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INTRODUCTION

Fuzzy set theory has proven to be a powerful tool for
handling uncertainty and imprecision. Fuzzy numbers,
a fundamental concept within fuzzy set theory, extend
traditional numerical representations to accommodate
uncertainty in a more flexible manner. Among various
types of fuzzy numbers, generalized triangular fuzzy num-
bers emerge as a versatile and expressive model, offering
a broader scope for capturing complex relationships and
uncertainties in real-world applications. The study of fuzzy
numbers often involves their application in diverse fields
such as decision analysis, optimization, and system model-
ing. One crucial aspect of leveraging fuzzy numbers lies in
their ability to form topological structures that encapsulate
the relationships and interactions between different ele-
ments. Due to the importance of mathematical expression
of uncertain concepts, researchers study new set theories
such as fuzzy sets [1] and intuitionistic fuzzy sets [2]. Zadeh
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In this study, we propose a new topology called the cut topology. We first develop a synthetic
base by using the a cut family of the generalized triangular fuzzy number. Then, we generate
the cut topology by the synthetic base and give subspace cut topology on a subset of any set.
Moreover, the fundamental concepts such as interior, closure, and limit points of a set in the
cut topology are discussed. Finally, neighborhood, continuity, and homeomorphism are ana-
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[1] transforms the two-valued set (the classical set) into the
infinite-valued set (the fuzzy sets) with fuzzy sets theory.
He proposes the concepts of fuzzy set and fuzzy number
to deal with uncertainty and gives their applications in [3].
Then Zadeh and Chang [4] study fuzzy mapping. Also,
many researchers study fuzzy numbers on the set of real
numbers R in [5-9].

The topological characteristics of fuzzy numbers are
instrumental in comprehending the nuances of impreci-
sion and ambiguity inherent in decision-making scenar-
ios. In addition, the researchers obtain different topologies
based on the theory of fuzzy sets. For example, Chang [10]
identifies fuzzy topology and denotes it by T. He shows that
T is the family of fuzzy sets on the set E and satisfies three
axioms similar to the classical topology. Then, Lowen [11]
redefines the fuzzy topology using the semi-closure opera-
tors and the hypergraph function to show the connection
between fuzzy topological spaces. Also, Onasanya and
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Hoshoka-Mayerova [12] obtain t* topology by cuts collec-
tion of the fuzzy set. But 7* topology is defined on the fuzzy
set, not on the universal fuzzy set. Zhang [13] obtains a nat-
ural topology for fuzzy numbers, and Font et al. [14] define
convergence topology.

Padmapriya, and Thangavelu [15] define 7, topology
generated by alpha cuts of a fuzzy set having finite elements.
Then, Padmapriya and Thangavelu [16] study two differ-
ent topologies generated by fuzzy numbers. They [16] show
that T'(A) is generated on the set of real numbers R and
T*(A) is generated on (a, b). It is observed that in some
cases the topologies are not valid when 7* in [16] and T'(4)
topologies in [12] which are studied in section 2. Therefore,
in this study we show that t* and T'(4) topologies are incor-
rect by counterexamples. We also point out that assertion
(1) of Proposition 3.3 in [15] is not true in general. We
verify that the corresponding assertion in [15] is incor-
rect by a counterexample. After correcting it [[15], (1) of
Proposition 3.3], we obtain a new topology by a cuts fam-
ily of a generalized triangular fuzzy number in section 3.
Therefore, we consider the a cuts family of the generalized
triangular fuzzy number as a synthetic base, and we define
the cut topology. We give some important properties in the
cut topology. Then, we study fundamental concepts such as
subspace topology, interior, exterior, and limit points for a
set in the cut topology. We also analyze neighborhood, con-
tinuity, and homeomorphism in the cut topological spaces
with examples. This paper is derived from the Yanardag’s
masters thesis in [19].

PRELIMINARY

In this section, we consider the many of the basic con-
cepts in general topology and give the basic properties of
fuzzy sets. Then we show by a counterexample that asser-
tion (1) of Proposition 3.3 in [15] is not true in general. After
we examine T* topology given by the authors Onasanya and
Mayerova in [12] and T'(4) topology given by the authors
Padmapriya and Thangavelu in [16], we observe that both
topologies are not valid in some examples.

Definition 2.1. [18] Let (E, 7) be a topological space
and subfamily B € 1. If every set in 7 is a union of sets from
B, then B is called a basis for 7.

Definition 2.2. [19] Let B be a collection of subsets of
non-empty set E. B is called a synthetic base(proto-basis)
for a topology on E when the following conditions hold
1. E= UB,

BEB
2. If By, B, € B, then B; N B, is a union of subsets from B.
Definition 2.3. [1] Let E be a non-empty set. A fuzzy
set A is defined as

A= {(x, 1;(0)) | x € E}

where membership function p5: E — [0,1] for x € E.
The set of all fuzzy sets on E is denoted by F(E).
Definition 2.4. [8] Let A4, B € F(E). Then, for all x € E,

1. The union of fuzzy sets A and B is denoted by A U B and
this is defined as

AUB={(x, uzgs(0) | x € E}

where Uiz = max{pi(x), ug(x)}. Also supremum
can be replaced with maximum for arbitrary unions of
fuzzy sets A, for i € N,

(UA) @ = supluz, ()| i € N,

2. The intersection of fuzzy sets A and B is denoted by
A N B and this is defined as

ANB={(x, ui55x) | x € E}

where (14 ¢ gy = min{ui(x), ug(x)}. Also infimum
can be replaced with minimum for arbitrary intersec-
tions of fuzzy sets A, for i € N,

(iQNZl) (x) = inf{uz (x)| i € N},

3. The complement of fuzzy set A is denoted by A° and this
is defined as

A= {(x,p (x) | x € E}

where pu§(x) = 1 — pz(x).

Definition 2.5. [8] Let A be a fuzzy set defined on E and
a € [0,1]. Then,
1. acutof 4, denoted by a4 is defined as

CA={x €E| uz(x) =, a €[0,1]};

2. strong a cut of A, denoted by “*4, is defined as

“HA={x€E| us(x) >a, acl0,1]}

Teorem 2.6. [8] Let A, B € F(E). Then, the following
properties hold for all , § € [0,1]:

1. “tAcej,
2. BAcAandF*tAc *Aifa < B,

3. “(A A B)=“An“Band“(d U B) =“Au“B,

4, if a<p
BA, otherwise

- - B4, i <
and “Anbi=| 4 Fash
A, otherwise,

7. Au2iUu®BAU.. U4 =24 where a = min{ay, &y, ..., o, },
8. “An®2An®ANn...Nn"™mA =PBA where f = max{ay, ay,...,a, }.

Definition 2.7. [20] Let w € (0,1] and a < b < c such
that a, b, ¢ € R. A fuzzy set A is called generalized trian-
gular fuzzy number on R, whose membership function is
defined as
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weE—a i <h
b—a

M;V(x)_ w(c—x), b<x<c
c—b

0, otherwise.

Generalized triangular fuzzy number is denoted by by
A,=[ab,c;w].

Note 2.8. [21] If w = 1, then 4; = [a, b, ¢; 1] can be
shown by A = [a, b, c]. Also, A is called a triangular fuzzy
number.

Note 2.9. [22] “4,, is a closed interval and “*4, is an
open interval on R for & € (0, w]. Therefore, “4,, and “*A,
can be given as

aA‘w = [X0 Yol = |a+

a(b—a) a(c—b)
w T T w ]'

a(b—a)
,C
w

a+Aw = (xa'ya) = <a + - a(CW_ b))

Arbitrary unions of “4,, and arbitrary intersections of
4, are given by the authors Padmadriya and Thangavelu
in Proposition 3.3 in [15] as follow:

Let A be a fuzzy set defined on set E. For

ay = inf{x | x € 4}, B, = sup{x | x € 4}, A € [0,1] and
a, B € [0,1], the following properties hold

1. @A = U %4,
a€Al

2. Podc N *A.
a€A

But the following example shows that assertion (1)
in Proposition 3.3 given by the authors Padmadriya and
Thangavelu in [15] are not true in general.

Example 2.10. Let A = [3,5,7] be a fuzzy set defined
on R and 4 = (0.5,1]. Since inf{x | x € 4} = 0.5 and
054 = [2,4], we have UA"‘A
etal. [15]. But “A are closed intervals and an arbitrary union

[2,4] according to Padmapriya

of closed intervals for A = (0.5,1] must be in the form of an
open interval. That is U A = (2,4)for A = (0.51].

In this case, it is clearly that 54 ¢ U *Afor A= (0.5,1].
Therefore %4 = atEJA"‘A given by Padmaprlya etal. [15] is not
verified in general.

Thus (1) Proposition 3.3 in [15] can be given as follow:

Proposition 2.11.Let A be a fuzzy set defined on E. For
a, = inf{x | x € 4}, B, = sup{x | x € 4}, 4 € [0,1] and
a, € [0,1], the following properties hold

Then, the authors Padmapriya and Thangavelu pro-
posed T(A) and T*(A) in [16] as follow. T(4) is collection
of all @ cuts of A and T*(A) is collection of all strong a cuts
of AonE.

Proposition 2.12. [16] Let A = [a, b, c] be a triangular
fuzzy number. Then, the following properties hold
L T(A) ={lxyl: x—a)(c=b)=(b-a)(c~y),

a<x<bandb<y<c}U{0},

2 T*A) ={(xy): (x—a)(c=b) = (b - a)(c~y),
a<x<bandb<y<c}U{R}

Also, the authors Padmapriya and Thangavelu [16]
gave that T(A) and T+ (A) generated the topology on R and
(a, b), respectively. Then, they presented T'(A) and T+*(4)
generated by different types of fuzzy numbers.

In addition, a new topology 7* was introduced in
Theorem 2.1 by the authors Onasanya and Mayerova [12].
The 7* topology is the collection of “A. It is defined on a fuzzy
set A of E rather than on non-empty set E. * is given as

T ={"A] pa(x) = a}\E

for a € [0,1].

When 7* topology given by the authors Onasanya and
Mayerova in [12] and T'(A) topology given by the authors
Padmapriya and Thangavelu in [16] are examined, it is clear
that two topologies are similar. 7* is the collection of “A and
is defined on 4; T(A) is the collection of “4 and is defined
on the set of real numbers R. But it is observed that topolo-
gies are not valid in the following example.

Example 2.13. Let triangular fuzzy number A=1[245]
be defined on R. Then, T(A) defined on R and 7* defined
on A are as follows, respectively.

T(A) ={*4|va€[01]}u{Q,R}

{[xe, Yol | Va € [0,1]} U {0, R}
={[2+2a 5—a]|Va€e[01]}U {0, R}

and

*

“A | va € [0,1]} U {8}

{
{[Xa ¥l | Va € [0,1]} U {0}
{[2+42a, 5—a] | Va € [0,1]} U {@}.

_
Il

According to Padmapriya et al., T(A) is a topology. In
this case, an arbitrary union of elements in T(A) must be
in T(A). It is clear that for all « € (0.5, 1], [x,, ¥,] € T(4).
Thus, we get U [xa, Yol = (3, 4.5) for [ = (0.5, 1] and
a € (0.5, 1]. But (3, 4.5) & T(A). Therefore, T(A) is not a
topology on R.

Similarly, since (3, 4.5) € 7°, T* are not a topology on A.
Therefore T* and T(A) are not valid in general.

RESULTS AND DISCUSSION

In this section, the a cuts family of the generalized tri-
angular fuzzy number A, is considered as the synthetic
base. The cut topology is generated by this synthetic base.
Also, the fundamental concepts such as subspace topology,
neighborhood in the cut topological space, continuity and
homeomorphism are examined with examples.

The Cut Topological Space and its Properties
In this subsection, first a new topology T(B,) called
the cut topology is generated. Then the fundamental
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concepts such as interior, exterior and closure of a set in the
cut topological space are given with examples.

Theorem 3.1. Let the generalized triangular fuzzy num-
ber /TW = [a, b, c; w] be defined on 4 = [a, c]. Then

Ba, = {*A, | a € [0,w], 3'w € (0,1]}

is the synthetic base of a topology on A.

Proof. It is obvious that “A,, € A for all a € [0,1] with
“A, =[x, ¥,]- By Definition 2.2,

1. A— U 4, since°4A, = Afora=0;
aAweﬁ}i
2. If a; < @, for ay, @, € [0, w], then 4, 2 4, and
wAd N ©A,= <A, However if a, < a, then it is
easﬂy seen that “A, N ©A, € B; i, Therefore, for all

"IA "ZA € Bi Ay 1A n “ZA is a union of several sub-

sets of (ﬁ Q) Thus ﬁ i, is the synthetic base of a topo-

logy on A.

Example 3.2. Let the generalized triangular fuzzy num-
ber /To_s =[3,5,7; 0.5] be defined on A = [3,7]. Then,

Biys = {¢d,s|a € [0,0.5]} is the synthetic base of a
topology on A.

It is obvious that “4,c € A for all @ € [0,0.5] with
“Ays =[x, y,]. Thus, B Jys 1 the subset family of [3,7]. Also,
1. A= _ U [3,7] fora=0

“Aos€B7,
2. Since sets aAo.s for a € [0,1] are closed intervals, finite
intersections of sets “A, - belong to Ao

Therefore, by Definition 2.2, B . is the synthetic base
of a topology on set A.

Theorem 3.3. Let the generalized triangular fuzzy num-

“Ay 5 since °4,, =

ber A, = [a, b, c; w] be defined on 4 = [a, c]. Then,
a(b—a) a(c—b)
T(ng)={[a+ o ,C— > ],
<a +a(b - a)'c 3 a(c— b))
w w

| a € [0,w],3lw € (0,1]}

is a topology on A generated by (84 )-

Proof. “A, = [x,, y,] for a« € (0, w] are closed
intervals such that %4, [a 42 ,C— @] for
0 < a < w. Since sets “4, are closed 1ntervals for0<a<w,

then U “AW, the arbitrary union of sets A, for I < [0,1],

is one of @, a closed interval A, and an open interval "4,
such that v = inf{a | a € I}. Smce (b, b) = @ for a = w,
@ can be given as (b, b). Then,

_{[a+a(b )'C_a(c—b)]’
w

T(ﬂAw

<a+a(b—a) C_a(c—b))

i
w w

| @ € [0,w], 3w € (0,1]}

is obtained and proof is completed.
Definition 3.4. Let the generalized triangular fuzzy

number 4, = [a, b, c; w] be defined on 4 = [a, c]. Then
T(ﬁA _ {[ a(b )'C_a(cw— b)]’
<a+a(b—a),c_a(c—b))
w w

| @ € [0,w], 3w € (0,1]}

where T(f;) is defined on set 4, is called the cut topol-
ogy or the topology generated by generalized triangular
fuzzy number A,,. Also, (4, T(B 4,,)) is called the cut topo-
logical space.

Definition 3.5. Let (4, T(B,)) be the cut topological
space and B € A. Then,

1. Bisanopensetif BeT(By,),

2. Bisaclosedsetif (A\B) € T(Bj,)-

Definition 3.6. Let (4, T(B;,)) be the cut topolog-
ical space and the generalized triangular fuzzy number
A, =[a, b, c; w] be defined on A = [a, c]. Then, T(B; )*is
called the closed set family and it is defined by

b — -b
7(6:.,)" —{A\[ AL PR )].

A\<a+a(bw_a),c—

| « € [0,w], 3w € (0,1]}.

a(c— b)>

w

Example 3.7. Let the generalized triangular fuzzy num-
ber A =[1,2, 3;0. 5] be defined on A = [1, 3]. Thus,
wehave A05—[1+ 3——]f0r0<a<05 Since
arbitrary union of sets “AO_S is one of open interval, closed
interval or @; then

={[1 +(f—5,3—(f—5],(1+%,3—%)

| a €[0,0.5]}

T(Bays)

is obtained. Hence, by Definition 3.4., T(8, ) is the
cut topology on set A.

Definition 3.8. Let (4, T(B,)) be the cut topological
space and B € A. Tg(B ) is the subspace topology on set
B and is defined by

T3(Ba,) = {UNB| U €T(Bz,)}

Definition 3.9. Let the generalized triangular fuzzy
number Ao.s = [8, 10, 14; 0.5] be defined on 4 = [8, 14]
and (4, T(B,,)) be the cut topological space. For B = (8,9],

Ts(Ba,s) = {UNB| U € T(Ba,,)}
={{9},(8,9],(8 + 4,9],[8 + 4, 9]

|« € (0,0.25]}
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is obtained. By Definition 3.8, Tp(B4, ) is the subspace
topology on set B.

Theorem 3.10. Let the generalized triangular fuzzy
numbers 4, = [a, b, ¢; wy] and 4, = [a, b, ¢; w,] be
defined on A = [a c]. For a € [0, Wl] and y € [0, w,], if
a= ywwl then “4,, ="4,,.

Proof. The proof is clear from Note 2.9.

Theorem 3.11. Let the generalized triangular fuzzy
numbers A, = [a, b, ¢; wy] and 4, = [a, b, ¢; w,] be
defined on A = [a, c|. For @ € [0, w,] and y € [0, w,], if

= Y_”;l, then
T(ﬁ,qwl) - T(ﬁ‘qwz)'

Proof. Let a = yW—M;l By Theorem 3.10, “4,,
Then,

:}'A

wp*

b — -b
T(Bfim) ={[a+a(W1 a)}c_a(CW1 )]'
(a+a(b—a)’c_a(c—b)>
wyq wq

| @ €[0,w,], 3w, € (0,1]}

V'—Vzvl(b—a) %(c—b)l
={la+ )

, € —

W1

< L Wl(b )'C_V'W—Vzvl(c—b)>
Wy

[0,w,], 3wy, w, € (0,1]}
y@—@ y@—m]

( yw—@ ﬂwwv

W,

| v € [0, WZ], Alw, € (0,1}
=T ('BAWZ)'

Hence, T(S z‘fwl) =T AWZ) and proof is completed.

Definition 3.12. Let (4, T(B,)) be the cut topological
space and B € A. If there is at least one open set U such that
x € U € B, then x is called an interior point of B. The union
of all the interior points of B is called the interior of B and
is denoted by B°.

Theorem 3.13. Let (4, T(B;,)) be the cut topological
space and B € A. Then

= igN{Ui: U; S B, U €T(Ba,)}-
Proof. It is obvious.

Definition 3.14. Let (4, T(B4,,)) be the cut topological
space and B € A. Then

B+ 0@
B°=0

if beB,
if b¢B.

Definition 3.15. Let (4, T(B4,)) be the cut topological
space and B € A. The closure B of B is the intersection of
all closed subsets of K containing A. That is

B = iQN{Ki: B S K;, (A\K)) € T(Bx,)}-

Note 3.16. Let (4, T(B,,)) be the cut topological space
and BE A.Ifb € B, then B = A.

Definition 3.17. Let (4, T(B,) be the cut topological
space and B € A. The outside dis(B) of B is defined by

dis(B)=A \ B.

Note 3.18. Let (4, T(B4,,)) be the cut topological space
and B S A.If b € B, then dis(B) = @

Definition 3.19. Let (4, T(B,) be the cut topological
space and B € A. If (B\{x}) N U # @ for each U € T(B; )
in the property x € U, then x is called the limit point of B.
The union of all the limit points of B is denoted by B’

Note 3.20. Let (4, T(B,) be the cut topological space
and B S A.If b € B, then B'= [a, b) U (b, c].

Theorem 3.21. Let (4, T(B,)) be the cut topological
space. Then “A,, U (“4,)" is a closed set.

Proof. Let b € (“4,)) for all @ € [0, w]. By Note 3.20,
(“A,)' = A — {b}. Then,

A, U (“4,) =4, U (A — {b}) = A is obtained.
Since A* = @ and @ € T(Bj,), A is a closed set. Hence
“A, U (“A,)" is a closed set.

Definition 3.22. Let (4, T(B,)) be the cut topological
space. If there exists an open set U € T(f; ) such that

BNU={x}

for x € U with B € A, then x is called an isolated point
of set B.

Note 3.23. Let (4, T(B4,,)) be the cut topological space.
If b € B, then b is an isolated point of set B.

Definition 3.24. Let (4, T(B ;,,)) be the cut topological
space and B € A. A point x € A is called a boundary point
of B if x is in the closure of both sets A and A \ B. The union
of all the boundary points is defined by

d(B)=BnA\B

Example 3.25. Let the generalized triangular fuzzy
number A0.6 = [6, 8, 10; 0.6] be defined on A = [6, 10],
(A, T(B4,,)) be the cut topological space and B = (7, 10).
Let us describe the interior, closure, outside, limit points,
isolated points and boundary points of B, respectively.

The cut topology T(B, ) is shown as
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2a 2a 20 2a
T(Bay,) = {[6+ﬁ,10 —— ,<6 ,10 — )

0.6 0.6’ 0.6
| @ € [0,0.6]}.
For T(Bj,,)> by Definition 3.12, since b = 8 and
8€B,B q&@andB =(7,9);
by Definition 3.15 and Note 3.16, since b = 8 and
8€B,B =4;
by Definition 3.17 and Note 3.18, since b = 8 and

8 € B, dis(B) =

Since 8 € {8} and (B\{8}) N {8} = @ for {8} € T (B4, .)>
8 is not a limit point of B. But all points in set A except {8}
are limit points of B. Because (B\{x}) N U # @ for each
U€T(B,,) in the property x € U. So B'=[6,10] \ {8}. By
Definition 3.22 and Note 3.23, since b = 8 and 8 € B, {8} is
an isolated point of B.

By Definition 3.24,
d(B) =BNA\B
= [6,10] n ([6,7] U [9,10])
= [6,7] U [9,10].

Definition 3.26. Let (4, T(f,) be the cut topological
spaceand x € A. If thereis U € T(f ;1 ) such thatx e U € B,
then B is called a neighborhood of point x. The neighbor-
hood family of point x is denoted by V', ().

Note 3.27. Let (4, T(B,,) be the cut topological space.
The only neighborhood of | points @ and c is °4,,. But all
points except a and ¢ have infinitely many nelghborhoods

Continuity and Homeomorphism In The Cut Topological
Space

In this subsection, the concepts of continuity and
homeomorphism are discussed with examples in view of
the cut topological space.

Definition 3.28. Let generalized triangular fuzzy
[a, b, ¢; wy] and B,,, =
defined on sets A = [a, c] and B = [m, p], respectively. Also,
f+ (AT (,8A~W1)) - (B, T (,ngz)) be a function where
AT(B gwl)) and(B, T (S gWZ)) arethecuttopologicalspaces.
Iff~'(U) €T (B4,,) foreach U €T (Bj,,), then f is called
a continuous function on A.

Theorem 3.29. Awl =[a, b, c; wy] and /TWZ =[a, b, c; wy]
generalized triangular fuzzy numbers be defined on
A=a,c]. Then, the function f: (4, T (8 4w ) = (AT (Bg,))
such that f (x) — x is a continuous function on A.

Proof. AW1 = [a, b, ¢; wy] and AWZ = [a, b, ¢; w,]
are defined on A = [a, c]. By Theorem 3.11, we get
T ('Bz‘fwl) =T (,8A~W2). Since f(x) = x, then f (U) = U for
eachUET (,BAWZ). Also, since U € T (:Bffwl)’ then f is a
continuous function.

Theorem 3.30. Let generalized triangular fuzzy
numbers /fwl = [a, b, ¢c; wy] and ng = [m, n, p; w,] be
defined on A = [q, c] and B = [m, p], respectively. Then,
f: (AT (Ba,)) = (B,T (Bg,,)) defined by

numbers A, = [m, n, p; w,] be

x(n—m)+mb—an

b —a , a<x<bh
f&x) = N
—n)+nc—pb
o=mineph g

Then, f is an injective, surjective and continuous
function.

Proof. By definition of the function f, f(4) = B i.e.
f([a, c]) = [m, p] is obtained. That is, the preimage of all
elements in B is in A. Hence, the function f is a surjective
function.

Consider f(x;) = f(x,) with x4, x, € [a, c] to deter-
mine whether the function f is injective. If f(x;) = f(x,)
for a < x < b, then

flx) =1(x)
xy(n—-m)+mb—an  x,(n—m)+mb—an
b—a B b—a
X1 =X

by the definition of function f.

Similarly, if f(x;) = f(x,) for b < x < ¢, then it is
clearly that x; = x,. Therefore, the function f is an injective
function.

Now, we must shown that f~}(U) € T (,BA~W1) for each
UET (B ng) to determine whether the function f is con-
tinuous. If U € T (ﬁng), then U must be form in one of
%, 3,), (x, %) or 6.

If U=0,itis clear that f~}(@) =@ and P ET (:Bffwl)'

Let consider U = [x,, y,]. Now, we have to show that
(0%, ,)) €T (Ba,,) for each [x,, y,] € T (B,,). The
inverse of f, denoted by %, is defined by

x(b—a) —mb+ an

—. , m<x<n
-1 — -
[0 = x(c —b) —nc+pb
, n<x<p.
p—n

Since m < x < nand n < x < p by definition of the
function ', we consider as x = x, and x = y,, respectively.
Also, it is known that

_ a(b—a) a(c—b)
[xa'ya] =|a+ w, ’ - ]
and
5,3, = [m+y(nw— m)’ ) v —n)]

for all @ € [0, w ] and y € [0, w ]. In this case, if

y(n-m)
wo

m < x < n, then x = m + ———. By definition of f,

y(n— m)

)(b a)-mb+an - alb-a)
n-m wq

y(n—m)) _ (m+

w2

ft (m+
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Similarly, we find

¢ Tl)
f_1 (p _ V(p—n)) _ (p r p )(C b)- nc+pb _ale=b)
Wy p—n - w1
fory = aw—v? Therefore, it is clearly that f~'([x,, v, ]) = [x,, ¥,]

fory = aW_le and f~'([x, y,]) €T (,ngl).

Similarly if U = (x,, y,), then f~'((x,, ¥,)) €T (B AWI)
Hence, the function f is continuous. It is proven.

Note 3.31. By Theorem 3.30, {x,, y,} which are the
endpoints of the closed interval "‘ffwl and {x,, y,} which are

the endpoints of the closed interval YB,,, corresponding for
= %, match one-to-one. Therefore, the function f in
1

Theorem 3.30 can be given as

Xawz, X = Xy
wq
X) =
f& Yawz, X = Yo
w1

Also similarly, the function f defined by

Yaws, X = Xq
— w1
fe) = Xawy, X = Y4
wq

is an injective, surjective and continuous function.

Theorem 3.32. Let generalized triangular fuzzy
numbers A~w1 = [a, b, ¢; w4] and §W2 = [m, n, p; wy|
be defined on 4 = [a, c] and B = [m, p], respectively.
Iff: (AT (ﬁﬁwl)) - (B, T (ﬁng)) is an injective, surjective
and continuous function, then f(b) = n.

Proof Let f: (A, T (,[)’Awl)) - (B, T (ﬁng)) be an injec-
tive, surjective and continuous function. Since f is sur-
jective, there is at least one x € A such that f~'(n) = {x}.
Since f is injective, {x} in the form f~'(n) = {x} is unique.
Also, since f is continuous, then {x} € T (B z‘fw1) for
{nyeT (B “TWz)' But {b} is the only open set in the form of a
single point in T (8 "TW1)’ that is x = b. In this case, we have
f~'(n) = b. Hence f(b) = n.

Theorem 3.33. Let the generalized triangular fuzzy
n~umbers A, = [a, b, ¢; wyq], B,, = [m, n, p; w,] and
C,3 =11, S, t; wy] be defined on sets A = [a, c], B = [m, p]
and C = [r, t], respectively.

It f: A4 T (Bs,)) — B T (Bs,)) and
: (B, T (ﬁBW ) = (C T (ﬁCW )) are continuous

functlons, then' the composite function g ° [ where
gef:(AT(S ,qwl)) - (T CW3)) is a continuous function.

Proof. Let f: (A, T (ﬁgwl)) - (B, T (ﬂng)) and
g: (B, TP ng)) - (C, T (,BC~W3) be continuous functions.
Since (g © f)'(U) = f~1(g~"(U)) and the function g is conti-
nuous, then (g~)(U) €T (B by,) foreach U €T (B, ). Since
the function f is continuous, then (g *(U)) € T (B ) for
each g7'(U) € T (B Bu,)- Hence, the composite function
g ° f is continuous.

Example 3.34. Generalized fuzzy numbers
Ayg = [2, 3, 6; 0.8] and By, = [9, 10, 11; 0.4] be
defined on A = [2, 6] and B = [9, 11], respectively.
f:+ (A, T(B4,,) = (B, T(Bg,,) is a continuous function
defined by

x+7 2<x<3

f@) = §+9, 3<x<6

on A. In this case, ™' is equal

e\ [ x—7,9<x<10
f (x)_{3x—27, 10 < x < 11.

Also, we have
T(BAO.S) = {"Aog, " Agg | @ €[0,0.8]}
[2+ a 6 3a] <2+ a 6 3a)
={2*58 % 08'\*" 08 %08
| a€[0,0.8]}
and

T(:BEM) = {"Bo4,"*Boa | v €[0,0.4]}
_{[9+— 11— 04] (9+f 11-—
| ¥ €[0,04]}.

By definition the function f~?, we find

/2 @
-1 i _
f (9 0.4) 2+ 0.8
and
(1 - a_/z) _3a
f (11 04) =% 08
fory = a/2
Since 2 + S € T(Bs,,) and 6——= E T(Bs,,) for

a €[0,0.8], then the function f is contmuous on A.
Definition 3.35. Let the function
f+ (AT By, )) - (B, T (B, )) be injective and surjec-
tive. If the function f and its inverse f~* are continuous
functions, then f is called homeomorphism from A to B.
Also these topological spaces are homeomorphic and is

denoted by (A, T (B4, )) = (B, T (B3,,)-

Proposition 3.36. Let generalized triangular fuzzy
numbers A, = [a, b, ¢; wi] and B, = [m, n, p; w,] be
defined on sets A = [a, c] and B = [m, p], respectively. If
f: (AT (ﬂAW1)) - (B, T (ﬂng)) is defined by

yy' =Xq
y X =Va

reo=f i o @ ={;

[xrx' ya] and yB~w2 = [xy' yy]’

then the function f is homeomorphism from 4 to B.

aw g
for y = 5% where “4,, =
1
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Proof. By Theorem 3.30, the function f is injective, sur-
jective and continuous for y = % Also, by Theorem 3.30,
f~!is a continuous function for @ = % Hence, the func-

1

tion f is homeomorphism from 4 to B.
Generalized fuzzy numbers Ay, = [1, 2, 3; 0.6] and
By, = [6, 8, 10; 0.4] be defined on sets A = [1, 3] and

B = [6, 10], respectively. Also, the function
f: (A, T(Biye) = (B, T(Bg,,)) be defined by
(X X=X
fe =0 oy

for y = 2a/3 such that “4,, = [x, y,] and
yBO.4 = [xyl yy]

In this case, it is clear that by Theorem 3.30, the func-
tion f is an injective, surjective and continuous on set A.

Consider "B, , € T(Bg,, )where

T(BAO,J = {*Aye, “TAps| a €0,0.6]}

= (1453 5e (1455359

| a €[0,0.6]},

and

T(,BEM) ={"By4,""Bo4l v €[0,04]}
_ 2y 2y 2y 2y
=1 [6 toa 10 0.4 ’(6 o4 10 0.4)

| v €[0,0.4]}.

By Theorem 3.30 and y = 2a/3, f~1(*“/3B,,) = “Ay ¢
for each a € [0,0.6]. Since f'('Bo4) € T(Bjye) for
each "By, € T(Bj,,), f~" is a continuous function. Hence,
the function f is homeomorphism from A to B and

(A' T(ﬁﬁo_ﬁ)) = (B: T(ﬂ§0_4))-

CONCLUSION

In this study, we proposed a new topology called the
cut topology. It is generated by using a cuts family of the
generalized triangular fuzzy number. Then, we showed that
7' topology in Onasanya et al. [12] and T'(4) topology in
Padmapriya et al. [15] are not valid in some examples. Also,
we gave the fundamental concepts such as neighborhood,
interior, closure, limit points of a set in the cut topology. In
addition, continuity and homeomorphism with examples
in the cut topology.

In future studies compactness, path connectedness,
separation axioms, net, filter and sequence in the cut topo-
logical space can be studied. Also, the cut topology can be
applied on different types of fuzzy number such as trap-
ezoid fuzzy number and L-R types. In addition, the cut
topology can be generated by intuitionistic fuzzy sets which
is a generalization of fuzzy set.
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