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ABSTRACT

An analytical theory is developed for studying the phenomenon of generation of third har-
monic radiation by the propagation of circularly polarized laser beam in homogenous un-
derdense quantum magnetoplasma by using recently developed Quantum hydrodynamic 
(QHD) model. The effects of quantum Bohm potential, quantum statistical Fermi pressure 
and electron spin -1/2 have been taken into account. A circularly polarized laser beam propa-
gating through quantum plasma produces density oscillations at second harmonic. The den-
sity oscillation combined with the oscillatory velocity produces third order current density, 
which derives third order harmonic radiation. The field amplitude of third harmonic radia-
tion with reference to the fundamental amplitude of the incident circularly polarized radiation 
and the conversion efficiency for wave number-mismatch has been analyzed. It is observed 
that the efficiency of generated third harmonic is affected significantly due to the magnetic 
field strength, plasma electron density, intensity of circularly polarized laser pulse and quan-
tum diffraction effects.
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INTRODUCTION

Over the past three decades, the investigation into the 
interaction of high-intensity laser pulses with plasma, lead-
ing to harmonic generation, has been a dynamic and evolv-
ing field [1]. The intricate interplay between intense laser 
pulses and plasma gives rise to a plethora of parametric 
instabilities and nonlinear phenomena. These encompass 
laser wakefield acceleration, inertial confinement fusion, 
Raman scattering, self-phase modulation, ponderomotive 
self-focusing, and harmonic radiation generation. The 

generation of harmonic radiation within both laser-pro-
duced and laboratory plasmas is a pivotal subject, offer-
ing substantial potential for plasma diagnostics [2-8]. In 
recent years, significant attention has been directed towards 
understanding second and third harmonic generation 
within laser-produced plasmas [9-11].

 The harmonic generation process involves the combi-
nation of two photons with energies E1 and E1, along with 
momenta k1 and k2, resulting in the creation of a photon 
with energy E3 and momentum k3. Here, ω1 and k1 rep-
resent the frequency and wave vector of the fundamental 
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wave, while ω2 and k2 correspond to the frequency and 
wave vector of the second harmonic wave, adhering to the 
dispersion relation for electromagnetic waves. During the 
phenomenon of third harmonic generation, the funda-
mental laser beam generates a beam at a frequency three 
times that of the fundamental frequency. In the context of 
circularly polarized intense laser interaction with a homo-
geneous plasma, a transverse nonlinear plasma current is 
induced, giving rise to the generation of odd harmonics of 
the laser frequency in the forward direction [12]. Although 
there have been analyses of high-order harmonic genera-
tion [13-14], the phenomenon of third harmonic genera-
tion [15-17] holds a distinct and significant place within the 
realm of laser-plasma interactions.

 Prior research efforts have primarily focused on clas-
sical plasma behavior. However, when examining plasmas 
where the de Broglie thermal wavelength of charge carri-
ers becomes comparable to or exceeds the inter-particle 
distance, or when the temperature T approaches or falls 
below the electron Fermi temperature, a state of degen-
eracy emerges. This introduces the influence of Fermi-
Dirac distribution on plasma particles, leading to quantum 
degeneracy effects becoming significant. This shift towards 
quantum behavior prompts the investigation of quantum 
plasma phenomena. Over the past decade, there has been 
a growing interest in exploring novel aspects of quantum 
plasma due to its valuable applications in nanoscale and 
nanoelectronic devices [18,19], its relevance in superdense 
astrophysical entities [20-24], and its involvement in phe-
nomena like quantum plasma echoes [25], quantum x-ray 
free electron lasers [26], and intense laser-solid density 
plasma experiments [27-31]. Multiple studies have delved 
into harmonic generation within quantum magnetoplas-
mas [32-36], with some focusing on phase-matched third 
harmonic generation of laser pulses in highly dense quan-
tum plasmas under the influence of wiggler magnetic fields 
[37]. However, it is important to note that, to the best of 
our knowledge, no prior research has attempted to explore 
the phenomenon of phase-mismatched third harmonic 
generation induced by circularly polarized lasers in densely 
magnetized quantum plasmas while accounting for the 
effects of electron spin-1/2. Phase mismatch in harmon-
ics of plasma waves refers to the discrepancy between the 
ideal phase relationships of different harmonic compo-
nents within a plasma wave. This phenomenon arises due 
to non-linear interactions among plasma particles, causing 
the harmonics to oscillate out of sync with each other. In 
plasma machines and reactors, understanding and con-
trolling phase mismatch in harmonics is crucial for opti-
mizing performance and stability. For instance, in fusion 
reactors, where plasma waves play a key role in confining 
and heating the plasma, phase mismatch can lead to ineffi-
cient energy transfer and reduced fusion yield.

Researchers and engineers utilize various techniques 
to mitigate phase mismatch, such as adjusting the plasma 
parameters, designing specialized waveguides or resonant 

cavities and implementing feedback control systems. By 
minimizing phase mismatch, plasma devices can achieve 
more efficient energy conversion, enhanced confine-
ment, and improved overall performance, contributing to 
advancements in fields such as energy production, materi-
als processing, and space propulsion.

 The primary objective of this research is to conduct 
a comprehensive analytical investigation into the genera-
tion of phase mismatch third harmonic radiation through 
circularly polarized laser interaction with a high-density, 
low-temperature quantum plasma. This study focuses on 
the assumption of a cold plasma, enabling the disregard of 
electron thermal motion. Employing a mildly relativistic 
framework, the research employs a perturbative approach 
along with a recently developed Quantum Hydrodynamic 
(QHD) model. The QHD model extends the classical 
plasma model by formulating transport equations based 
on the conservation principles of particles, momentum, 
and energy. Noteworthy advantages of the QHD model 
compared to kinetic models include its computational effi-
ciency, utilization of relevant macroscopic variables like 
momentum and energy, and straightforward implemen-
tation of boundary conditions. This model facilitates the 
examination of nonlinear phenomena, making it a pref-
erable choice for describing such occurrences in quantum 
plasma [38, 39]. Within the mildly relativistic regime, rela-
tivistic effects become pronounced in higher-order velocity 
components and magnitudes. This paper is organized as 
follows. It is divided into four sections. Sec. 2 is devoted to 
nonlinear current density of third harmonic radiation gen-
eration and conversion efficiency has been analyzed in sec. 
3. Finally, Sec. 4 devoted with summary and conclusion of 
the work.

Source Current
Let us take the propagation of a circularly polarized 

laser pulse of frequency ω0 and wave number k0 and con-
stant amplitude E0 in magnetized cold quantum plasma of 
uniform density n0 along the direction of static magnetic 
field Bz || ẑ. The fields of laser are 

	 	
(1)

and 

We assume that the plasma is cold and there is a fixed 
ionic background to ensure charge neutrality and fast pro-
cesses to be considered in quantum plasma. Response of 
electron to the electromagnetic field is governed by the set 
of QHD equations [34, 40], 
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(2)

 

	 	
(3)

	 	
(4)

where, m is the rest mass of electron, e is the electron 
charge, n is the electron density, γ is the relativistic factor, 
ħ is Planck’s constant divided by 2π, S is the spin angular 
momentum with S0 = |S0| = ħ /2, mB = eħ/2m is the Bohr 
magneton and  represents the Fermi 
velocity of electrons. On the right hand side of equation 
(2) the first term represents the Lorentz force, second term 
is the electron Fermi pressure, third term is the quantum 
Bohm potential produced due to density fluctuations 
and the last term denotes the force due to spin magnetic 
moment of plasma electrons and the classical case may be 
recovered in the limit of ħ = 0.

On perturbation of eqs. (2) and (4) in orders of radia-
tion field, the first order quiver velocity and density compo-
nents are found to

	 	

(5)

	 	 (6)

	 	

(7)

	 	

(8)

Quantum degenerate plasma has a crucial characteris-
tic called spin. It is essential for exposing the plasma to the 

external magnetic field, whose impact is discernible in the 
perturbed spin magnetic moment for plasma electrons via 
the spin angular momentum,

	 	

(9)

	 	
(10)

and

	 	

(11)

By following similar steps for nth harmonic, the veloc-
ity, perturbed density and spin magnetic moment for elec-
tron can be obtained by substituting ,

, from equations (5)-(11). Hence, 
the linear part of induced current density for nth harmonic, 

 can be written as,

	 	 (12)

where,  is the current density due to the 
spin magnetic moment and  is the conventional 
current. The dispersion relation for nth harmonic is

Third Harmonic Generation
 The laser produces oscillatory velocity of electrons and 

exerts a ponderomotive force  on them 
at (2k0, 2ω0), which gives rise to oscillatory velocity v(2), 
which couples with density perturbation at laser frequency 
through equation of continuity to produce density pertur-
bation at (2k0, 2ω0) and n(2) couples with v(1) to produce non-
linear current density at the third harmonic of frequency. 
The third harmonic velocity and density components are 
obtained as, 

	 	

(13)

	 	

(14)
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(15)

	 	
(16)

	 	
(17)

	 	
(18)

where,

and 

The spin angular momenta also contributes to source 
current thus we need to evaluate the spin magnetic moment 
plasma electron at third harmonic,

	 	
(19)

	 	

(20)

	 	

(21)

where,

and

The third harmonic source current is 

	 	 (22)

where, JS3 and JC3 are the magnetization due to spin effect of 
electron and conventional current density,

and 

The dispersion relation for nth harmonic is

	 	
(23)

 The above equation reduces to well known dispersion 
relations for fundamental, second and third harmonic wave 
propagating in plasma in the absence of applied magnetic 
field. Here wave refractive indices corresponding to fun-
damental, second and third harmonics are 

 and 

Third Harmonic Efficiency
The non-linear component of the third source current 
, can be used with the wave equation, to analyze the 

growth of harmonic radiation,

	 	

(24)
 

The procedure to derive the amplitude of the phase 
mismatched third harmonic involves considering the har-
monic field’s variationis  as described 
by the assumption that . This 
implies that  changes in are significantly larger 
than the wavelength . Consequently, we can deduce 
the normalized amplitude for the third harmonic under 
phase-mismatched conditions
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(25)

where,  is the wave vector mismatch for 
third harmonic. The third harmonic conversion efficiency 
is obtained as

	 	
(26)

where,

 and

.
From eq. (26), it is found that the harmonic oscillate in 

magnitude due to the dephasing between pump laser and 
the radiation harmonics. The third harmonic radiation is 
proportional to the plasma electron density, propagation 
distance and the intensity of laser pulse. The conversion 
efficiency of third harmonic radiation changes dramatically. 

Figure 1 shows the varation of conversion efficiency 
with propagation distance for intensity around 1019 W/
cm2 and frequency ω0 = 1.57×1017 s-1 for different values of 
applied magnetic field strength ωc /ω0 = 0.03 for solid and 
ωc /ω0 = 0.05 for dotted line. The third harmonic conver-
sion efficiency is observed to be periodic with propagation 

distance (in pulse frame). The conversion efficiency gets 
maximum for minmum value of z is given by  z > I" = π/
Δk.The length Ic is maximum plasma length upto which 
third harmonic power increases. For z > Ic the third har-
monic efficiency reduces again. The maximum value of η 
is observed 0.023% for solid line and 0.058% for dotted line 
after traversing a distance 0.005cm.

Figure 3. Variation of conversion efficiency against nor-
malized fundamental laser intensity a0 for various values of 
ωp /ω0.

Figure 2. Variation of conversion efficiency as a function 
of ωp /ω0 for, a0 = 0.2 and n = 1030m-3 and different value of 
ωc /ω0.

Figure 1. The phase mismatch third harmonic amplitude 
variation as a function of z / γ for plasma parameters ωp /ω0 
= 0.3, n = 1030m-3.
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Figure 2 shows the variation in conversion efficiency 
(η3%) for the third harmonic with normalized plasma elec-
tron density for different values of the intensity of the mag-
netic field. The graph illustrates how harmonic radiation 
increases with increasing plasma density until saturation 
for a constant magnetic field. The applied magnetic field 
affects the plasma density saturation value, which is higher 
for weaker magnetic fields.

Third harmonic conversion efficiency varies with laser 
pulse intensity for various normalized plasma density val-
ues, ωp /ω0 = 0.3 for solid and ωp /ω0 = 0.5 for dotted line is 
ploted in figure 3. It is also noticed that as we increase the 
intensity of incident laser pulse, third harmonic efficiency 
increases significantly. It is due to the fact that nonlinear 
refractive index change due to high intensity results stron-
ger self-focusing which leads to enhance the third har-
monic generation. However, at high laser pulse intensities, 
conversion efficiency becomes saturated.

In Fig. 4, the conversion efficiency of third harmonic 
radiation in the classical situation is displayed for the fol-
lowing variables: ωc /ω0 = 0.3, a0 = 0.2 and n = 1030m-3. In 
the limit, the solid line indicates the lack of quantum effects 
whereas the dotted line indicates the presence of these 
effects. Due to the existence of quantum effects in magne-
toplasma, it is reported that the third harmonic’s efficiency 
is increased by around 12.5%. This is because quantum 
diffraction effects significantly affect the third harmonic’s 
efficiency of laser pulses.

Figure 5 shows the efficiency of the third harmonic 
as a function of plasma density. The solid line indicates 
the absence of the electron spin effect, whereas the dot-
ted line indicates the existence of the electron spin effect. 
Because electron spin affects plasma current density and 
introduces correction terms to the harmonic field ampli-
tude, it is reported that the third harmonic’s efficiency is 
around 10% higher due to the existence of spin effects in 
magnetoplasma.

CONCLUSION

 In our study, we examined the outcomes of third har-
monic generation resulting from the passage of a circularly 
polarized laser pulse through a dense quantum magneto-
plasma. We aligned a static magnetic field longitudinally 
to induce magnetization. To comprehend this process, we 
utilized the recently developed quantum hydrodynamic 
(QHD) model and employed the self-consistent field 
approximation for the QHD equations. The impact of vari-
ous factors, such as Fermi statistical pressure, the quantum 
Bohm potential and the electrons’s spin, were considered. By 
using perturbative expansion technique, we derived crucial 
properties like quiver and third-order velocities, electron 
densities and spin angular momenta. The electron experi-
enced two primary quantum adjustments: one due to den-
sity fluctuations and the other due to magnetization energy. 
These quantum effects, combined with the electron’s spin, 
led to modifications in plasma current density and the har-
monic field amplitude. Importantly, quantum diffraction 
effects contributed to and heightened the production of 
nonlinear third harmonic radiation. Our findings revealed 
that third harmonic generation increased with both plasma 
density and magnetic field strength, up to certain satura-
tion points. Beyond these saturation points, further growth 
ceased. Notably, an increase in magnetic field strength led 

Figure 4. Variation of conversion efficiency as a function of 
ωp /ω0,(i) Solid line in absence of quantum effects and (ii) 
Dashed line in presence of quantum effects.

Figure 5. Variation of conversion efficiency as a function of 
ωp /ω0,(i) Solid line in absence of spin effect and (ii) Dashed 
line in presence of spin effect.
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to earlier plasma density saturation, attributed to the polar-
ization field effect in intensely magnetized dense plasma. 
We also observed that third harmonic radiation efficiency 
was approximately 12.5% higher in quantum plasma due 
to the presence of diffraction effects (Bohm potential, spin 
effect) compared to classical plasma. Additionally, electron 
spin effects and the absence of quantum diffraction effects 
contributed to about 10% of the harmonic generation effi-
ciency in quantum plasma. This heightened efficiency could 
be harnessed as a diagnostic tool to detect the presence of 
clusters and measure their size during interactions between 
laser plasma and a gas jet in clustered plasma scenarios. 
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