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INTRODUCTION

ABSTRACT

This work studied in detail for the first time the bending of laminated composite plates sub-
jected t mechanical variations by new theory Trigonometric and Trigonometric-Hyperbolic
functions of shear deformation. From the Euler-Lagrange hypothesis and the equations of the
shear deformation theory, we will develop a present method. One of the most important prob-
lems of composite plates is the analysis of their bending behavior. The correct approach used
to study their bending behavior includes two trigonometric and trigonometric-hyperbolic
functions satisfying the null shear stress condition at the free edges. In this paper the bending
problem is solved analytically by developing a computational code and numerically solved by
Finite Element Method. In order to simplify the study of the bending behavior, an approach
taking into consideration the effect of the transverse shear deformation without the shear
coefficient of correction with only four unknowns has been developed while requiring five or
more unknowns for other theories. Convergence analysis has been carried and the results are
compared to open literature available for plate bending analysis. The approach proves to be
simple and useful in analyzing the bending behavior of composite layered plates.

Cite this article as: Bessaih B, Lousdad A, Lairedj A, Abdelmalek A. Higher order theory
based analysis of laminated composite plates using functions trigonometric and trigonomet-
ric-hyperbolic. Sigma J Eng Nat Sci 2024;42(3):822-830.

structures which are subjected to mechanical stresses. In
some cases, the mechanical load turns out to be one of the

Laminated composites due to their strength and high
specific stiffness are increasingly used in various weight
sensitive applications such as automotive, aeronautics and
aerospace. Most of these applications have to operate in
hostile environments; consequently the components of the
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factors governing their design.

Many studies, based on deterministic analysis, have
been carried out on the modeling and analysis of plate
bending. The formed laminate plates require precise
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structural analysis to predict the correct bending behav-
ior. Researchers have developed various plate theories
to predict the correct bending behavior of thick plates.
Kirchhoff’s [1] classical plate theory (CPT) is unsuitable
for broad plates due to neglect of transverse shear defor-
mation. The first-order shear deformation theory (FSDT)
developed by Mindlin [2] is also inappropriate for analy-
sis because it does not gratify zero stress conditions on the
top and bottom surfaces of the plate and the shear depen-
dent on the problem-required correction factors. Reissner
[3] developed the FSDT, which takes into description the
shear deformation effects. Distinct from the FSDT, the
HSDT satisfies the equilibrium conditions on the top and
bottom surfaces without using a shear correction factor. In
addition, Reddy [4] developed a third-order shear defor-
mation theory (TSDT) using polynomial functions for dis-
placement fields. On the other hand, most of the HSDTs are
computationally expensive due to the additional unknowns
introduced in the theory context.

In recent times, employing the refined form of the shear
deformation theories has been the subject of much research.
In the intervening time, different forms of polynomial,
trigonometric, hyperbolic, and exponential functions are
implemented to investigate the mechanical behavior of dif-
ferent structures for displacement fields [5-10].Analyzing
the geometrically nonlinear behavior of laminated compos-
ite plates using finite element analysis has been studied by
a variety of approaches [11-26].For example, but not lim-
ited to valuable works on composite materials [27-39] In
the present study, two functions have been included and are
made to verify the efficiency of the theory of shear defor-
mation of the most minor variable functions for the analy-
sis of bending, cross-folds, and laminated composite plates.
These functions in terms of thickness coordinates are used
in the kinematics of the theory to account for the effects
of shear deformation. The theory applies the distribution
of transverse shear stresses and satisfies the conditions for
zero shear stress on the top and bottom surfaces.

The theory does not need a problem-dependent shear
correction factor. The governing equations and the bound-
ary conditions are obtained. Using a trigonometric solution
to solve the variable equations. Finally, the numerical results
obtained are compared with exact solutions in the literature
to analyze the bending of laminated composite plates.

THEORETICAL FORMULATION

Consider the rectangular plate of sides “a” and “b” and
of the thickness “h” indicated in Figurel. The plate consists
of a number k of homogeneous layers. The plate is sub-
jected to a transverse load q (x, y) on the superior surface
of the plate.

The displacements u in x-direction and v in y direction
consist of extension (u,), bending (u,) and shear compo-
nents (u,).

¥V

Laminated plate

xu

Figure 1. Geometry of the laminate plate

U=y +u, + U

V=V 4V, 4V (1)

The transverse displacement w comprises two compo-
nents namely: bending (w,) and shear (w,)

w=w, +W, )

Analytical Solution

Based on the assumptions mentioned above, the follow-
ing displacement field associated with the present theory is
obtained.

ow, (x, y,t) —(f(z)) ow, (x, y,t)

u(x, v,z t) =u, (x, v,z t)— z

ox ox
2=yl z)- s 2] amlin) )
v ay

w(x,y,t)= Wh(xﬁy’t)"'ws ()C,y,l)

() is replaced by f,(z) and again by f,(z)

With
N2 (z)= z—ﬁsmn—z
h
' (3.2)
&(z)= 1)
£ (z)=z-0lz)
&)= ) o
By way of
2z sinh(;)
olz)=z- (3.0)
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The non-zero normal and shear strain components are
obtained using the strain displacement relations.

2 2
u ouy S e
‘. P, ox 0x 0x
v BED a’w, ) a*w,
€, p=4— =]— -z 5 - flz 5
dax dx )% ay
Yy 0_u+2 %-‘-% 5 aZWb (")ZWS
W & %y ox daxdy daxdy (4)
LN I Y
Y52 dz 9 d
| _ ‘ ’y =g(z) Y
Ve 0w, 9w aw,
dJz  Ox Ix
And

o k 0 kg k .

x O O * T, O, 0 ' Yy '
o,t=10, 0, 0 |le lAnd < (lo 0 - (5)
T 0 0 O Yo N e

Xy

Where Q;; are the reduced elastic constants of the plane

stress in the axes material of the plate, and are defined as:
VIZEZ EZ

—7
1=v,0y,

E
Q11 = :
l=v,v,,

>Q12 =

l=v,v,,

Qee = Glza Q55 = G133 Q44 = G23

s Q22 =
(6)

Where E,, E, are the Young’s modules along and trans-
verse direction of the fiber G,,, G,; and G,; are the in-plane
and transverse shear modules v,, and v,, and the Poisson’s
ratios. The force and moment resultants of a current theory
can be obtained by integrating stresses known by Eq. (5)
during the thickness and are as follows:

Mh

xx =i? Z" iz I M =i? Zx zdz;
v ¥ ’ v Y ’
Nyl T e | T R,
Ml el 01 &% . ’

Where A, is the thickness ordinate of k layer, the terms
(N, N, ny) and (M f , M i’ M fy) are the in-plane force and
moment resultants related with the classical plate theory
whereas, (Q,, Qy) and (M, M, M) are the transverse
shear force and moment resultants allied with the trans-
verse shear deformation.

Equations of Motion
The equations of motion governing the coherent varia-
tions and the boundary conditions related with the existing

theory can be derived using the principle of virtual work.
The analytical form of the principle of virtual work can be
written as follows:

X

flode, +0,8e, 47,8y, +7,0y .+ by Jdedvdy

=z
o

ab

- & dw_ )dyd.

{{q( w, + ws)yx

(8)

82(Wb +W:)

6y2

0 az(wb+ws) 0

ab xx 2 »w

(6wb + 0w, )dxdy= 0

Where 0 is the variation operator .The Integrate of Eq
(8), by parts and by collecting the coefficients of du,, dv,,
ow,, and ow, the governing equations of equilibrium and the
boundary conditions (Euler-Lagrange equations) related to
the present theory are obtained by using the fundamental
lemma of the calculation of the variation. The equations
governing the equilibrium of the plates are as follows:

N
6u0:£+i=0 )
ox  dy

(10)
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b ax’

3*M;

2
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oxady

+ N2 (11)

0
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+
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LN 6‘2(wb + ws)

xy
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By substituting the resultants stress in terms of displace-
ment variables of Eq. (7) in Egs. (9) -

(12), the governing equilibrium equations can be rewrit-
ten as follows:
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au, 0u, ( a’v, Atx=0and x=a:vy=w,=w,=M"=M:=0 (19)
duy i =4, > 66 >~ \p 66 )_
ox ay daxay
?’w, 90° a*w
+B,, 3" + Q”+(Blz+2B66)—bz+ (13) Aty=0andy=b:u0=wb=ws=va=M;=0 (20)
ay 0xdy
3 3
As,, J M;S +( As,, +2 AS66) J sz - Following the technique of the Navy’s solution, the
xdy governing equations of the laminate simply supported by
the composite plates in the case of bending analysis are
. (A ) 8%, 8%v, 8%v, obt:inef)l by Eliminating the compression loads in the plane
v, i —\4,, +
0 12 66/ oxdy 2 oy’ 62 (N, N, N, ) resulting from the equations. (13) - (16).
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ayaxz ( ) 11 8x2 66 . 2 8y ( 12 66 )axay
63 3 3 3
s w, 9w
Asy (ASIZ + 2Ase6) 7 =0 + B, — (312 +2B )—b + (21)
ox’ axdy”
s, (s, +24 )—BSWS 0
3 3 3 3 4 S +\48,, + S =
b, =B, 0 (8, 428, ) g, O (g, 42m, )0, D 1oox? . o axady’
ax dxdy ay dyox” ax
Dp L o(p, + 20, ) P, gy L0 +2(Bs,, +28s )i
} 12 66 Zay 1 ay4 11 66 ax26)72 (15) 2 2 3
Bsui—w;=q+N?\ a (w,, -:Wr) Nv?, al(wh;- WV)+2N3 32(1;);,;” ) (A12 . Aéé)a U, _ A22 aﬂ _ 668& N 228&
Y ’ " Ao oy’ o’ oy’
3 (22)
(B - ) O, ; ( ) Ow,
dw _Asni_(Asl +2Asm) ; = dsy, (?; (Aylz"'z"“ﬁﬁ) i;‘/u + 55y a;:h + " ’ . yax +A522 As12 ' 2AS66 6y3x2 =0
Bs G +2(Bs +2Bs )m+455 64l+2(/{ss +24ss, )ﬂ
g 12 66 oy T S12 66 oy’ (16)
+ dss. N “g+ 0 az(w,, +w )+N° az(wh +W°)+2N° az(w,, +w\) a3u 6311
02 2 2 »w .vz Xy X 0 0
§ k oy - Bn 3 (Blz + 2866 )—2
ox axdy
Where Ay, By, As;;, Dj, Bsyj, Assyj, Acc, are the stiffness a%v, ( ) v, a*w,
coefficients of the laminate which are given as: =By —5 —\B, + 2B + Dy —
9y’ ayax’ ox
9w a*w a'w (23)
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Flexural Analysis of Laminated Composite Plates

The Navier’s solution technique is used for bending
to analyze the laminated composite plates simply sup-
ported on the four edges satisfying the following boundary
conditions:

The plate is subjected to a transverse load q (%, y) on
the upper surface, i.e. z = -h / 2. The transverse load is pre-

sented in double trigonometric series as shown in Eq. (25).
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glx.y)= 3 Sq,, sincursinpy

(25)
m=ln=1

Asa=mm/a,=nn/band q,,is the Fourier expansion
coefficient.

If m = 1, n = 1) sinusoidal distributed load g,,, = ¢,.

While g, is the maximum load at the center of the plate.
The following solution form is assumed for the variables of
unknown displacement u,, vy, W, w, satistying exactly the
boundary conditions of simply supported plates.

u, u,, cosoxsinfy
Vo | QAR |V sinolx cos By
DR (26)
Wy | miast | wy,, sinouxsin By
w, W, sinaxsin fy

Also

u w,  are the unknown constants to be

mmw Vmw Womn> Wsmn

determined In case of sinusoidal distributed load, the pos-
itive integers are unity (m = 1, n = 1) The Substitution of
this form of solution and the transverse load g(x,y) in the
governing equations (21) - (24) leads to the set of algebraic
equations which can be written in matrix form as follows.

Pu Pu Pi Pu||Ym
Po Pn Pun Pul||Vm |_
= (27)
Pz Py Py P || Wi 9o
Py Py P Pu||w 9,

Where the elements of the stiffness matrix [P] are the
following: P, = (A, + Ag)ap,

P = A 4 B py = (A + g Jop,pyy = [0 By, + (B, + 2B Jop?],

P = —[asA.c“ + (A.clz + 245 )aﬁz],pzz = ApP’ + A0 py = —[[Y‘lx‘22 + (Bu + ZBhb)ﬁuz]
Py = 7[63/1522 + (AS,2 +24s ¢ )ﬁul],pn =D,a’ + 2([),2 + ZDM,)otZB2 +Dy,B*,

Dy = Bs,at +2(Bs,, + 2Bsy ) B + Bs B,

Py = Assa’ + 2(/41\'5,2 + 2Assﬁb)0(2l32 + AssyB* + dcega’ + Acey B,

(28)
Pa = P> P31 = Pi3s Py = P3s Pay = Puas Py = Poas Py = P

By Opening the solution of Eq. (27), unknown con-

stants u W,y can be obtained.

mn> V> Womn>
By means of the constitutive relations (3) - (5). The
transverse shear stresses T, T,,, are obtained.
The following material properties are used for bending
analysis of simply supported laminated composite plates

subjected to a sinusoidal distributed load
E =%E, G,=G,=05E,, G,=025E,

(29)

2
v, =025, v, =—=Vv,,

The Displacements and stresses are presented in the fol-
lowing non-dimensional form:

(b hy uEN —(a b 100wh* _(a b B\ oN
ufY,—,—— =_3’W _5_70 =—470x P ='_2’
22 G, 22 q,a 22 2] qua
no_ T h
67 E’é,_ﬁ = 0'} 2 Ty 0’0’_£ =L77sz O!éao =TXZha (30)
2727 2) gt " 2) gt T\ 2 q,a

Comparative Analysis

In this step, based on the mathematical formulations,
a computer program with the MATLAB language is devel-
oped. In this work we have chosen the Shell 99 element and
a 40x40 mesh for symmetry reasons, we modeled only 1/4
of the plate or the Ansys library [40] (version 14.0) offers
more than 150 elements of different types defining an appli-
cation category. These standard elements are differentiated
by the number of degrees of freedom applied to each node
of the test structure the field of use (structural, mechanical,
magnetic, thermal, electrical, etc.) or even if the elements
are defined in a 2D or 3D space.

To study the bending behavior of simply supported lam-
inated composite plates using two different function the-
ories, we are interested in comparing the results obtained
from two-ply laminated plates of the same thickness and
chosen orientation with results available in the literature,
illustrated in Table 1 and Figures (2 to 8).

RESULTS AND DISCUSSION

The applicability of the proposed method for analyzing
plates laminated with one is demonstrated, using a [0°/90°]
laminated plate under several sets of boundary conditions.
The plate has a length / thickness ratio a/h and an equality
of width / length ratio (b = a), and is subjected to a sinu-
soidal transverse load distribution as defined in the equa-
tion. Note that simple types of supports are used in these
examples. The results mentioned above indicate excellent
agreement between the current results and those obtained
by other solutions from authors indicated on the figures.
Many analyzes are performed in this study by using a finite
element model of the plate . The model was developed using
linear layered structural shell elements in ANSYS 14.0.
From the results of a simply supported two-ply symmetrical
laminated composite plate it was observed that the bending
is greater for this chosen modulus ratio .A comparison of
the same with that of the literature values of Reddy, Pagno
and Mindlin in respect of normal displacement are in good
agreement. The present solution gives about 0.5% higher
values in comparison with the results of Reddy, Pagno and
Mindlin.
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Table 1. Comparison of non-dimensional displacements and stresses for the two layers [0°/90°] square composite laminated

plate (b = a) subjected to a sinusoidal distributed load.

Casl a/h=4
arameter nsys rigonometric rigonometric Xac 1rc (1)
P t Ansy Trig tri trig tri Exact HSDT  FSDT CPT Kirchhoff
H li P R Mindli
Present Function Present YP el:bo 1¢ agano Gl findlti
Function Present
u 0.0120 0.0115 o.o117 0.0114 0.0088 0.0088
w 2.0911 2.0706 2.0728 2.0670 2.0256 1.9682 1.0636
ax 1.0312 1.0139 1.0271 0.8410 0.9172 0.7157 0.7157
6‘, 0.1200 0.1108 0.1129 0.1090 0.0932 0.0843 0.0843
‘EXV 0.0910 0.0801 0.0819 0.0591 0.0713 0.0525 0.0525
‘EXZ 0.1322 0.1290 0.1301 0.1200 0.1270 0.0910 ...
_yz 0.1452 0.1366 0.1389 0.1350 0.1270 0.0910 ...
Cas 2 a/h=10
u 0.0121 0.0099 o.oror 0.0095 0.0088 0.0088
w 1.2828 1.2483 1.2528 1.2250 1.2479 1.2083 1.0636
ax 0.8510 0.8008 0.8100 0.7302 0.7652 0.7157 0.7157
(_)'y 0.1100 0.0909 0.1045 0.0886 0.0889 0.0843 0.0843
‘Exy 0.0811 0.0698 0.0709 0.0535 0.0680 0.0525 0.0525
T, 0.1414 0.1351 0.1386 0.1210 0.1310 0.0910 ...
_Vz 0.1416 0.1343 0.1370 0.1250 0.1310 0.0910 ...
—B— Ansys Present —&— Ansy= Fresant
0,0122 - —&— Hyperbolic Function Present - ’ Hype tbolic Function Fresent
-3.-:12-3-: [ —#—Trigonometric Function Present 7 A Trigonometric Function Present
0,0118 HSDT Reddy -
-3.-:116_: : FSDT Windlin and CPT Kirchhoff 20 'I - E};a;rpﬂajd:rr
sana’ ‘ R
0.0110 . frenne
00108 J
_ 00106 ]
U oot =
00102 J woie
0,0100 J
0.0008 J
0.0085 ] 4
00094 ]
0.0082 ] N
0.0080 ] 12 4
00088 J — T T T y T T T T T T T
4 5 [ 7 g E] 10 T T T T T T T
4 5 5 7 H E 10
a/h
a'h

Figure 2. Comparison of non-dimensional displacement &/
for the two layers [0°/90°] square composite laminated plate
(b = a) subjected to a sinusoidal distributed load.

CONCLUSION

The study conducted in this article sheds light on the
mechanical behavior of laminated plates subjected to bend-
ing. The approach developed and the results obtained
significantly contribute to the study of the bending of

Figure 3. Comparison of non-dimensional displacement w
for the two layers [0°/90°] square composite laminated plate
(b = a) subjected to a sinusoidal distributed load.

laminated plates made of composite materials having an
anisotropic mechanical behavior. Results for deflections
and stresses of the laminated composite plate as a function
of thickness ratios are obtained.

The calculations of the approximate solutions (displace-
ment and stresses) are carried out by a program developed in
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—#— Hyperbolic Function Present
1.05 —8—Trigonometric function Present
- —k— Exact Pagano
1004 " —w— HS DT Reddy
—a#— FSDT Mindlin and CPT Kirchhaf
0395
¥
0.80
E!
0,55 4 .
0,50
075 o
“ 4
0.7a T T T T T T T T T T T T \
i 5 ] T 3 a 10
ath

Figure 4. Comparison of non-dimensional stress for the
two layers [0°/90°] square composite laminated plate (b =
a) subjected to a sinusoidal distributed load.

—&— Hypemaolc Function Present
0m_ —8—Trigonometrie functian Present
] —k— Ezact Pagano
03 —y— B30T Reddy ]
| FSDT MRdin
07 —si— CPT Kirchhofr -
08+
= 05 4
ﬂ" 4
044
03
02
a1 4
w+—-r"r—7——71T—"—7—
4 5 ] T a 9 10
a/h

Figure 5. Comparison of non-dimensional stress for the
two layers [0°/90°] square composite laminated plate (b =
a) subjected to a sinusoidal distributed load.

—&— Hypermolic Funcllon Present
—=—Triganometns functian Present
—i— ExactPagano

—y— HEDT Reddy

—#— FSDT Mindlin and CPT Kirchho il

0082 o -
0,080 4 [ ]
0073 4
0076
0074 4
0072 4
0070 4
0,063
0086 o
0084 4
0082 4
0,080 4
0053 4
0056 o
0054 4

rl

a/h
Figure 6. Comparison of non-dimensional stress for the

two layers [0°/90°] square composite laminated plate (b =
a) subjected to a sinusoidal distributed load.

0.14 -
-
0424 & “
T, 1 —#— Hypemalk Function Present
0414 —8—Trigonometric fun ction P resent
—— H3DT Reddy
i —d— ExactPagana
FSDT Mindlin
0,10 o
1 ' I ' I ' 1 L I ' I ' —
i g 6 T g 9 10

Figure 7. Comparison of non-dimensional stress for the
two layers [0°/90°] square composite laminated plate (b =
a) subjected to a sinusoidal distributed load.

L]
n e
4 ‘_\—_‘_‘———\__\_\_.
0,13 o
-
01z
_ —&#— Hypemallc Functlon Present
Ty E —s—Triganometns funetion Presant
—w— HEDT Reddy
011+ —k— ExzctPagano
FEOT Mindlin
0,10
1 ' I ' I ' I ' 1 ' 1 ' —
4 3 6 T & a 10

Figure 8. Comparison of non-dimensional stress for the
two layers [0°/90°] square composite laminated plate (b =
a) subjected to a sinusoidal distributed load.

MATLAB. For the second case by the numerical approach,
the checking and the validation of the results are made by
the computer code (ANSYS).

The absence of taking into account the transverse shearing
also constitutes an important effect on the behavior in bending
the plates. The results obtained were compared with the litera-
ture and it can be said that they are in good agreement.
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