in the VH and 
VA models. However, at the end of discharge, both the 
temperature and pressure return to their initial levels.

3.	 The PH, PA, and PT models (three isobaric models) 
exhibit identical results throughout the process. In 
the isobaric models, pressure and temperature remain 
constant at their initial values, and only the volume 
changes.

4.	 The volume of the isochoric model remains un-
changed throughout the process, while the volume of 
the isobaric model varies between 10 m³ and 14.98 m³.
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Table 3: Model results

Moment

Variable         
t0 t1 t2 t3

p of VH model 101325Pa(1atm) 171977.6Pa(1.7atm) 171977.6Pa(1.7atm) 127542Pa(1.26atm)

p of VA model 101325Pa(1atm) 171977.6Pa(1.7atm) 171977.6Pa(1.7atm) 97637.76Pa(0.96atm)

p of VT model 101325Pa(1atm) 151805.43 Pa (1.5atm) 151805.43 Pa (1.5atm) 101325Pa(1atm)

p of PH model 101325Pa(1atm) 101325Pa(1atm) 101325Pa(1atm) 101325Pa(1atm)

p of PA model 101325Pa(1atm) 101325Pa(1atm) 101325Pa(1atm) 101325Pa(1atm)

p of PT model 101325Pa(1atm) 101325Pa(1atm) 101325Pa(1atm) 101325Pa(1atm)

T of VH model 293.15K(20°C) 293.19K(20.04°C) 293.15K(20°C) 257.9K(-15.25°C)

T of VA model 293.15K(20°C) 332.15K(59°C) 332.15K(59°C) 188.57K(-84.58°C)

T of VT model 293.15K(20°C) 293.15K(20°C) 293.15K(20°C) 293.15K(20°C)

T of PH model 293.15K(20°C) 293.15K(20°C) 293.15K(20°C) 293.15K(20°C)

T of PA model 293.15K(20°C) 293.15K(20°C) 293.15K(20°C) 293.15K(20°C)

T of PT model 293.15K(20°C) 293.15K(20°C) 293.15K(20°C) 293.15K(20°C)

V of VH model 10 m3 10 m3 10 m3 10 m3

V of VA model 10 m3 10 m3 10 m3 10 m3

V of VT model 10 m3 10 m3 10 m3 10 m3

V of PH model 10 m3 14.98 m3 14.98 m3 10 m3

V of PA model 10 m3 14.98 m3 14.98 m3 10 m3

V of PT model 10 m3 14.98 m3 14.98 m3 10 m3

Here, t0 represents the zero moment, that is, the moment when 
charging begins; t1 represents the moment when charging ends and 
storage begins simultaneously; t2 represents the moment when stor-
age ends and discharging begins simultaneously; and t3 represents 
the moment when discharging ends.

4.4. Model validation

To quickly verify the correctness of the theoretical model, the iso-
choric heat transfer and charging model (VAC model) is selected 
from among 18 thermodynamic models for numerical simulation. 
The simulation is conducted using COMSOL software, employing 
two physics interfaces: laminar flow and fluid heat transfer. These 
two physical fields are coupled in a non-isothermal flow. The initial 
parameters for the simulation are consistent with those listed in 
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ble 2. The inlet is in the lower right corner, and the outlet is in the 
upper left corner. The inflation time is set to 60 s.

Figure 16. Geometric model for numerical simulation

Figure 16 depicts the geometric model for numerical simulation, 
which is a rectangular parallelepiped with a 1 m * 1 m square 
cross-section and a depth of 10 m. The total geometric volume is 
10 m³. A physical field control grid is employed to automatically 
divide the grid; it comprises 9083 grid vertices and includes 20272 
tetrahedra, 8936 prisms, and 29208 elements. The average element 
quality is 0.6908, and the element volume ratio is 0.01277.

Figure 17. Contour plot of pressure (Unit: Pa)

Figure 18. Contour plot of temperature(Unit: K)

Figure 17 shows the pressure contour map at the final moment, 
specifically at 60 s. The average absolute pressure of the vessel is 

171997.602 Pa. According to Table 3, the theoretical calculation 
yielded 171977.6 Pa, which is in good agreement with the experi-
mental value. Figure 18 illustrates the temperature contour maps at 
the final moment and at 60 s. The average temperature of the vessel 
is 332.22 K. According to Table 3, the theoretically calculated value 
is 332.15 K, which is in good agreement with the experimental re-
sult. This agrees with the theoretical and numerical models used in 
the present study.

To facilitate comparison between the results of the theoretical cal-
culations and the numerical simulations, we plotted the pressure 
and temperature variations during the inflation phase, as shown in 
Figures 19 and 20. Subfigure (a) shows the global variation graph, 
whereas subfigure(b) shows the local magnification. Observations 
reveal that the discrepancy between theoretical calculations and 
numerical simulations is minimal, and the two are almost perfectly 
aligned. Differences between theoretical and simulated values for 
pressure and temperature are less than 0.02% and 0.03%, respec-
tively, thereby verifying the accuracy of both theoretical calculations 
and numerical simulations.

(a)Global variation

(b) Local magnification

Figure 19. pressure variation diagram of the VAC model
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(a) Global variation

(b) Local magnification

Figure 20. temperature variation diagram of the VAC model

5. Discussion

5.1. Deep thinking of case analysis

Through theoretical derivation and case analysis, further research 
can reveal the following: 

1.	 In the isochoric model, variations in both pressure and 
temperature are relatively large. In the isobaric model, 
the pressure and temperature remain unchanged from 
their initial states. Therefore, if system stability is a 
priority, as in underground gas storage facilities, the 
isobaric storage model is preferable because it offers 
higher energy storage efficiency and reduces energy 
loss. 

2.	 The isothermal model involves slow charging and dis-
charging, with sufficient heat transfer to the environ-
ment. To minimize energy loss, an adiabatic model 
with rapid charging and discharging is preferable. 

3.	 The heat transfer model also includes heat exchange 
with the environment. To reduce energy loss, a lower 
convective heat transfer coefficient is preferable. When 
the heat transfer coefficient is zero, the heat transfer 
model degenerates into an adiabatic model. An adia-

batic model is generally considered a better choice for 
energy conservation. 

4.	 The charging pressure is generally higher than the in-
ternal pressure of the vessels. During discharge, the 
discharge pressure reflects the vessels’ internal pres-
sure and is typically higher than ambient pressure.

5.	 In an isochoric, adiabatic model, if the charging tem-
perature does not significantly fall below the original 
gas temperature in the vessel, the charging process 
typically acts as heating.

6.	 Except for an isothermal model the higher charging 
temperature leads to increased final temperatures 
When the ambient temperature exceeds the internal 
temperature of a vessel, heat is absorbed, causing the 
vessel’s internal temperature to rise.

5.2. Engineering implications of thermodynamic models

Based on the case analysis presented in the previous section and 
consideration of practical engineering applications, the 18 thermo-
dynamic models established in this study provided significant guid-
ance for engineering practice. The quantitative comparative results 
presented in the previous section (see Table 3) not only reveal differ-
ences in the thermodynamic behavior of gas vessels under various 
constraints, but also provide direct theoretical foundations for safety 
assessments, design optimization, and the formulation of operation-
al strategies in industrial practice. The engineering implications of 
these thermodynamic models are systematically elaborated below 
from three perspectives: safety, design recommendations, and oper-
ational constraints.

Safety Implications. Section 4 illustrates that the isochoric adiabatic 
model experiences significant temperature fluctuations (143.58K, 
ranging from 188.57K to 332.15K) that endanger the material in-
tegrity. Metal containers are subject to thermal fatigue, low-tem-
perature embrittlement or excessive thermal stress at connections 
and support during repeated cycles between -84.58 °C and 59 °C. 
On the contrary, the isochoric heat transfer model results in a tem-
perature change of only 35.29 K in the discharging process, which 
effectively reduces the risk of thermal stress. The fast-refueling pro-
cess for hydrogen energy applications is close to adiabatic process 
with temperature increase of up to 332.15K that may accelerate the 
degradation of materials or activate safety-relief devices. Therefore, 
pre-cooling systems or controlled filling rate are necessary in prac-
tice to approach the isothermal conditions.

Design Recommendations. A comparative analysis provides quan-
titative criteria for selecting constraints in different application 
scenarios. Isobaric models are better for underground gas storage 
facilities or large-scale compressed air energy storage systems where 
pressure stability is very important. They maintain constant pressure 
and temperature by changing the volume by 4.98 m 3. Hence, there 
is no pressure-cycling fatigue on the containment structures. There-
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fore, flexible boundary designs such as piston separators or constant 
pressure caverns are needed. In applications where space is limited, 
such as on-board hydrogen storage tanks in ships, isochoric designs 
are required. But designers have to trade-off between heat transfer 
and adiabatic modes of operation, depending on how fast the system 
is running. Better heat transfer systems should be used in rapid-re-
fueling stations to approximate isothermal conditions and avoid ex-
cessive temperature rise, for example. Slow industrial filling may be 
able to assume adiabatic conditions with adequate safety margins.

Operational limitations and enhancement. The analysis shows that 
operational protocols have a direct effect on the system’s thermo-
dynamic response characteristics. The heat transfer coefficient is a 
critical control parameter: when this coefficient approaches zero, 
the system behaves adiabatically with extreme temperature varia-
tions; when it is sufficiently large, the system approaches isothermal 
conditions. Therefore, operators can optimize the system response 
by adjusting external cooling or insulation measures. Further-
more, charging and discharging rates determine the validity of the 
lumped-parameter assumptions: rapid processes may induce spatial 
gradients requiring a distributed analysis, whereas slow processes 
satisfy the uniformity assumptions. In the isochoric adiabatic mod-
el, discharge must be terminated when the pressure approaches am-
bient pressure, to prevent vacuum conditions that could cause vessel 
collapse or contamination due to air pressure.

5.3. Limitations and applicability of thermodynamic models

5.3.1. Limitations of the present models

The 18 thermodynamic models developed in this study are based 
on several key assumptions that constitute their limitations. These 
limitations can be categorized into two groups: four fundamental, 
assumption-based limitations and three practical limitations related 
to experimental validation and physical phenomena that are not 
captured by the ideal-gas framework.

First, the ideal gas assumption is adopted. The current models 
assume that gases follow the ideal gas equation of state, with the 
compressibility factor Z equal to 1. This assumption is accurate at 
moderate pressures, especially when the pressure is less than 20 
MPa and the temperature is more than 1.5 times the critical tem-
perature. The compressibility factor Z can be very different from one 
for high-pressure hydrogen storage, like 70 MPa onboard tanks. For 
example, at 298 K, Z can be about 1.4. This means that the ideal gas 
assumption could lead to pressure predictions that are off by 15% to 
25%. Under these conditions, equations of state for real gases, like 
the Peng-Robinson and Benedict–Webb–Rubin equations, are very 
important.

Second, the assumption of lumped parameters is made. The models 
use a lumped-parameter approach and assume that temperature, 
pressure, and density are evenly spread out throughout the vessel. To 

do this, the vessel needs to be small or have strong internal mixing. 
There may be big differences in temperature or pressure in large gas 
storage facilities like underground gas storage or tube trailers. To get 
accurate simulations, you need to use distributed parameter models 
or computational fluid dynamics methods.

Third, the idea that the mass flow rate stays the same. The models 
assume constant mass flow rates during charging and discharging. 
In practice, mass flow rates are affected by valve opening and flow 
resistance and may vary with time. Furthermore, the present mod-
els do not account for the effects of the charging jets on local heat 
transfer and mixing.

Fourth, we assume a constant heat transfer coefficient. The heat 
transfer models assume constant convective heat transfer coeffi-
cients during the process. Heat transfer coefficients depend on the 
fluid flow regime, temperature difference, and vessel geometry, and 
may vary as the process proceeds.

In addition to the four assumption-based limitations mentioned 
above, the present models have three additional practical limita-
tions.

Fifth, lack of experimental validation. The present models are based 
entirely on theoretical derivations and numerical verifications 
without direct comparisons with experimental data. Future work 
requires measurements of temperature and pressure transients from 
instrumented pressure vessels to validate model accuracy.

Sixth, the Joule-Thomson effect was not considered. The present 
models assume ideal gas behavior, where the Joule-Thomson coef-
ficient is zero, indicating that no temperature change occurs during 
isenthalpic throttling (Joule-Thomson expansion). This is funda-
mentally different from an ideal adiabatic expansion, in which tem-
perature changes result from work extraction. However, in the case 
of real gases, especially at high pressures, the Joule-Thomson effect 
can cause additional cooling or heating upon discharge, which de-
pends on the inversion curve. This behavior is not considered in the 
notion of ideal adiabatic expansion. This difference is important for 
the accurate prediction of temperature in high pressure situations.

Seventh, neglect of condensation and frost effects. The present 
models assume single-phase ideal gas behavior throughout the en-
tire process. However, in the isochoric adiabatic discharging model, 
temperatures can drop to 188.57 K (-84.58 °C), which is above the 
condensation temperatures of air components (oxygen at 90.2 K and 
nitrogen at 77.4 K) at atmospheric pressure. For applications involv-
ing moist gases or temperatures below -40 °C, phase change effects, 
frost formation, and multiphase thermodynamics must be consid-
ered. The models should be extended to include real-fluid behavior 
and phase equilibrium calculations for such extreme conditions.
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5.3.2. Applicability of the present models

Despite these limitations, the present models are applicable to the 
following engineering scenarios.

First, preliminary design of moderate-pressure gas storage systems. 
For compressed air energy storage systems, industrial gas tanks, and 
gas storage facilities operating at atmospheric to moderate pressures 
(below 20 MPa), the error introduced by the ideal gas assumption 
remains within acceptable limits, and the models can be used for 
rapid prediction of thermodynamic behavior.

Second, engineering analysis of rapid charging and discharging 
processes. In applications such as fast refueling at hydrogen sta-
tions or rapid response in compressed air energy storage systems, 
the charging and discharging times are relatively short, and the 
lumped-parameter assumption is generally valid. The models can 
be used to evaluate extreme temperature and pressure conditions, 
thereby providing guidance for material selection and safety assess-
ments.

Thirdly, comparative studies are made under different thermody-
namic constraints. In this study, the impact of isochoric versus iso-
baric constraints and adiabatic versus isothermal processes on the 
performance of the system is systematically investigated. Such hor-
izontal comparisons are useful for engineers to theoretically choose 
the appropriate modes of operation such as more stable isobaric 
modes or more understandable adiabatic modes. 

Fourth, a sensitivity analysis of the parameters. The analytical solu-
tion forms allow for parametric sensitivity analysis which can be 
used to study the influence of parameters like ambient temperature, 
heat transfer coefficient or charging temperature on the final states 
without the need of performing numerous numerical simulations.

Fifth, Boundary conditions for detailed numerical simulations. The 
analytical solutions presented in this work can be used as bound-
ary conditions or validation benchmarks for computational fluid 
dynamics or finite element analysis models, particularly for vali-
dation of the accuracy of the numerical codes or providing initial 
estimates.

6. Conclusion

The paper offers a complete theoretical framework for studying the 
thermodynamic properties of gas vessels under varied operational 
conditions. Based on the fundamentals of variable-mass thermo-
dynamics, we systematically formulate 18 unique thermodynamic 
models that represent all combinations of isochoric and isobaric 
restrictions, heat exchange, adiabatic and isothermal processes, and 
charging, storage and discharging steps. For each model, analytical 
solutions exist in differential and algebraic form. This facilitates 
their direct use in engineering and parametric analyses.

Detailed case studies quantitatively show the effect of different 
constraints and thermal processes on a 10 m3 meter vessel under 
the same initial conditions. The largest variations are shown by the 
isochoric adiabatic model with temperatures in the range of 188.57 
K to 332.15 K and pressures in the range of 0.96 atm to 1.7 atm. The 
isochoric heat transfer model achieves the same maximum pressure 
of 1.7 atm but the temperature varies less from 257.9 K to 293.19 K 
due to heat transfer from the environment. Isobaric models, such as 
isobaric heat transfer, isobaric adiabatic, and isobaric isothermal, on 
the other hand, keep the temperature at 293.15 K and the pressure at 
1 atm, but the volume changes by 4.98 m3. These quantitative com-
parisons demonstrate that mechanical constraints fundamentally 
determine the system response characteristics, whereas thermal 
boundary conditions significantly moderate the temperature ex-
tremes.

The main novelty of this study lies in three aspects. First, we show 
how to systematically derive thermodynamic models for gas vessels 
that work in different ways and at different times. Second, we give 
clear analytical solutions for all 18 models in both algebraic and 
differential forms. Third, we did case-specific analyses and checks, 
compared different models, and showed how changing the system’s 
constraints changes its thermodynamic behavior in a big way.

In terms of model limitations, the current framework presumes 
ideal gas behavior (applicable for pressures under 20 MPa), utilizes 
a lumped-parameter approximation necessitating a uniform spatial 
distribution of properties, and assumes constant mass flow rates 
and heat transfer coefficients. These models are especially useful for 
preliminary design of moderate pressure gas storage systems such 
as compressed air energy storage (CAES) and industrial gas tanks; 
engineering analysis of fast charging-discharging processes; com-
parative studies under different constraints; parametric sensitivity 
analyses; and as boundary conditions for detailed computational 
fluid dynamics (CFD) simulations.

Future works should be devoted to experimental validation with 
instrumented pressure vessel measurements, extension to real 
gas phenomena with equations of state (e.g. Peng-Robinson) for 
high-pressure applications, consideration of cyclic charge-dis-
charge processes and inclusion of distributed-parameter effects for 
large storage facilities. A comprehensive theoretical framework is 
presented and useful in decision-making for the improved design, 
efficient operation and performance enhancement of gas vessels in 
the energy and industrial fields.

Nomenclature
p		  gas pressure, Pa or atm
V		  gas volume, m3

n		  the amount of substance of a gas,mol
T		  gas temperature,K or °C
R		  universal gas constant, 8.314J/(mol·K)
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Z		  gas compression factor, which is conventionally 1 	
		  for an ideal gas.
m		  gas mass,kg
t		  time, s
ECV 		  Total system energy, J or kJ
Q		  heat, J or kJ
W		  expansion work done on the surroundings,J or kJ
U		  thermodynamic energy, J or kJ
Ein		  the energy flowing into the system, J or kJ
Eout		  the energy flowing out the system, J or kJ
Eleakage		  the energy leaked from the system, J or kJ
mino 		  mass flow rate of charging, kg/s
mouto 		  mass flow rate of discharging, kg/s
mleakageo 		  mass flow rate of leakage, kg/s
g		  gravitational constant, N/kg
Zin		  the height of the charging port, m
Zout		  the height of the discharging port, m
Qfinal		  the initial heat of the system, J or kJ
Qstart 		  the final heat of the system, J or kJ
Qo 		  heat flow per unit time, W or kW
Wfinal		  the mechanical work of the system at the final 
		  moment, J or kJ
Wstart		  the mechanical work of the system at the start 
		  moment, J or kJ
hin		  the enthalpy of the gas flowing into the system,
		  J or kJ
hout		  the enthalpy of the gas flowing out of the system, 
		  J or kJ
cin		  the kinetic energy of the gas flowing into the 
		  system, J or kJ
cout		  the kinetic energy of the gas flowing out of the 
		  system, J or kJ
T0		  the initial temperature of the system, K or °C
Tin		  the temperature of the gas flowing into the system, 
		  K or °C
Tout 		  the temperature of the gas flowing out the system, 
		  K or °C
p0		  the initial pressure of the system, Pa or atm
pin		  the pressure of the gas flowing into the system, Pa 
		  or atm
pout		  the pressure of the gas flowing out the system, Pa 
		  or atm
m0		  the initial mass of the system, kg
min		  accumulated mass of gas flowing into the system, 
		  kg
mout		  accumulated mass of gas flowing out the system, 
		  kg
mleakage		  accumulated mass of gas leaked from the system, 
		  kg
V0		  the initial volume of the system, m3

Vs		  specific volume, m3

ps		  specific pressure, Pa or atm
Ts		   specific temperature, K or °C
hamb		  convective heat transfer coefficient, W/(m2·K)

Avessel		  surface area of vessel, m2

Tamb		   ambient temperature, K or °C
cp		   specific heat capacity at isobaric, kJ/(kg·K)
cv		  specific heat capacity at constant volume, kJ/(kg·K)
k		  adiabatic index, which is generally 1.4.
VH model	 Isochoric heat transfer model
VA mode	 isochoric adiabatic model
VT model	 isochoric isothermal model
PH model	 isobaric heat transfer model
PA model	 isobaric adiabatic model
PT model	 isobaric isothermal model
VHC model	 isochoric heat transfer and charging model
VHD model	 isochoric heat transfer and discharging model
VAC model	 isochoric adiabatic and charging model
VAD model	 isochoric adiabatic and discharging model
VTC model	 isochoric isothermal and charging model
VTD model	 isochoric isothermal and discharging model
PHC model	 isobaric heat transfer and charging model
PHD model	 isobaric heat transfer and discharging model
PAC model	 isobaric adiabatic and charging model
PAD model	 isobaric adiabatic and discharging model
PTC model	 isobaric isothermal and charging model
PTD model	 isobaric isothermal and discharging model
VHS model	 isochoric heat transfer and storage model
VAS model	 isochoric adiabatic and storage model
VTS model	 isochoric isothermal and storage model
PHS model	 isobaric heat transfer and storage model
PAS model	 isobaric adiabatic and storage model
PTS model	 isobaric isothermal and storage model

Appendix

The analytical solutions for Sections 3.1 and 3.2 are provided in the 
appendix.
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