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In classical set theory, elements of the set are written once but the sets in which the same item
is repeated several times in daily life are in all areas of our lives. These sets are called multi-
sets and are studied in many fields such as Mathematics, Physics, Chemistry, and Computer
Sciences. Sequences consisting of elements of these sets are called multiset sequences. In this
paper, we study the concept of I-lacunary statistical convergence of multiset sequences and
investigate some important results.
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INTRODUCTION

In this section, the subjects that will form the basis of the
study are given. In order to better understand the introduc-
tion, we choose to give this section under four subsections.

Multiset Sequences

In classical set theory, the elements of a set are written
only once but multiset is a collection of objects in which
elements are allowed to repeat. In fact, it is possible to see
multisets in many areas of our lives. For example:

Telephone numbers: 0 535 713...

Computer codes: 1110001101101...

Water molecules: H,0

Coincident roots of equations: (x — 3)2 =0

In each example, there are same numbers and same
molecules that play different roles. If these numbers are
used once rather than multiple times, it is clear that there
will be problems. Hence, multisets are very interesting in
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mathematics, physics, philosophy, logic, linguistics, com-
puter science, etc.

It is observed from the survey of literature, multisets
have been studied under the names of bags, occurrence
set, weighted set, sample in the past years. Since the 1970s,
Bender, Hickman, Lake, Meyer and Monro investigated
some important properties of multisets in [1-5]. In 1981,
Knuth studied computer programing and multisets in [6].
Blizard studied on multisets in his doctoral thesis in [7-9].
In multisets, the order of the elements is not important.
So, {1,3,5,3,4,1,1} and {1,1,1,3,3,4,5} sets are same. On
the other hand, it is very important how many times the
elements are repeated in the set. We denote {1,3,5,3,4,1,1}
multiset by {1,3,4,5}3,11 or {1|3, 3|2, 4|1, 5|1} and it
means 1 appearing 3 times, 3 appearing 2 times, 4 appear-
ing 1 times and 5 appearing 1 times. The cardinality of a
multiset is the sum of the multiplicities of its elements.
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Studies on multisets continued in the 2000s and the
studies titled “Mathematics of multisets” published by
Syropoulos in 2001 in [10]. “Multigroup actions on mul-
tisets” published by Ibrahim in 2017 [11], “Soft multisets”
published by Majumdar in 2012 [12], “On multisets and
multigroups” published by Nazmul in 2013 [13] and “An
overview of the application of multiset” published by Singh
in 2007 [14] took its place among the important studies.

After these studies on multisets, the multiset sequences
and their properties have started to be the subject of
research and usual convergence of multiset sequences was
studied by Pachilongode and John in 2021 in [15].

Definition 1.1. [15] Let X be a set. A sequence in which all
the terms are multiset is known as a multiset sequence. For any
sequence x = (x;) € X a multiset sequence is defined by

M={x]c;x;€X,c;EN;}.

Example 1.1. [15] Let N ={1]1, 2|2, ...,n|n}. Then, {N }
is an multiset sequence and n' terms has ”("2”) elements.

Example 1.2. [15] The prime factorises n completely,
and let Fn be the mset of these factors, including 1. Then,
Fi={1}, F, ={12}, F;={1,3}, F, = {1,2,2} and F3¢ =
{1,2,2,3,3}. In this case {F,} is an mset sequence.

Statistical Convergence

Statistical convergence was first mentioned by Zygmund
in her monograph in 1935 in Warsaw [16] and it was for-
mally introduced by Fast and Steinhaus independently in
[17-18]. Later on, this concept was studied by Schoenberg as
a summability method and various properties were investi-
gated [19]. After the 1950s, studies on the concept of statisti-
cal convergence made rapid progress and many studies were
conducted on this subject. The most well-known of these
areas are number theory by Erdds and Tenenbaum; summa-
bility theory by Freedman and Sember and measure theory
by Miller in [20-22]. Fridy has an important study in which
he studied the properties of statistical convergence [23]. This
concept was also studied with ideals, weak convergence,
modulus functions, complex uncertain sequences in [24-27].
Statistical convergence is based on the definition of natural

density of the A € N set such as d(4) = 111_1;1;10 AT" where N is
the set of all natural numbers, A,, = {k € A: k <n}and |A4,|
gives the cardinality of A, gives the cardinality of 4,,.

Definition 1.2. [17] A number sequence (x;) is statisti-
cally convergent to L provided that for every € > 0,

di{fisn:|x;— Ll =¢}|=0

In this case we write st — limx; = L and usually the
set of statistically convergent sequences is denoted by S.
Considering the definition of natural density, this defini-
tion can also be expressed as for every € > 0,

1
lim—=|{i<n:|x;,— Ll =¢}|=0
noown
Lacunary statistical convergence was defined by Fridy

and Orhan in 1993 in [28]. Before giving this definition,
let’s remind the definition of a lacunary sequence.

Definition 1.3. A lacunary sequence is an increasing
integer sequence 6 = (i,) such thatiy=0and h, =i, —i,_4
— o0 as 7 — 0. The intervals /. = (i,_, , i,] are determined
by 6 and the ratio is determined g, = i:fl.

Example 1.3. 6 = (r?) is a lacunary sequence because i,
=0andh, =i, —i,_, > asr— oo,

Example 1.4. 6 = (r) is not alacunary sequence because
ip=0buth,=i.,—i._;=1forallr=0,1, ..

Definition 1.4. [28] Let 6 = (i,.) be a lacunary sequence.
The number sequence x = (x;) is lacunary statistically con-
vergent (or S, — convergent) to L if for every € > 0,

lim hil{i €/i|x;— Ll =¢€} =0.
r—oco Ry

In this case we write S, — limx; = L and usually the set
of lacunary statistically convergent sequences is denoted by
So-

Another concept closely related to statistical conver-
gence is strong Cesaro summability:

|Gy = {x:for some L, lirrln (%Z?:ﬂxi - LI) - 0}.

Similarly, there is a close relationship between strong
Cesaro summability and N, space:

Ny = {x:for some L, li;n (hirzielrlxi - Ll) = 0}'

Statistical convergence of multiset sequences

Debnath and Debnath studied statistical convergence
of multiset sequences on R real numbers and definitions
of statistical convergence of multiset sequences are basis of
our study in [29].

Definition 1.5. Let N is the set of non-negative inte-
gers. The set

mR = {mx = x;|¢;:x; ER and ¢; € Ny }

is called multiset of real numbers.

Definition 1.6. [29] Let x = (x;) be a real sequence and
¢ = (c;) be a sequence of N, A multiset sequence mx =
x;|c; of mR is statistically convergent to [|c of mR if given
for any € > 0,

il_)n;)%l{l <nJ@x—-D2+(c—0c)* = e}l =0.
Example 1.5. [29] Consider a multisequence mx = x;|c;
given by

i=n®n=123,..

v = {i, i=n%in=1223,..
L .
otherwise

i
" and ¢; =9
1, otherwise t {5,

Then for any € > 0,

[{i <n:VGi=DZ+ @ =52 2 ¢}

1

lim —

n-oon

= Density of perfect squared or perfect cubic
positive integers or bot



Sigma J Eng Nat Sci, Vol. 42, No. 5, pp. 1575-1580, October, 2024

1577

ol 1 1
Sllm—(n7+n3—n6)=0
n-on

Therefore, the multisequence mx statistically converges
to 1]5.

I —convergence
I —convergence has emerged as a generalized form

of many types of convergences. This means that, if we

choose different ideals we will have different convergences.

Kostyrko et al. introduced this concept in a metric space in

[30]. We will explain this situation with two examples later.

Before defining I —convergence, the definitions of ideal

and filter will be needed.

Definition 1.7. A family of sets I © 2" is an ideal if the
following properties are provided:

i) €l

ii) A, B €1implies AUB €1,

iii) For each A € I and each B € A implies B € I.

We say that [ is non-trivial if N € [ and I is admissible if

{n} €l foreachn € N.

Definition 1.8. A family of the sets F < 2V is a filter if
the following properties are provided:

) OEF,

ii) If A, B € F thenwehave AN B €EF,

iii) For each A € [ and each A € B we have B € F.
Proposition 1.1. If ] is an ideal in N then the collection,
F)={AcSN:N\Ael}
forms in a filter in N which is called the filter associated

with I.

Definition 1.9. A sequence of reals x = (x;) is | —con-
vergent to L € R if and only if the set

A, ={ieN:|x;,—L|=¢}€l

for each € > 0, In this case, we say that L is the [ —limit
of the sequence x. Following the statistical convergence and

I —convergence located an important role in this area, in

2011, Savas and Das have introduced the concept I —statis-

tical convergence [31].

Definition 1.10. [31] A sequence x = (x;) is said to be

I —statistically convergent to L for each € > 0,and § >0

{nEN:%I{iSnzlxi—LI zs}lza}el.

Afterwards, [ —statistical convergence was studied in
various spaces in [32-33].

MAIN RESULTS

Demir and Giimiis defined I —convergence of multiset
sequences in [34]. Now, our aim is to define I —lacunary
statistical convergence for multiset sequences. For this pur-
pose, we need following definitions.

Definition 2.1. Let mx = x;|c; be a multiset sequence
and I © 2" be an admissible ideal. mx = x;|c; is said to be
I —statistically convergent to [|c if for each € > 0,

{nEN:ﬂ{i <y — D2+ (¢ —c)? ze}l 25}61.

In this case, we write mx = l|c (S(I)). The set of all /
—statistically convergent multiset sequences is symbolized
as S'e().

Definition 2.2. Let 6 be a lacunary sequence, mx =
x;|c; be a multiset sequence of mR and I © 2" be an admis-
sible ideal. mx = x;|c; is said to be I —lacunary statistically
convergent to [|c, if for each £ > 0,

{re N:hir|{i €l — DT+ (- 2 ef| 2 6} el

In this case, we write mx — l|c (Sy(1)). The set of all
I —lacunary statistically convergent multiset sequences is
symbolized as S,(I).

Definition 2.3. Let mx = x;|c; be a multiset sequence
and I c 2" be an admissible ideal. mx = x;|c; is said to be
I —statistically Cesaro summable to [|c if for each € > 0,

{n € N:%Z?zl\/(xl— D2+ (c;—c) = s} el

In this case, we write mx — [|c (g(I)). The set of all I
—statistically Cesdro summable multiset sequences is sym-
bolized as a'(1).

Definition 2.4. Let 8 be a lacunary sequence, mx =
x;|c; be a multiset sequence of mR and I © 2V be an admis-
sible ideal. mx = x;|c; is said to be strongly / —lacunary
summable to [|c if for each € > 0,

{r € N:hirziejr\/(xi D2+ (c;—c) = e} el

In this case, we write mx — l|c (Ny(I)). The set of all
strongly I —lacunary summable multiset sequences is sym-
bolized as N,'°(I).

In the next theorems, the relationships between these
sets are examined. Throughout the paper, mx = x|c;
denotes a multiset sequence of mR, I © 2V denotes an
admissible ideal and 8 = (i,.) denotes a lacunary sequence.

Theorem 2.1. For any multiset sequence mx = x;|c;,
mx € N(I) implies mx € S,'°(1).

Proof Let mx € N,'°(I) and & > 0, be given. Then,

(i =D+ (ci—0)* 2 (x; = D? + (¢; — ©)?

JG=DZ+(ci—c)%ze
> e|{ie VG —D7+ (-0 = ¢

and so,

1 1
- . —N2 L 2 —_
o, E G =D?*+(c;—c)2 = n

i€)r

{i €JiJ(xi —D?+ (¢;— )% = s}|

Then, for any § > 0 we have,

{r € N:hi|{i E]r:\/(xi —D?+(¢; —¢)? Zs}| 26}

c {re N:hlz\/(xi—l)z + (¢; — ¢)? 286}

i€y
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belongs to  and proof is completed.

The following theorem shows in which case the inverse
of this theorem is valid.

Definition 2.5. A multiset sequence mx = x;|c; is said
to be bounded provided that there exists a non-negative
real number B such that /x;? + (¢; — 1)? < B.

Theorem 2.2. Let mx = x;|c; be a bounded multiset
sequence and I 2" be an admissible ideal. Then, mx €
Sp(I) implies mx € N“(1).

Proof Let mx € S,'°(I) and mx be bounded. Then,
there exists a non-negative real number B such that

Vxi2+ (¢; —1)? < B for all i € N. At the same time, from

the fact that ¢, ¢; € Ny and x; — [, we have,

VO =D2+ (=) < yx2 + (¢~ D?<B

According to this information, for each € > 0,

hz Ci—DP+ (@ —0)? = hl, Z

i€]r i€y

(xi—l)2+(ci—c)22;
D)
h;

i

(xi—l)2+(ci—c)2<§
B, €
< h_r|{l €Jri O —D?+ (c;—c)? = E}

(= D2+ (c;—c)?

G- D+ (- oF

&

+=
2

is obtained. Hence, for any § > 0.

r €N: —z\/(x D24+ (;—0c)? =

€]y

£
2

1 £ £
| e — )2 —oz> s S
c {r € N'hr |{l €V —D2+(c;—c)? = 2}| > ZB}
Since the right side belongs to the ideal, we have the
proof.
Now, lets investigate the relation between the spaces
Sle(I) and S,'l°(I) with the following two theorems.
Theorem 2.3. If liminfq, > 1 then, mx € S"(I) implies
mx € Spl°(I).

Proof Assume that liminfq, > 1. Then, for sufficiently
large r there exists a 1 > 0 such that g, > 1 + A. This implies
o A
ir T 142

Since mx € SU°(1), for each & > 0, and sufficiently large
r, we have,

{ iy G = D7+ (¢, — )2 = ¢

1
l

{ V=12 +(c—c)2>£}|

A1

+ Ah,

:>

{lE]r \/(x - D%+ (¢ —C)2>£}|

is obtained. Hence for each § > 0,

{r € N:hl|{i €JriiGi D+ (-0 2 e} = 5}

c {r € N:%Hi <ipJoi—-D2+ (-0 > e}| > 15—3/1}

is obtained. From the definition of ideal, we have the
proof

Theorem 2.4. Let 8 = (i,.) be a lacunary sequence satis-
fying the condition limsupq, < o and I € 2" be an admis-
sible ideal of subsets of N. In this case, mx € S,'°(I) implies
mx € S"°(1).

Proof If limsupq, < oo then there is a K > 0 such that
q, < K for all r. Suppose that mx € S,'°(I) and for ¢, §,n >
0 define the sets

c ={r € N:hi|{i €)rin - D2+ (G -0 = ¢| <5}

and for

T={nEN:%HL’Sn:\/(xi—l)2+(ci—c)2 25}' <n}.

It is obvious from our assumption C € F(I) the filter
associated with the ideal I. If we can show that T € F(I)
then, we have the proof. For all j € C let

A; = hi,Hl €/ =D+ (i —c)? > s}|

Choose n € N such that i,_; < n < i, for some r € C.
Now,

S|r

|{i <nJ@x—D2+(¢;—c)? = £}|

! |{l<lr Vo =D+ (¢ —c)2>e}|

lrl

<

S L R CRRRE

+ +ﬁ|{l €Jr:/0 —D*+(c;—c)2 > e}|

= —|{l€]1 Vx; —l)2+(c—c)2>£}|

lr 1h
1 1
b —— {ie]r:\/(xi—l)2+(ci—c)225}|
br—1 Ny
— b1
A +— A1 + - +—A1
lT 1 r—1 -1

(supA ) < Ké.
Jjec lr—l

Choosing 1 = g and in view of the fact that
U{n:i,_, <n<i,r €C}cT where C € F(I) it follows
from our assumption Talso belongs to F(I).
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The following two theorems give us the relationship
between a'l°(I) and Ny'“(I).

Theorem 2.5. Let 8 = (i,) be a lacunary sequence satis-
fying the condition liminfq, > 1 and I c 2" be an admis-
sible ideal. In this case, mx € ¢'°(I) implies mx € Ny'(I).

Proof If liminfq, > 1 then, for sufficiently large r
there exists a § > 0 such that g, > 1 + 6. Since

h,=1i. — ir_lwehave:l—r< 9 and =1 LT 1 < .Lete>0,
and define the set "

E = {ir € N:%Z\/(xi - D2+ (¢; —¢)? <£}.

We can easily say that E € F(I) which is the filter of the
ideal I.

R (Rl

€]y

ir—1 i1 T
_her‘/(x" D+ (o _C)2= h—r;;\/(xl —D24(¢;—0)?

ZJm—m+m—m

_ lr 1 ’

| Z\/(x—l)2+(c—c)2 ( ;6)8—%5

hr fy_q

for each i, € E. Choosen = ( +6) &— (%) .
Therefore,

{r €N: —ZJ(x "2 1 (c, — 02 <n} € F()
i€)r

and it completes the proof.

Theorem 2.6. Let § = (i,.) be a lacunary sequence satis-
tying the condition limsupq, < oo and I 2" be an admis-
sible ideal. In this case, mx € N,'°(I) implies mx € g'°(1).

Proof If limsupq, < oo then there exist K > 0 such that
q; <K forallr > 1.

Let mx € N,'°(I) and define the sets T and R such that

L= {rEN—Z\/(xl D? 4+ (¢; — ¢)? <el}

i€jr

and

R= {n ENIYL, - D7+ (¢ -0 < ez}.

Let

D; = hz\/(x —D?4+(c;—c)<gy

lE]r

for all j € L. It is obvious that L € F(I). Choose n is any
integer with i,_; <n < i, wherer € L.

%;Jm—w+m—w

1 <
D V=D (e - o

ly—1 4
=

ZJ(x "2t (¢, — o)

€]y

+ ) - D2+ (o

€],

lr 1

et Y G =D+ (e 0

i€jy

o PR (CED I TR

i
r—1 ien

Z\/(x D2+ (c,—0)?

LE]Z

i, =iy [ 1
I _Z\/(xi_l)2+(ci_c)2
lr—1 h £
i€Jr
— iy

D2 +- +—D,
lr-1

i i
=1 D +2—

lr-1 r—1

(supD > i < K.
JET lr 1

Choose &, = % and view of the fact that
U{nii,_, <n<i,r€L}cR where L € F(I) it follows
from our assumption on 6 that the set R also belongs to
F(I) and this completes the proof of the theorem.

CONCLUSIONS

The fact that multisets are encountered in many areas in
daily life makes multiset sequences very important. On the
other hand, I —convergence is a type of convergence that gen-
eralizes many convergence types, and it is quite interesting how
this convergence type can be defined for multiset sequences
and what properties it will provide. For this purpose, in this
paper we introduce the lacunary I —statistical convergence of
multisequences and we investigate some important relations.
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