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ABSTRACT

There are many natural phenomena and engineering usage susceptible to magneto fluid dy-
namics. The boundary layer theory is precisely such as asymptotic theory for the ease of very
large Reynolds number. A numerical investigation was made to analyze the effects of Brown-
ian motion, thermophoresis, and buoyancy force of non-Newtonian nanofluid relying on the
Prandtl fluid model over a stretching sheet. The energy equation is empowered by the influ-
ence of Joule heating, viscous dissipation, and thermal radiation, whereas the concentration
equation is determined by a chemical reaction. Similarity transformations are used to convert
the governing partial differential equations (PDEs) into a system of nonlinear ordinary dif-
ferential equations (ODEs). The resulting systems are effectively solved using the numerical
scheme known as the Runge-Kutta-Fehlberg>s method with shooting technique and bvp4c
solver in MATLAB code. The graphical results show the effect of pertinent parameters un-
der buoyancy-assisting/opposing forces on velocity, temperature, and concentration profiles.
Momentum transport gets accelerated for higher material/characteristic parameter of the
non-Newtonian fluid model irrespective of presence or absence of porous matrix but thermal
energy gets depleted for higher material parameter across the flow domain contributing to
thermal stability. The elastic property of the Prandtl fluid and the effect of electromagnetic
force increase slightly the solutal concentration but significantly to temperature. Thus, it is
concluded that the generated Lorentz force (the additional body force) increases the thermal
transport and solutal concentration of non-Newtonian nanofluid model.
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INTRODUCTION

Generally, metallic oxides, metals, or carbon nanotubes
nanoparticles etc are mixed with a base fluid, like ethylene
glycol, water, or oil, to produce nanofluid. They exhibit an
improved thermal, optical, and electrical properties. Choi
[1] initially proposed the idea of a nanofluid, demonstrat-
ing how adding nanoparticles to a fluid can dramatically
increase its thermal conductivity. The boundary layer
flow, past a stretched plate in a viscous fluid, is studied
by Siddappa and Abel [2]. The heat transmission across a
stretched sheet with varying wall temperature and internal
heat generation of an electrically conducting fluid are exam-
ined by Vajravelu et al. [3]. Wang et al. [4] focused on the
fluid flow and heat transmission properties of nanofluids
in both forced and free convection flows. The inadequacy
of macroscopic analysis on heat transfer in nanofluids is
examined by Keblinski et al. [5]. They also provide explana-
tions with experiments for the fluids> with higher thermal
conductivity. Furthermore, a number of researchers [6-10]
investigated the different aspects of viscous nanofluid flows
across a stretching surface due to their distinct and durable
qualities. The nanofluids applications in a variety of indus-
tries, including manufacturing, microelectronics, thermal
power, and biomedicines.

Non-Newtonian fluids are used in many technological
processes as well as house hold usage including toothpaste,
paints, emulsions, oil, and polymer sheets. The class of
non-Newtonian fluids is divided into many branches. The
shear thinning fluid is one of the most significant branch.
In these fluids, the apparent viscosity decreases with applied
shear force. Many fluid models are proposed to explain the
characteristics of shear thinning fluids. The Prandtl fluid
model is one which can adequately explain the shear thin-
ning phenomenon. Kuik [11] worked on Prandtl’s solution
on examining the flow at infinity. The flow around an expo-
nential spiral with a finite length, is first studied in order to
introduce a length scale. Prandtls equations are recovered
in the limit for infinite spiral length. Khan et al. [12] discov-
ered the effects of homogenous/ heterogeneous reactions
on 2-D flow of Prandtl fluid over a stretching sheet. Ganesh
Kumar et al. [13] considered Joule heating, to study the
melting effects, on flow of Prandtl fluid over an expanded
sheet and found that velocity profiles are directly propor-
tional to the Prandtl parameter. Eid et al. [14] studied the
3-D flow and heat transfer of Prandtl nanofluid over a con-
vectively heated porous sheet in the presence of non-lin-
ear radiation and higher order chemical reaction. Asad
[15] examined entropy generation on the mixed convec-
tive MHD flow of Prandtl fluid past a non-linear stretched
sheet. Zafar et al. [16] investigated the irreversibility flow
of Prandtl nanofluid over a stretched surface in Darcy-
Forchheimer medium.

The buoyant force produced by temperature changes
within a flow domain is referred to as thermal buoy-
ancy. The interplay of heat and mass transfer along with

buoyancy effects is crucial in a wide range of practical
applications to enhance the efficiency and effectiveness of
various thermal and chemical processes like solar collec-
tors, nuclear reactor coolants, chemical process industries,
environmental engineering, etc. Raju and Sandeep [17]
considered the assisting/opposing flow of non-Newtonian
fluid past a cone with Lorentz force. Habib et al. [18] stud-
ied the importance of Stephen blowing and Lorentz force
on dynamics of Prandt] nanofluid using Keller box method.
Further, Yaseen et al. [19] considered hybrid nanofluid
flow past a permeable moving surface. Ramanjini et al. [20]
examined the effects of first-order slip, and chemical reac-
tion on unsteady Prandtl nanofluid flow through stretching
sheet due to mixed convection. Recently, many researchers
[21-33] explained the importance of flow of nanofluid and
hybrid nanofluid using different flow geometry.
The following salient features are embodied in the pres-
ent analysis:
« Impacts of Joule heating, thermal radiation, chemical
reaction, and viscous dissipation on the flow.
o The contributions of thermophoresis and Brownian
motion on the heat transfer.
« Buoyancy assisting/opposing flow of nanofluid.
o The solution of mathematical model by Runge-Kutta-
Fehlberg’s scheme with bvp4c solver in MATLAB code.

Research Questions
The following scientific research issues are addressed in

this study:

o The effects of Lorentz force, fluid parameter, elas-
tic parameter and porosity parameter on the velocity
profile.

o The transport of heat in presence of Joule heating, vis-
cous dissipation and Brownian motion.

o The effect of chemical reaction parameter, Schmidt
number, thermophoresis, and Brownian motion on
nanoparticle concentration.

o Variations of skin friction coefficient, Nusselt num-
ber, and Sherwood number, the surface criteria, due
to change in fluid parameter, elastic parameter, Eckert
number and Biot number.

Mathematical Formulation

Consider a two-dimensional, steady and incompress-
ible flow of nanofluid on a stretching sheet as illustrated in
Figure 1. Impacts of thermophoresis and Brownian motion
on the flow are taken into account. Further, Joule heating,
thermal radiation and viscous dissipation empower the
energy equation. The x-axis is taken along the stretching
sheet and the y-axis is vertical to the flow direction. The
sheet is stretched with the velocity u,,(x) = ax with a > 0,
a constant. The temperature and concentration of the
stretching surface are taken as T, and C,, while the ambient
temperature and concentration are at T and C_,.

The following assumptions are made:
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o The nanofluid is considered to be non-Newtonian and
incompressible.

o Both the nanoparticles and fluid phase are in thermal
equilibrium.

o The induced magnetic field is so small (low magnetic
Reynolds number) and hence it is ignored.

o The constant uniform transverse magnetic field of

strength By, is applied to the sheet.

y @ Nanoparticles
@ Porous Medium
u=0T-T,C-C,

u=u,(x),T=T,C=C,

Momentum B.L
Thermal B.L
se======= Concentration B.L

Figure 1. Physical model of the problem.

The Cauchy stress tensor for the Prandtl fluid is given
by
1
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where A and ¢, are the material parameters and A, is the

first Rivlin-Erickson tensor.

Under the above assumptions, the governing equations
and corresponding boundary conditions are given by [15,
20]
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Boundary conditions
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Similarity transformations

The boundary layer equations (2) - (5) admit of a sim-

ilarity solutions

' T_Too
M=CIXf (’7)>v=_\/5f36(77)=7, _T 5
s (7)
c-C.
Mm—g_g-

’a
where 17 =, |— is the non-dimensional vertical distance
v

measured from the surface of the stretching sheet.

Now the equations (2) - (6) become

a(l+ﬂf"2)f'"+ fn_f‘vZ_Mf'_kpf'+/10=O (8)

where f'() and f(1) represent horizontal and vertical veloc-
ity components respectively.

Lidp 0"+ f0'+ NbO'¢'+ NtO"
Pr 3

©)
—MEcf "+ Ecf" =0

¢/r+%6n+ SCf¢/—k,SC¢=O (10)
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Table 1. Comparison of skin friction coefficient f"(0) for different values of M

M Hibab et al. [18] Ramanjini et al. [20] Present study
0 -1.8428 -1.8478 -1.8465
1 -1.0100 -1.0012 -1.0126
5 -0.5213 -0.5205 -0.5218
10 -0.4150 -0.4156 -0.4162

Physical parameters of engineering interest

The physical parameters such as the skin friction coef-
ficient, local Nusselt number, and local Sherwood number
are respectively defined as

2t xq xq
C,=="* Ny=—"2v__ and Sh=———""—
"ol T (T, T D,(C,-C,) 12

d
Here, 7, = u i (shear stress),
ay y=0

q,=-k g + (qr) (heat flux), and
ay y=0 -
oC
q,=-D,| — (mass flux).
ay =0

Finally, we get ,[Re C, = £"(0),

.y (13)
Re, Nu, = —( 1+3R )0’(0), Re, Sh, = —¢'(0)

Work Validation

The system of non-linear coupled ODEs with pre-
scribed boundary conditions (8-11) are solved numeri-
cally by Runge-Kutta Fehlberg’s method combined with
Shooting technique using bvp4c solver in MATLAB code.
The convergence, stability and accuracy of the method has
been carried out with step size 102 and error tolerance 107.
The computation of the skin friction coefficient has been
made when (a =f=02,Pr=1,Ec=k,=Sc= k,=Nt=0,
Nb — 0 for various values of M which are shown in Table
1. These outcomes are found in good agreement with the
results reported by Hibab et al. [18] and Ramanjini et al.
[20].

In this method, the governing equations are reduced to
a set of following first order differential equations.

f=f
f=1

, 1 )
1, =—[M][ﬁﬁ—fz —(M+kp)f2+/w]

0, =0,
’ Pr 2 2
0, =~ (6, + NbO.g, + Ni6} - MEcf, + Ecf; )
I+-R
[57)
¢1' =¢2
o [Nt
# =_[Nb¢92 +Sc{ fi¢, -k,_qsl}]

subject to the initial conditions
£(0)=0.1,(0)=1.6,(0) = [1-6,(0)]. 41 (0) 1
1:(0)=7,6,(0) =1,,(0) =1,

where r, r, and r; are are guess values to be prescribed
during computation. A self-corrective procedure has been
applied to improve the accuracy.

RESULTS AND DISCUSSION

Figure 2 depicts the effect of material parameter («)
and porosity parameter (k,) on the horizontal component
of velocity distribution in the boundary layer, the domain
of interest. The velocity decreases asymptotically to attain
its ambient state throughout the flow field. Moreover,
it increases with an increase in the value of Prandtl fluid
parameter («). It is interesting to note that when a = 0,
equation (8), the momentum transport equation, reduces
to an electrically conducting Newtonian fluid with a trans-
verse magnetic field and the order of differential equation is
reduced by 1 i.e. from third order to second order which is
the usual characteristics of non-Newtonian fluid. Further,
it is seen that fluid velocity decreases in the presence of
porous medium (k, = 0.5), due to constricted passage and
resistivity of porosity term which appears with a negative
sign.

Figure 3 shows a fall in temperature distribution asymp-
totically for higher values of non-Newtonian/material
parameter. Thus, it is concluded that the present non-New-
tonian fluid model reduces the thermal power in the
boundary layer for higher values of characteristic parameter
irrespective of porosity of the medium. This is an important
observation pertaining to the present fluid model. This may
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Figure 2. Impact of a and k, on ().

be of industrial use when asymptotic fall in thermal energy
level is required for higher value of material parameter that
is mostly required for thermal stability of the flow. From
Figure 4 it is seen that the nanoparticle solutal concentra-
tion distribution decreases layer wise as well as vertically
same as that of temperature distribution.

Figures. 5 and 6 show the fall of concentration and tem-
perature across the flow field for higher elasticity fluid prop-
erty. The effect of higher magnetic field intensity results in
strengthen of both temperature and concentration level but
the higher magnetic field intensity rises slightly concentra-
tion (Fig. 5) and significantly temperature distribution (Fig.
6). It is concluded that electromagnetic force affects signifi-
cantly thermal property of the fluid but not to nanoparticle
concentration.

T T T T

Solid line: kp =0 E
Dashed line: kp =05

¢ (Concentration)
o o o o o
N w =y (& (2]

<
N

(=]

4 5 6 7 8
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Figure 4. Impact of « and k;, on ¢(7).
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Figure 3. Impact of a and kp on 0(n).

Figure 7 depicts that an increase in elastic property
of the fluid as well as electromagnetic body force. Higher
magnetic field strength increases the velocity but oppo-
site effect is observed in case of elastic parameter. This
outcome finds application in an appropriate field of inter-
est such as chemical processing unit where reducing the
velocity distribution is essential by regulating voltage
vis-a-vis magnetic field strength in an electric circuit and
thermal power system.

Figure 8 depicts the effect of two important parameters
namely thermal buoyancy and Biot number on solutal con-
centration. It is observed that an increase in thermal buoy-
ancy decreases the solutal concentration but the reverse
effect is observed in case of Biot number. As the thermal
buoyancy assisting parameter A > 0 increases that leads

T T T T
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Dashed line: M =1

o
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¢ (Concentration)
o o
EN o

e
w
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0.1

4 5 6 7 8
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Figure 5. Impact of f and M on ¢().
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Figure 6. Impact of f and M on 0(#).

to decrease the solutal concentration but in case of Biot
number the solutal concentration increases. The results
admit of a physical interpretation as: since y > 0 relates to
Newtonian cooling and Biot number being an index of the
ratio of the heat transfer resistances inside the flow domain
to that of bounding surface, the concentration increases in
the flow domain.

Figure 9 shows that the temperature distribution
admits of the same effect as that of concentration for both
the parameters. The explanation is provided in case of
Figure 8. Thus, higher Biot number enhances the fluid
temperature resulting cooling of the bounding surface.
It serves as a cooling device of the stretching surface
resulting a desired quality product specifically in polymer
processing. On careful observation of Figures. 8 and 9 it
is remarked that in case of buoyancy assisting flow, the

1 T T T T T T T

Solid line: y=10.3 J
Dashed line: v =0.1

o
o

¢ (Concentration)
o o
> o

e
w

A=01,05,09

o
N

0 1 2 3 4 5 6 7 8
1 (Vertical distance from the sheet)

Figure 8. Impact of A and y on ¢(#).

n (Vertical distance from the sheet)

Figure 7. Impact of f and M on f(#).

volume fraction of nanoparticle i.e. concentration behave
in same way as that of temperature variation in case of
enhanced thermal buoyancy parameter (1) i.e. down grad-
ing the concentration and temperature due to enhanced
thermal buoyancy.

Figure 10 depicts a higher velocity distribution with
A > 0 ie. in case of buoyancy assisting flow the velocity
increases. The result coincides with physics of the buoy-
ant force. The Biot number (y) also enhances the fluid
velocity but slightly. Figures. 11 and 12 show the effect
of thermophoresis (Nt) and Brownian diffusion (Nb) on
concentration and temperature distributions respectively.
The higher thermophoresis enhances the solutal concen-
tration but higher Brownian diffusion downgrades the
level of concentration in the flow domain. The physical

Solid line: v=0.1 ]
Dashed line: v=0.3

6 (Temperature)
© o o © o o o o
N w > (9] (=2} ~ @ ©o

o
I

o

4 5 6 7 8
1 (Vertical distance from the sheet)

Figure 9. Impact of A and y on 0(#).
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Figure 10. Impact of A and y on f'(1).

reasoning attributed as follows: thermo diffusion gives rise
to the additional mass transfer because of the tempera-
ture gradient contributing to higher concentration level
but Brownian motion reduces the level of concentration.
Figure 12 shows that both thermophoresis and Brownian
motion enhance temperature distribution in the flow
domain. Figure 13 presents the effects of two important
parameters such as Ec and R on temperature distribution.
It is interesting to note that both the parameters enhance
the temperature distribution. The Eckert number is a mea-
sure of the dissipation effects in the flow. Since this grows
in proportion to the square of velocity, it can be neglected
for small velocity. The observed finding is that tempera-
ture increases with higher values of Ec as well as radiation
parameter (R). The effect of Ec is more distinct. Figure 14
depicts that enhancement of destructive chemical reaction

o
©

Solid line: Nb = 0.1
Dashed line: Nb = 0.5

f (Temperature)
o <o o o o o
w » (9] (=2 ~ <o

<
)

0.1

0 1 2 3 4 5 6 7 8
n (Vertical distance from the sheet)

Figure 12. Impact of Nt and Nb on 0(7).

Solid line: Nb = 0.5 .
Dashed line: Nb = 0.1

¢ (Concentration)

5 6 7 8
n (Vertical distance from the sheet)

Figure 11. Impact of Nt and Nb on ¢(#).

parameter (k,> 0) and Schmidt number reduce the con-
centration level throughout the flow domain. On careful
observation, it reveals that the heavier species Sc (Sc = 5)
attends ambient state of concentration faster than that of
lighter one. This is due to inherent property of the heavier
species which gradually downgrades the fall of concentra-
tion level to reach ambient state.

The values of skin friction coefficient, Nusselt number
and Sherwood number is computed and shown in Table 2.
It is seen that fluid parameter, elastic parameter and ther-
mal buoyancy parameter increases the magnitude of -0'(0),
f"(0) and -¢'(0) whereas Brownian motion have same effect
on -0'(0) but opposite effect s observed in case of -¢'(0).
Further, destructive and constructive chemical reaction
have opposite effects on Sherwood number.

1.4 r r r r r r r
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\ Dashed line: R = 0.3
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g
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6 (Temperature)
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Figure 13. Impact of Ec and R on ().
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Solid line: Sc = 5
Dashed line: Sc =2

From the present study, the following conclusions can

1 be drawn:

o Momentum transport gets accelerated for higher mate-
rial/characteristic parameter of the non-Newtonian
fluid model irrespective of presence or absence of
porous matrix (Fig. 2) but thermal energy gets depleted

. for higher material parameter across the flow domain
contributing to thermal stability (Fig. 3).

o The nanoparticle solutal concentration distribution
decreases layer wise as well as vertically same as that of

1 temperature distribution (Fig. 4). The elastic property

of the Prandtl fluid and the effect of electromagnetic

force increase slightly the solutal concentration but
significantly to temperature. Thus, it is concluded that

Figure 14. Impact of k, and Sc on ¢(). the generated Lorentz force (the additional body force)

¢ (Concentration)
o
(4,1

4 5 6 7 8
n (Vertical distance from the sheet)

Table 2. Computation of f"(0), -6'(0) and -¢'(0) when M = kp =1.0, Pr=0.71, Sc = 0.6.

P B ) Nb Nt  Ec A k, £7(0) -6'(0) -¢'(0)
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 -0.809671 0.093315 0.966063
0.3 -0.568545 0.099859 1.023789
0.5 -0.451017 0.102874 1.051753
0.3 -0.449584 0.102895 1.052040
0.5 -0.448189 0.102917 1.052321
1.0 -0.444854 0.102968 1.052998
0.3 -0.432493 0.103034 1.054064
0.5 -0.420224 0.103098 1.055120
1.0 -0.389938 0.103250 1.057718
0.2 -0.382747 0.102342 1.085527
0.3 -0.374647 0.101338 1.095509
0.5 -0.355330 0.099006 1.105087
0.2 -0.354459 0.098913 1.097858
0.5 -0.351742 0.098624 1.076792
0.9 -0.347859 0.098217 1.050225
0.2 -0.366950 0.101039 1.029284
0.3 -0.384687 0.103674 1.009820
0.5 -0.413456 0.104713 0.980635
0.2 -0.327032 0.190967 0.932763
0.3 -0.246689 0.244508 0.911678
0.5 -0.118833 0.339039 0.880934
0.3 -0.414595 0.108160 1.145392
0.5 -0.412800 0.107910 1.297682
-0.1 -0.419115 0.108788 0.778311
-0.3 -0.422152 0.109213 0.540814

-0.5 -0.426185 0.109763 0.227303
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increases the thermal transport and solutal concentra-
tion of non-Newtonian nanofluid model.

« Biot number being the index of the heat transfer resis-
tance that enhances the concentration level of the
nanoparticle.

o The higher thermophoresis enhances the concentration

level that is an asset for the quality product.

o The Eckert number being the measure of dissipa-
tive effects that enhance the temperature distribution
co-opted with radiation effect.

o The heavier species contribute to lower level of concen-
tration which may be of industrial use with a care to
destructive reaction rate as it is detrimental to level of
concentration.

ABBREVIATIONS

a= cé Material parameter

1
2
R
p= aizex Elastic parameter
2¢,
- h v Biot number
k\a
2
M = B, Magnetic parameter
ap
k ak’ Porosit t
PlTs orosity parameter
A=88(r _1) Th
= e ermal buoyancy parameter
a
40T,
R= g = Radiation parameter
kk
v
Pr=— Prandtl number
g
c) D
Nb = % )1’ ¢ (C,-C,) Brownian diffusion parameter
(0c) o
(pc) Dy .
Nt = z (TM T, ) Thermophoresis parameter
( pc) T v
S
= Eckert number
c,(T,-T,)
Se=—2- Schmidt number
DB
k = k Chemical reaction parameter
"oa
u,x

Re, = ;‘} Local Reynolds number

¢ Thermal diffusivity

(pc), Effective heat capacity

(pc)y Heat capacity of fluid

p Density of the fluid

v Kinematic viscosity

o* Stefan-Boltzmann constant

U Coefficient of viscosity

a Constant

k* Coefficient of absorption

g Gravitational force due to
gravity

o Electrical conductivity

T Fluid temperature

T, Ambient temperature

C Nanoparticle concentration

C. Ambient concentration

f Dimensionless velocity

0 Dimensionless temperature

¢ Dimensionless concentration
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