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ABSTRACT

The manuscript’s goal is to examine how magneto-hydrodynamic slip flow affects a non-linear 
stretching cylinder while producing heat and radiation in presence of free stream velocity. 
Non-linear behavior produces a flow along with Brownian motion and thermophoresis. The 
shooting technique model was employed to solve moulded equations numerically following 
the advent of the Runga Kutta Fehlberg approach in MATLAB programming. The attractive 
pattern combined thermophoresis with a study of the effects of Brownian motion are also 
discussed. The effects of important fluid characteristics, such as outer velocity, heat radiation, 
and velocity of slip, thermophoresis, and Brownian motion are studied and represented via 
graphs and tables. It is revealed that, heat transfer rate falls down by 71.31% with increment in 
free stream velocity whereas heat transfer rate rises up by 34.43% with rise in Brownian mo-
tion parameter. Moreover, skin friction coefficient intensifies with increment in free stream 
velocity parameter. Current research has major applications in the production of glass fibers, 
biotechnological field, encompassing power plants, manufacturing of tetra packs, refrigeration 
systems, medical science, micro-electro-mechanical Systems and in wide variety of industries.

Cite this article as: Gupta S, Tiwari CM. Mathematical simulation of magnetohydrodynam-
ic slip transportation phenomena towards non-linear stretching cylinder induced with free 
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Research Article

Mathematical simulation of magnetohydrodynamic slip transportation 
phenomena towards non-linear stretching cylinder induced with free 

stream velocity utilizing buongiorno’s model

Saloni GUPTA1,* , Chinta Mani TIWARI1

1Maharishi School of Science, Maharishi University of Information Technology, Lucknow, 226013, India

ARTICLE INFO

Article history
Received: 31 December 2024 
Accepted: 10 April 2025 

Keywords:
Brownian Motion; Heat 
Radiation; MHD; Non-linear 
Stretching Cylinder; Partial Slip; 
Thermophoresis

Published by Yıldız Technical University Press, İstanbul, Turkey
Yıldız Technical University. This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

INTRODUCTION 

In many industrial applications that depends on under-
standing the mechanisms of different types of energy 
transfer occurring within the system. The flow towards a 
stretching sheet was examined by Crane [1]. By taking into 
consideration a thin metal stretching sheet, the compari-
son between experimental and theoretical results has been 

displayed by Yoon et al. [2]. Sarma and Rao [3] presented 
the viscoelastic behavior of fluid flow. Manjunatha et al. 
[4] also investigated the heat source & radiation effects in 
porous medium. These days, a lot of scientist are concentrat-
ing on MHD non-Newtonian nano-fluids because of their 
many uses in fields like engineering, biological materials, 
photodynamic therapy, and food processing. Nano-fluid 
is the general term for a fluid that contains nanoparticles 
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(sizes between 1 and 100 nanometers), according to Choi 
[5]. Additionally, the prospective uses of nanofluids in drug 
delivery and biomedical imaging have been investigated. To 
completely comprehend the features and transport capabili-
ties of nanofluids as well as their potential for practical uses, 
more study is necessary. Before nanofluids are extensively 
used, concerns regarding the safety and potential effects 
of nanoparticles on the environment must be thoroughly 
examined. In the fields of pharmaceuticals, electronics, 
refrigerators and other household appliances, and power 
and chemical engineering, nanofluids have unique qual-
ities and characteristics. Afterthat, Convection in nano-
fluid was described by Buogiorno [6]. Many scientists have 
studied the transport phenomenon of many Newtonian or 
non-Newtonian fluid models [7-11].

Magnetohydrodynamics, or MHD for short, is the study 
of how electrically conducting liquids behaves in presence 
of magnetism. It analyses how electrically charged parti-
cles and magnetic fields interact within a fluid by combin-
ing concepts from fluid dynamics and electromagnetism. 
Studies in the field of magnetohydrodynamics are fre-
quently focused on plasmas, which are states of matter made 
up of charged particles (ions and electrons) that are capable 
of electrical conduction. This field includes a wide range 
of research questions, such as studying plasma dynamics in 
fusion reactors, studying solar flares and steroidal projec-
tiles, and delving into the mechanisms underlying Earth’s 
magnetosphere. Hayat et al. [12] provided an interpretation 
of the Powell-Eyring MHD nanofluid flow. The flow con-
veyance on a non-linear stretched sheet with suction/injec-
tion was researched by Siddheshwar and Mahabaleshwar 
[13]. Researchers have also looked at non-linear influence 
towards stretched surfaces in a variety of real-world scenar-
ios [14–19]. Recently, impact of MHD nanofluid with exis-
tence of slip conditions is revealed by [20]. Akaje et al. [21] 
studied the transport phenomenon induced by inclined 
surface in presence of MHD Casson nanofluid. Bolarin et 
al. [22] discussed the nanofluid boundary layer fluid flow 
induced by inclined surface. Influence of two phase trans-
port phenomenon in presence of magnetic field induced 
by resolving system analytically has been investigated by 
Gholinia et al. [23]. Rana et al. [24] discussed the influence 
of Ag–MgO (50: 50)/water based hybrid nanofluid utilizing 
neural network by following FEM simulation. Free convec-
tion MHD energy transformation has been studied by Rana 
et al. [25] in presence of hybrid nanofluids. In recent years, 
influence of MHD under different boundary conditions has 
been studied by researchers in [26-31].

Investigations on combined influence of MHD slip flow, 
outer velocity, heat radiation & generation on non-linear 
stretching cylinders have not yet shown any results. To 
fill this gap, impact of free stream velocity with slip con-
ditions and thermal radiation over non-linear surface has 
been studied out in this research. Mainly the quantitative 
results gives a new hike to this research to make novel one 
and has major applications in the biotechnological field, 

encompassing power plants, refrigeration systems, med-
ical science, micro-electro-mechanical Systems and in 
wide variety of industries. The following list indicates this 
paper’s main goal. To establish the mathematical equations 
that relate to the problem and the equivalent boundary 
conditions, such as continuity, momentum, energy, and 
concentration. Using the appropriate non-dimensional 
parameters and variables, dimensional O.D.E’s are con-
verted into dimensionless P.D.E’s. Major objectives of the 
study are:
•	 To obtain the numerical solutions, MATLAB 2014a will 

be used in conjunction with the Runge Kutta Fehlberg 
approach.

•	 To investigate the effects of incidental features on skin 
friction, temperature, concentration, velocity, Nusselt 
and Sherwood number. 

•	 To examine the combined effects of heat radiation and 
heat generation on temperature and velocity profiles, 
together with plots and tables. 

•	 To illustrate the contrast between the impact of radia-
tion and thermoelectric power on nanofluids.

MATERIALS AND METHODS

In current study, 2-D incompressible slip flow in MHD 
nanofluid towards non-linear stretched surface has been 
induced. Non-linear behavior produces a flow along with 
Brownian motion and thermophoresis with considered 
stretching velocity Uw = cxn/L, where c is a constant, n rep-
resents non-linear stretching parameter and L represents 
characteristic length. Two component Buogiorno’s [6] 
model has been followed in current study & Magnetic field 
is assumed to be applied in radial direction. The physical 
representation of the current issue is shown in Figure 1. 
Here, R is the radius of the cylinder. In terms of Cartesian 
coordinates, the fundamental governing equations for 
nanofluid are defined as follows [32, 33]:

Figure 1. Physical model of the problem.
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(1)

(2)

(3)

(4)

The flow model is described by boundary conditions as 
follows:

(5)

Where Nµ the velocity is slip factor and e is the stretch-
ing velocity parameter.

Using similarity variables

(6)

After substituting (6) into (2)-(4), we obtain

(7)

(8)

(9)

Transformed (5) which become,

(10)

Later, the velocity slip parameter d is defined as

(11)

where N = N0R / µr, N0 being the constant wall slip 
velocity.

Dimensionless parameters; free stream velocity, Prandtl 
number, Brownian motion, thermophoresis, heat genera-
tion, heat radiation and magnetic parameters are symbol-
ically given by

(12)

Shx, Nux and Cf are defined as:

(13)

where qm, qw and τw are as follows,

(14)

with k and m are the thermal conductivity and dynamic 
viscosity of the nanofluid serially. Using the similarity vari-
ables eq (6), eq (13) becomes

(15)

where Rex = U∞x / v is the local Reynolds number.

Numerical Solution
Due to their highly non-linear behavior, D.E’s (7)–(9) 

cannot be solved analytically. Our method of choice for 
solving D.E’s (7)–(9) along with B.C’s (10) is the numeri-
cal procedure known as the RKF approach. Shooting tech-
nique has been adopted to solve the system of equation 
and the process has been displayed via figure 2 using flow 
chart. The following is a rearrangement of the controlling 
non-linear ordinary differential equations:
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(16)

	 	

(17)

	 	
(18)

Transformed 1st order D.E’s are:

	 	 (19)

	 	 (20)

	 	
(21)

	 	 (22)

	 	

(23)

	 	 (24)

	 	
(25)

B.C’s are reduced to

	 	

(26)

Where,

	 	
(27)

Code Validation
For determining the final results in the current study, we 

employ the RKF approach, and the numerical procedure we 
are using the shooting technique. At the border, we assume 
a constant temperature and concentration of nanoparticles. 
The boundaries’ restrictions are as follows:

	 	 (28)

In present problem, we compare our results for −θ'δ(0) 
for different Pr and fixed n = 1, d = 0, Nt = Nb =0 and as 
shown in Table 1.

Figure 2. Flow chart of shooting technique.

Table 1. Comparison of for Nusselt number −θ'δ(0).

Pr Gorla and Sidawi [34] Residual Error Mankinde and Aziz [35] Residual Error Present Result
2 0.9114 -0.0001 0.9114 -0.0001 0.9113
7 1.8954 0.0000 1.8954 0.0000 1.8954
20 3.3539 0.0000 - - 3.3539
70 6.4622 -0.0001 - - 6.4621
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NUMERICAL RESULTS AND DISCUSSION

The current investigation determines the numerical 
solution for D.E’s (7)-(9) when B.C’s (10) are obtained using 
the RKF method. Determining the influence of important 
fluid factors namely λ, Rd, d, Nt and Nb on f 'δ(0), θδ(0) 
and ϕδ(0) is the primary motivation for solving the current 
problem. Table 2-6 demonstrate the impact of fluid param-
eters λ = 0.1, 0.3, 0.5, 0.7, Nb = 0.1, 0.3, 0.5, 0.7, Nt = 0.1, 0.3, 
0.5, 0.7, Rd = 1,3,5,7, and 0, 0.2, 0.4, 0.6 on f "δ(0), −θ'δ(0) 
and  −ϕ'δ(0) in current problem.

Figures 3, and 4 displayed the impact of λ(0.1 ≤ λ ≤ 0.7) 
on fδ'(ξ) and θδ(ξ) respectively. For large λ, it is described 
that the velocity profile rises and vanished at the surface 
of cylinder as visualized in Figure 3. Because of this, very 
less declination in field temperature is noticed for various 
entries of that can be observed in Figure 4. Hence, local 
Nusselt number also rise as displayed in Table 2. Figures 5 
and 6 demonstrate profile of temperature and concentra-
tion with change in value of Nb(0.1 ≤ Nb ≤ 0.7). A random 
striking of poised elements is the Brownian motion that 
shows its existence when liquid particles strike with each 
another will create an arbitrary motion and that performs 
an increment in temperature as well as in concentration 
as displayed in Figures 5 and 6. Brownian motion of sus-
pended (Pendolus) particles is the main reason for rise in 
kinetic energy of nano particle and due to this it enhance 
the thermal boundary layer thickness. Consequently, tem-
perature gradient falls down for higher Nb (See Table 3). 

Table 3. f "δ(0), −θ'δ(0) and −ϕ'δ(0) against Nb.

Nb f"δ(0) −θ'δ(0) −ϕ'δ(0)
0.1 −0.67682 0.53271 0.99747
0.3 −0.67682 0.46528 1.16666
0.5 −0.67682 0.40426 1.19699
0.7 −0.67682 0.34930 1.20765

Table 4. f "δ(0), −θ'δ(0) and −ϕ'δ(0) against Nt.

Nt f"δ(0) −θ'δ(0) −ϕ'δ(0)
0.1 −0.67682 0.51061 1.15897
0.3 −0.67682 0.46528 1.16666
0.5 −0.67682 0.42344 1.21242
0.7 −0.67682 0.38480 1.29061

Figure 5. Temperature profile against Nb.

Figure 4. Temperature profile against λ.

Figure 3. Velocity profile against λ.

Table 2. f "δ(0), −θ'δ(0) and −ϕ'δ(0) against λ.

λ f"δ(0) −θ'δ(0) −ϕ'δ(0)
0.1 −1.01740 0.30784 1.11220
0.3 −0.87538 0.39182 1.12607
0.5 −0.67682 0.46528 1.16666
0.7 −0.43353 0.52737 1.21691
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Little increment is seen in θδ(ξ) for higher Nb. For 
higher value of Brownian motion parameter Nb, collision 
between fluid particle will by which nanoparticle concen-
tration declines. Also, concentration boundary layer thick-
ness decreases as observed in Figure 6. Figures 7 and 8 
presents the θδ(ξ) & ϕδ(ξ) plots affected by the thermopho-
resis, respectively. With augmentation in thermophoresis 
Nt, there is a declination in the temperature gradient, due to Figure 10. Concentration profile against Rd.

Figure 9. Temperature profile against Rd.

Figure 8. Concentration profile against Nt.

Figure 7. Temperature profile against Nt.

Figure 6. Concentration profile against Nb.

Table 5. f "δ(0), −θ'δ(0) and −ϕ'δ(0) for distinct values of flu-
id parameter Rd.

Rd f"δ(0) −θ'δ(0) −ϕ'δ(0)
1 −0.67682 0.46528 1.16666
3 −0.67682 0.43887 1.16466
5 −0.67682 0.42966 1.16669
7 −0.67682 0.42559 1.16790
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which nanoparticle conduction falls down. Consequently, 
ultrafine elements migrate from hotter to cooler zone, 
that simultaneously increasing the width of the boundary 
layer and raising the temperature. This increase in thermal 
boundary layer thickness causes a decrease in the Nusselt 
number, as observed in Table 4. Conversely, in Figures 8, 
ϕδ(ξ) increases and the width of the concentration bound-
ary layer also increases with higher values of the thermo-
phoresis parameter. Additionally, plots are distinct for 0.0 
≤ ξ ≤ 8.2 (approx) and converges with ξ → ∞. In Figure 
9, fluid temperature rises as the radiation parameter Rd 
increases, indicating a higher surface heat flux associated 
with higher Rd values. Additionally, the thermal boundary 
layer thickness expands with increasing Rd, suggesting a 
broader spread of heat transfer over the surface. 

Figure 10 demonstrates that fluid concentration and 
concentration boundary layer thickness decline as values 
increase, implying more efficient mixing or dispersion. 
Table 5 reveals that the Nusselt number decreases while 
the Sherwood number increases as increases, indicating 
changes in convective heat transfer efficiency and mass 
transfer efficiency, respectively. Figure 10 illustrates the 
effect of d (0.0, 0.2, 0.4, 0.6) on the velocity distribution. 
It’s noticeable that fluid velocity falls down as d rises up, as 

depicted in Figure 11 and plots are distinct for 0.0 ≤ ξ ≤ 4.0 
(approx) and follows convergence criterion for ξ → ∞. The 
primary reason for this velocity reduction is the occurrence 
of slip conditions. Consequently, the width of the bound-
ary layer decreases with increasing values of velocity slip 
parameter d.

CONCLUSION

P.D.E’s are converted into a set of O.D.E’s by the use of 
similarity transformation on it. Final results include the 
velocity, temperature and concentration distribution of 
MHD Casson nanofluid flow and impact of outer velocity 
induced by stretching cylinder. Final outcomes of the study 
are:
•	 Augmentation in free stream velocity shows the increase 

in fluid velocity.
•	 The Skin friction coefficient intensifies with increment 

in free stream velocity parameter.
•	 Temperature of fluid reduced with increment of λ 

whereas noticed opposite pattern in case of Nb, Nt, d 
and Rd.

•	 Heat transfer rate falls down by 71.31% with increment 
in free stream velocity as 0.1 ≤ λ ≤0.7 .

•	 λ shows more deviation in temperature profile between 
fluid layer. On the other hand, Rd left more impact on 
temperature of fluid as comparative to the other param-
eter like Nb, Nt and d.

•	 	Concentration of fluid reduced for higher λ, Nb and Rd 
and opposite trend has been seen in cases of Nt and d.

•	 Nt and Nb shows more deviation as comparative to 
other parameter in case of concentration of fluid.
Current study is limited to the incompressible laminar 

flow of nanofluids induced by stretching cylinder in pres-
ence of free stream velocity and thermal radiation. This 
analysis can be extended to three dimensional extended 
surface induced with Cattaneo-Christov heat flux, melting 
surface utilizing Lie symmetry analysis.

NOMENCLATURE

λ 	 Outer velocity parameter
Rd 	 Radiation parameter
d 	 Velocity slip parameter
Nt 	 Thermophoresis
n 	 Non-linear stretching parameter
L 	 Characteristic length
Rc 	 Constant
Nb 	 Brownian motion
Uw 	 Stretching velocity
r 	 Radius of cylinder
u, v 	 Horizontal & radial velocity
T 	 Temperature
C 	 Concentration
T∞ 	 Ambient temperature
DB 	 Brownian diffusion coefficient

Figure 11. Velocity profile against d.

Table 6. f "δ(0), −θ'δ(0) and  −ϕ'δ(0) for distinct values of 
fluid parameter d.

d f"δ(0) −θ'δ(0) −ϕ'δ(0)
0.0 −0.79492 0.47739 1.18293
0.2 −0.59077 0.45608 1.15436
0.4 −0.47280 0.44288 1.13680
0.6 −0.39512 0.43377 1.12477
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DT 	 Thermophoretic diffusion coefficient
C∞ 	 Ambient concentration
σ 	 Electrical conductivity
B0 	 Magnetic field strength
ρ 	 Density
e 	 Stretching velocity parameter
α 	 Thermal diffusivity
τ 	 Ratio of heat capacity
Nµ 	 Velocity slip factor
Pr 	 Prandtl number
M 	 Magnetic parameter
θδ 	 Temperature distribution
fδ 	 Velocity distribution
Sc 	 Schmidt number
Rd 	 Heat radiation
ϕδ 	 Concentration distribution
Q 	 Heat generation
Shx 	 Sherwood number
Nux 	 Nusselt number
Cw 	 Wall concentration
Tf 	 Fluid temperature
Cf 	 Skin friction coefficient
k 	 Thermal conductivity
µ 	 Dynamic viscosity
Rex 	 Local Reynolds number
γ 	 Curvature parameter
b 	 Constant
N0 	 Constant wall slip velocity
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