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INTRODUCTION

The history of graph theory is based on Plato according
to some sources and Euler according to some other sources.
However, with the discovery of non-Euclidean geometries
in the 19" century, graph theory began to be studied in
this area. One of the groups used for transitive action from
one point to another is the Modular group and its equiv-
alent subgroups. Generally, action with an element of the
Modular group is known as the Mobius transformations.
In [1], some new ideas are presented on suborbital motion
related with transitive permutations groups (G, Q). In [2],
the authors are used I'as G and Q as Q. Graphs are defined
on Hyperbolic geometry, edges and vertices forming graphs
in the upper half plane of complex plane. Moreover, the ver-
tices obtained in the suborbital graph F, ; with an element
of the Modular group I is investigated. In addition, the
author is studied the Modular groups on suborbital graphs
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In this study, we investigate the vertices arising from the action of a suborbital graph, in terms
of continued fractions, matrix, and recurrence relations. Using the approximation of Fibo-
nacci sequence by the Binet formula, we demonstrate that the vertices of the suborbital graph
are related to Lucas numbers. Then, we provide new identities and approximations regarding
Fibonacci, Lucas, Pell, and Pell-Lucas numbers.
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in [3]. The authors studied suborbital graphs and continued
fractions in [4]. In [5], it is indicated that each vertex in the
suborbital graph F, y has a continued fraction structure for
(u, N) = 1, u < N and expressed by the value of any vertex
on a path of minimal length with the Fibonacci numbers.
Furthermore, paths of minimal lengths and its vertices
defined on the suborbital graphs are investigated in [6].

An approximation in mathematics is the process of
finding a number that is acceptably close to a certain value.
Approximation has always been an important process in
experimental sciences and engineering. Because it is impos-
sible to make partially certain solutions [7]. .

In this study, by using the approximation F, = =,
p, is expressed with Lucas numbers from p, = (-1)"F,,,
where the n" numerator is p, of the continued fraction.
Then related matrix is obtained with Lucas numbers.
From here, the vertices of the suborbital graph F, y is
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expressed with these numbers. Later, some approxima-
. . .. P

tions are discovered with ﬁ S ah, forall n € N. In
addition, some identities and approximations are found by
using identities L,, = (—=1)"tr[S,], 5F,, = (=1)"tr[H,],

_ o (="

Qan ——tr[Ry]and, P, = % tr(z,] related with Pell
and Pell-Lucas numbers.

Preliminaries

The Fibonacci sequenceisknownas 1,1,2,3,5,8,13, ....
The name of the sequence was given by the French math-
ematician Lucas in 1876 [8]. The recurrence relation F, =
F,, + F,, is defined, where F, is n" term of the sequence.
In other words, the sum of two consecutive terms gives the
next term. The Lucas sequence is known as 1, 3, 4, 7, 11,
18, .... The recurrence relation L, = L, , + L, , is defined,
where L, is n term of the sequence such as the Fibonacci
sequence. For more information about Fibonacci, Lucas
and Pell numbers, [8] can be examined. The Pell sequence is
known as 0, 1, 2, 5, 12, 29, .... The recurrence relation P, =
2P, , + P, , is defined, where P, is n term of the sequence.
As for, the Pell-Lucas sequence, it is known as 1, 1, 3, 7, 17,
41, .... The recurrence relation Q, =2Q,, ; + Q,,, is defined,
where Q, is n' term of the sequence.

In recent years, the Graph Theory began to be studied
on the hyperbolic plane. G, , F,y and especially Farey
graph G, | = F are defined. [1-3] can be examined for G, ,
F, yand Farey graph G, | = F. Here, starting from oo, the val-
ues of the graph at Q = Q U {+oo} are considered as vertices,
the Hyperbolic geodesics consisting of the lines perpendic-
ular to R between the vertices and semi-circles whose cen-
ter is on R are considered as edges. [9-11] can be examined
for studies in the Hyperbolic field of the graph theory. For
more detailed information about graph theory, [12] and
[13] can be examined. Also, the ideas of [1] are studied for
finite groups in [14] and [15]. The movement of I" on Qis
transitive. Therefore, each suborbit contains the pair (eo, v)
forveQ. Ifv = %for N > 0 and (4, N) = 1, we denote this
suborbital by O, y and the suborbital graph G(ee, v), cor-
responding to the suborbital as G, . F, y is the subgraph
of G,y consisting of the block [ec] whose vertices contain

0. Thus, G,y consists of discrete copies of F, . E —>§ €

F, yif and only if x = ur (mod N) and ry - sx = N for right
directed graphs and x = -ur (mod N) and ry - sx = -N for
left directed graphs, where £ and % are vertices on F, . In

", _f(a b
addition, I"O(N)—{(C d
permutes the vertices and edges of F, . For more detailed
information, [2] and [3] can be examined.

In [2], motion with an element of the Modular group I'
on the suborbital graph F, y is studied. In [5] indicated that,
(u, N) = 1, u < N, each vertex in the suborbital graph F,
has a continued fraction structure.

In this regard, let v, v,, --+, v,, be a sequence of different
vertices of the suborbital graph F, . If m > 2, path vy > v, >

) €T|c =0 (mod N)} transitively

> v, > v, is called a directed circuit (or closed path). The
path vy > v, > -+ > v, and v, > v; > --- is called a path and
an infinite path in the graph F, \, respectively. If the graph
F, y does not have a vertex larger (or smaller) than the %
vertex that connects to the  vertex, the Z vertex is called the
farthest (or nearest) vertex. The path vy > v, > - > v, in
the graph F, y to have the minimal length, v; ¢» v; and ver-
tex v;,; should be the farthest vertex that connects to vertex
v, wherei<j-1,i€{0,1,2,-, m-2},j €12, 3,4, ---, m} [6].
Lemma 1. [4] If (4, N)=1, there is an integer k that sat-
isfies the congruence equation u* + ku + 1 = 0 (mod N).

—u u?+ku+1
ForkZZandkEZ,( N >EFO(N), the ele-
-N u+k

ment of an equivalent subgroup of the Modular group, con-
nects the vertices respectively on an infinite minimal length
path in suborbital graph F, \; and each vertex forms a con-
tinued fractional structure.

From the recurrence relations of the continued frac-
tions, the continued fraction is

1
u+ T

-1 _k—ﬁ
ne1 (—_k) =N

with initial conditions p ; =1,q.,=0,p,=0,9,=1.1f b,
= -k and a, = -1, recurrence relation can be defined as

@) ={*kG -G m=123.-}

Also, a continued fraction can be given as

by + %
O p +—2

by+—3

b3+~

fori € N U {0}, g, € Z - {0} and b, € Z. Then, the con-
tinued fraction is represents with b, + K*,_; (a/b,). In
addition, the n” aproximation of continued fraction is
demonstrated with f, = b, + K",_; (a;/b;). Moreover, i > 1, g;
# 0 and sequence ({a};en, {b;}ienujoy) and linear fractional
transformation sequences {¢,(s)},enui; and {T,(5)} ,enuio)
have formed sequence {f,}, where t,(s) =, t,(s) = a,/(b,+s),
To(s) = ty(s), T,(s) = T, ,(t,(s)) and f, = T,(0) € R=RU
{eo} forn=1,2,3, - From here, (({a};en, {b}ienuio))> 1)
can be written. This sequence corresponds to the continued
fraction. Here, the element g; is called the partial numer-
ator and the element b, is called the partial denominator.
Furthermore, transformation 7, (s) can be showed as
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a,
T.(s) = by + ———
b a3

bat—p

Bnts
However, T,(s) can be written as
T,.(s) = (t 0t 0t,0...0t,)(s), where “0” is com-
pound function. Then, (to0t;1)(s) =to(t1(s)) and

t"(s) = (toto ot) (s) are found. In addition,

n kere
Pn-1 Pn

Gnr Qn) is achieved by using

Xp = XXXz X =

tp(s) = " and x, ((1) Zn), where the element p,, is
n

called the part1al numerator and the element g,, is called the
partial denominator of continued fraction.

Corollary 1. [6] From the matrix relation of the recur-
rence relation,

Cor )= ) @
is obtained.

Theorem 1. [5] If k = 2 then p, = (—1)"n and k > 2
then

P = (127 ) (k2 — Ay (k= RE = ),

Lemma 2. [5] F2nPni1 + Fang2Pn =0, Where pyis the
n numerator of the continued fraction Ky~

Theorem 2. [5] Let F,, is the n" Fibonacci number, then
for k = 3, the following equation is written,

O R O

(_1)nFZn )
"\ -3 TR,

D"Fpnie) O

where p,, = (—=1)"F,,,. Here, it is easily seen that the

determinant of the matrix S, is 1. + Fon
From Theorem 2, a vertex can be obtained as “*Fan+z in
suborbital graph F, . N

Example 1. If u = 6 and N = 11, then for k = 3 and
u? +3u+1=0(mod N), we obtain path of minimal
length in suborbital graph Fg ;, as

— o — ERN - — .-

11 11 11 11 11

The value of the (n+1)" vertex that n™ vertex can be
2n
Fan+2

connected as the farthest vertex is . From here, n is
taken as 14 to obtain value of the 15" vertex as

710647

~Fao _ iae0is — () 5801787282955228.  (4)
11 11

1] 31 134 451

BE 241 605

Figure 1. The vertices on the path of minimal length on the
suborbital graph Fy |,

In [16], a new matrix is given which produces Lucas
numbers and new identities by using trace of the matrices
are obtained.

Theorem 3. [16] If L, is the n™ Lucas number, then

- —1\"_ (D" Lony (=1)"Lay
G D0 -(Cowty S = ©

and

det(Hp) = L3n = Lyn_zLonsz = =5 (6)

where n € Z*
Corollary 2. [16] The following equations is written;

n = (EDrtr[S,] (7)

5F2n = (_1)ntr[Hn]- (8)

In addition, the matrix (2) is studied for k = 6. In this
case, the elements of the matrix as the elements of the Pell
sequence are obtained. The identity (10) is discovered by
using the identity P,_; + P41 = 2Q,,.

Theorem 4. [16] For Pell sequence P, and Pell-Lucas
sequence Q,, then we have,

(GOl =D

0 -1 n 2 P2n—2 2 PZn

G o) (—1n+t (-1n no
— e T P2

(—6 2) (0 —1)"= (2(_1)n_1QZn—2

2(=1D"Q2 \ _
-2 6/\1 -6 2(=1)"*1Q,, )‘Z"

2(_1)nQ2n+2

Corollary 3. [16] The following equations are valid;

—1)n

Qun = S tr1R,) (10)
—1)n

= 1z, (1
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RESULTS AND DISCUSSION

In this section, the matrix (2) can be expressed with the
Lucas numbers for k = 3 and naturally the vertices of the

suborbital graph can be found by the Lucas sequence.

Theorem 5. [8] If the identities F,,, = F, - L, and
3+V5

_ . 3—5 .
E, = a"—B" \ith a = and B = T\/ are taken into

a=p

account for n € N,

an_ﬂn

an
V5
is obtained for n > oo. If the last approximate value is

substituted in the identity F,,, = F, * L,, it becomes,

F2TL=FTL.LTLE

Taking this as our starting point, from p,, = (—1)"F,,
(5]

Table 1. The values of vertices v;and v;*, i=1,2,3,4

an

P = (_'1)11\/5

Ly (12)

where n™ numerator of the continued fraction is p,,.
From here, in the suborbital graph F, y, the approximation
representation of the (n+1)" vertex with the Lucas numbers
is found as

— F
Pn+1 Fant2

N N
n
a
(_1)n+1ﬁ-l‘n
a1
NG “Ln+1

N
+u

+u (13)

(-Dn+1

Ln

aln+1

N

In the following graph, v;, i=1,2,3,4 represents the verti-
ces obtained by Fibonacci numbers. Similarly, v, i=1,2,3,4
represents the vertices obtained by Lucas numbers. The
vertices v; and v;* have been submitted in the following
table fori=1,2,3,4,u =6, N=11 and a =1.6180339887.

Also, it can be seen that 22 converges to 1 for i = 1,2,3,4.

Now let us investigate the value at which the vertex val-
ues obtained with the Fibonacci and Lucas numbers con-

verge on an infinite path of minimal length.

Vertex n=1 n=2 n=3 n=4
Fon v, = 0,545454... v, =0,579545... v; =0,580086... v, =0,580165...
Fons2
N
u+ Ln v =0,564182... v,* =0,587593... v3* =0,577560... v,*=0,581208...
Alnt1
N
'v1 vi V2 V@x VaVavy 'H

Figure 2. The vertices obtained by Fibonacci and Lucas numbers on the minimal length path on the suborbital graph Fy ;.
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Conclusion 1. The vertices obtained with the Fibonacci - an1 Lan
and Lucas numbers converge to the same value for 7> o on ‘= =D N Lns (=D N Ln u
the infinite path of minimal length in F, . n= yntt a™ L Iy ntl L = (14)
Proof. For the vertex value obtained with the Fibonacci =D N =D N
numbers,
Making use of the identity
u+FF£ u+ lim FFZ"
. 2n+2 Nn—00 'an42
fim et = 22 b= GO,
1
Ut T Flan
_ n-e  Fnln the matrix obtained in (14) can be written as
N 1
ut lim Pt |y Lnt1 a L a" I
_ n-oo Fn n-ooo Ln - _ — " L_
— N M = \/g 1-n \/g n
1 n - a™ atl
ute —— L, ——— Ly
= -n -n—
- N V5 V5
= N From (14), if n = 14 and « =1.6180339887,
a13 a14
is obtained. Likewise, for the vertex value obtained with —— Lz —='Ly,
L b M.o=| V5 V5 _ (—121392 317811)
ucas numoers, 1 L o5 —317811 832039
— ="l T—="L1s
5 5
U+ —= U+ lim —=& Vs V5
lim lnt1 _ n—oo Alnyq
noe N 1 N matrix is found. By (13), for u = 6, N = 11, the value of
u+ lim "‘LLn+1 the 15" vertex in (14) is found as
_ n-oco Ln
= N .
u+ 1 P +u In +u
a lim ntl Pn+1 ~ Alnyq
— n-oo Ln N o N
N 1 ————+6
u+— _ (1.6180339887)1364
= d 11
N = 0.58017879582326.
3—5
ut——
- N This value, obtained with Lucas numbers, is very close

is obtained.

Here we used the approximation (12) approach to con-
struct the matrix M,, which is approximate to the matrix
S,- With this approximation for an arbitrary value of n, the
n" vertex on the path of minimal length in the graph F, y
can be approximated without need for the special peri-
odic continued fraction used previously. Moreover, with
the matrix M, obtained for this arbitrary » value, both the
n™ approximate vertex value and the (n+1)" approximate
vertex value, which is the farthest vertex connected to it in
this path, are reached. In previous studies, for the special
value k = 3, the relevant n” vertex value was reached with
the matrix S, formed by the terms of the Fibonacci number
sequence, this approximate vertex value is reached with the
M,, matrix whose terms consist of the terms of the Lucas
number sequence.

By using (3) and (12), we can easily obtain.

to the one that is obtained with the Fibonacci numbers in
(4).

Conclusion 2. The determinant of matrix M, is a*" for
even numbers and -a*" for odd numbers.

Proof. The determinant of the matrix M, is found as

n-1 n+1 n n
Mol = (~1)" S Ly (1" Ly =~ = L (DM L
n \/g n—-1 \/g n+1 \/g n \/g n

(12" OfZ"
= (_1)2"_1? “LnoqLlngs — (‘UanT L3

aZn aZn 5
=5 Lealnn+ L

azn
= 5 (le = LyqLpy1)

is obtained. Since L3 — Lp_1Ly.1 = 5(—1)"%,

2n

a n
|M,| = ?5(—1)
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is achieved. So, the determinant is &*" for even numbers Let us found both sides of the approximation. The right
and - for odd numbers. side of the approximation is found as
Conclusion 3. For all # € N, the approximation

an*l an
~ n— _1\)n (_1)1171 “Ln—y Dr—=-L,
aFynlpyq — Fopialy =0 (16) ((71) nifz“'z ¢ 1,)1 Fan ) ﬁn n\ﬁ
D™ Fy (1) "Fops (_1)"““_.1‘ (—1)"a—-L
\/g n \/g n+1
1 1 n-1 n n n+1
18 Obtalned. %an—zl‘n—l - %anl‘n _%an—zlfn + WFZnLrwl
= n1 n n n+1
Fon _ —Pn ~ Ln . : a_FZnLn—l —a—Fzman _a_FZnLn +——=Fans2lni1
Proof. From (13), 22 = —% = " _ js obtained. N N NS 7
Fon+z Pn+1 Qln+a
Then, aFy,Lytq — Fonyo Ly = 0is found.
Corollary 4. For all n € N and p s the n" numer- Similarly, left side of approximation is found as follows:
ator of the continued fraction Kj2, (_—3 , the following
approximations (0 —1)2"= ((_l)n_lFZn—Z (=D)"Fzn )((—l)"‘lFZn-z (-D"Fpy )
1 -3 (‘DnHan (_1)ann+2 (‘Dnﬂan (_1)nF2n+2
. Pon-1  P2n+1 _ Ff ,—Ff, —Fon-2Fon + FonFonsz
L LZTL = \/g (L - L) (FZn—2F2n = FonFonsz Fini2 — F3, '
Uon-1  O2n+1
3 P o= n N 1 From identities F2 ok — E? = FypFoniar  and
t "~ 5p, HPn-1 T 7 Prt1 Fppin — Ep_p is L,,F, when n is odd otherwise L,,F, in 8],

2 -
FZn—Z - F2n = _F4n—2

5
11 Ln—an+1 + (_1)11 = azn Pn-1Pn+1 T (_1)11
—Fon_2Fon + FanFaniz = Fon(=Fan_z + Fany2) = FonlonF, = Faploy

iv. (—1)"+1(aFn - Fn+1) =0 Fon-2Fon = FanFaniz = Fon(Fan—z = Fans2) = —FanlonFy = —Fanlay
Pn Ln—l F22n+2 - Fzzn = Finya-
\% L, = — + alL
n tr [Mn] n+1
Then, approximations i., ii., iii. and iv. are
are obtained. o o1 o )
n— n—1
The approximations are submitted in Corollory 4 can be Fin2 = TngnLn F Fpp-aln_1 = N (FZnLn v )
proved easily by using (12) and p, = (=1)"F,,.
Corollary 5. The following approximations are found Ly, = _at Fyy Ly + antt - at (@Fy Ly — FyyyLy)
from matrices S, and M,,. V5 V5 V5
a™ ant a™ FopLp_
i F4-n—2 ~ 3_i (anLn FZn—ZLn—l) FZnLZn = \/_§F2n+2Ln - WFZnLn—l = T§<an+2Ln — 1)
a
5 n an+1 a’ﬂ.
Fynsz & ——=FynLy + —= Fonsalns1 = —= (@Fynsolnss — Fanln
an 4n+2 \/g 2 \/g 2n+2 +1 \/g( 2n+2 +1 2 )
11 FZnLZn = _5 (aFZnLn+1 - FZn—ZLn)
attained. Also, by using ii. and iii.,
a" FZnLn—l FZnLn—l
111 FZnLZn = — (F2n+2Ln —) aFZnLn+1 - FZn—ZLn = F2n+2Ln -
V5 a
Fo L, _
an aFZnLn+1 + ol = F2n+2Ln + FZn—ZLn
v F4—n+2 = _5 (aF2n+2Ln+1 - FZnLn)
Ln—l
L Fop(a@Llpiq + )" Ly (Faniz + Fon_p)
-1
V. al,,, +——=3L,
a

is found. Then,

Proof. The multiplication of matrices S, and M, is

obtained as Ly4
Fon (L +222) = L,3F,
et nan.
O s (G e GO O T b GO Ly,
1 _3 - _1 7I+IF n _1 nF 4 n n+1 N n— _
-1 21 (G2Y) 2n+2 (—1)”+1a—\/§-Ln (_Dn \/g Lyt aLn+1 + p = 3Ln’
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where Fy 45 + Fop_y = Ly Fyp, = 3F,,. is obtained. Then,
Some New Identities of Fibonacci, Lucas, Pell and Pell- tr[R,]tr[H,]
Lucas Numbers Fan =

In this section, some new identities of the special num-

ber sequences are obtained. is found.

Theorem 6. For all n € N and p,, is the n” numerator of Theorem 7. For all n > 2,
the continued fraction K2, (:—;), identities L
—pa —tr[H,] 2Qzn + 16P;, = 2 [Pan+2 = Pon—2] + 2[Qan42 + Q2n—2]

" Pns1 tr[Hngd]

is found.

1. Fontr[Hpy1] = Fongotr[Hy,] = 0 Proof. Let us obtain matrix R, + Z,,.

P tr[Ry]tr[H,] (—1)n-t (=1
ii. = Rz | 2 P T P} (2(—1)ﬂ-102n_z 2(=1)"Qzn )
o GOl P =" 2™ 2(-1)"Q2ns2
2 2n 2 2n+2
. —1\yn—1 —1\n
are obtained. O e 4 21" e 4210,
Proof. i) From (8), p,, is defined as follows: =l o —1n
— Pat 2(=1)"1Qzn — Pt 2(=1D)"Qzn+2
Pn = (_1)nF2n
(—1)er[H, ] The trace of matrix R, + Z,, is found as
= —1 n
( ) 5 (_1)11—1 - (_1)11 N
— Pt 2(_1) Q2+ —Popi2 + 2(_1) Qzn42-
_ tr[H,] 2 2
=—"

tr[R,] = 2(=1)"Q,, is obtained from (10). Similarly,
From here tr(Z,] = 16(—1)"P,, is obtained from (11). From
' tr[R,] + tr[Z,] = tr[R, + Z,],

—Pn
n = Pn+1 n n (_1)1’!—1 n-1
2(=1D)"Qzp + 16(—1)"Py,, = szn—z +2(=1)"" 02—
H,
tr[s . D" P. 2(=1)"
= tr[Hn41] + T sz +2(—1)"Qzn+2
5 1 1
2Q2n +16P;, = =5 Pyn_p — 20502 + 5 Ponyz + 20504,
—tr[H,] 2 2
=" 1
tr[Hpqq] =5 [Pen+2 — Pan—2] + 2[Qzn42 — Q2n—2]

2

is obtained.

Thus, in the suborbital graph F, ,, the representation of
the (n+1)" vertex by using trace of matrix H, is obtained as

is achieved.
Corollary 6. The identities

L Lypsr = CDMEr[Spaa] + tr[S,])

_tr[Hn]
—Pn r—s +u .. (_1)n+1
T il oy = =g (tr[Hoya] + tr{H,])
N N
(17) . N n
—tr[Hy] are obtained, where identity L,, = (—=1)"tr[S,]
_ triHn44] tu is obtained with trace of matrix S,, the identity
B N ' 5F,, = (—1)™tr[H,] is obtained with the trace of matrix
.. Fon _ —Pn _ tr[Hn] | . H”
i) From (16), "~ = =" = {7 is obtained. Then, Proof. i) (7) is found as Ly,,, = (—1)"*1tr[S,,,] for
Fyptr[Hy 1] — Fapyotr[H,] = 0is found. n—n+1 Hence,
iii) Using the identities given in (7) and (8), Lonsz = Lon = (D)™ tr[Syq] — (D)"tr[S,,]

= (=DM r[Spa] + (D) Hr[S,]
5F2nL2n = (—1)"tr[5n](—1)"tr[Hn] = tr[Sn]tr[Hn] = (—1)"+1(t7‘[5n+1] + tT[Sn]).
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ii) (8) is found as 5F,,,, = (—1)"*'ir[H,,,] for
n - n+ 1. Hence,

Fonio —Fop = (_1)n+15tr[Hn+1] _ (_1)n5t7”[Hn]
(—D)™'tr[Hpyq] | ()" 'tr[Hy)

(tT [Hn+1] +tr [Hn])

5
3 (_1)n+1
-5

CONCLUSION

In the suborbital graph F, y, it is given that the condi-
tiong - 5 € F, yifand only if x = ur (mod N) and ry - sx =
N for right directed graphs and x = -ur (mod N) and ry - sx
= -N for left directed graphs must be satisfied in [2] in order

to connect two consecutive vertices together. In addition,

uZ+ku+1
fork>2and k€ Z, (—u N ) € IL(N), the element of
-N u+k

an equivalent subgroup of the Modular group, connects the
vertices respectively on an infinite path of minimal length
in suborbital graph F, , and each vertex forms a contin-
ued fractional structure. [4], [5] and [6] can be given as
references.

The vertices of a suborbital graph by relating it to a
value of k can be achieved much more easier. Especially,
these vertices are associated Fibonacci numbers for k = 3
and Pell numbers for k = 6.

The matrices formed with the elements of the Pell and
Pell-Lucas number sequences and the identities have been
obtained with the traces of these matrices were examined.
Also, identities related to these special number sequences
have been achieved. Moreover, by these special number
sequences, approximations were obtained, which are used
extensively in engineering and applied sciences to approx-
imate a real value. As a result, the vertices of the subor-
bital graphs have been examined with different number
sequences and contributed to the graph theory. Studies
with number sequences such as Fibonacci, Lucas, Pell and
Pell-Lucas have been increased intensively in recent years.
The studies [5], [6], [8], [16], [17] and [18] can be given
as references. Literature contribution to sequence spaces
and number theory with the help of obtained identities and
approximations has been provided.
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