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INTRODUCTION

The theory of fractional calculus caught much attention
in mathematical fields. Indeed, the theory of fractional cal-
culus is another segment of mathematical analysis designed
to observe real-world phenomena with its dominant
non-integer order of operation. From a historical perspec-
tive, the first-order derivative, which is the beginning of
fractional calculus, is developed from the h-calculus, where
the h-derivative is defined by

LAk (0]

Then, taking the limit of h — 0, we will obtain the well-
known classical derivative as follows.
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In this paper, we study the generalized concept of q-calculus with respect to another func-
tion. The 1-quantum Riemann-Liouville fractional integral, 1-quantum Riemann-Liouville
fractional derivative, and -quantum Caputo fractional derivative were introduced. The ex-
istence, uniqueness, and Ulam-Hyers stability of the solutions with the mentioned derivatives
were established. Finally, some examples are considered to demonstrate the results obtained.
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Thus, the integer-order derivative only displays the rate
of change of one function around the neighborhood of
the inspected point. In other words, the displayed rate of
change conforms to the time scale and is a homogeneous
mixture. But, in reality, the rate of change, which implies
most natural phenomena, possesses the time-retardation or
the time-acceleration in itself. Preferably, the rate of change
in the real world does not fully harmonize with the time
scale. And the non-local operators, especially the fractio-
nal operators, are more suitable for dealing with this kind
of problem. Examples of well-known fractional derivatives
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are given as follows: The first type is the Riemann-Liouville
derivative given by

1 dan J-t
—— | (=) *f(s)ds,n—1<a<mn,
n—a)dt"J,,

REDEF() = e

and
1 t
DEFO) = rrrs | (= O,

is called the left Caputo fractional operator of order a.

By these, fractional calculus became powerful tools for
describing real world phenomena and caught many appli-
cations from various research fields such as engineering,
viscoelastics, and modeling (see [1-4, 8, 9, 15, 18, 20-22,
25-27, 29, 30]). Moreover, fractional calculus also caught
the attention of enormous numbers of mathematical
researchers. Tremendous mathematicians proposed several
useful methods to investigate the existence, uniqueness,
and stability of the solution. Some examples are Banach’s
tixed point theorem, Krasnoselkii’s fixed point theorem, the
method of upper and lower solutions, and Ulam-Hyers sta-
bility (see [10, 11, 17, 23, 28]).

Since time has moved forward, the development of
mathematical concepts has never stopped. Various math-
ematicians extended the concept of derivatives from their
curijosity. Such a concept is called global derivative [7].
Firstly, the fundamental extension concept of rate of change
is extended from the standard rate of change, which is in
the form of

_fE) -
g g(tz) — g(t)

Clearly, if g(t,) = t, the global rate of change is reduced
to the normal one. Then, the global derivative is defined by

O -f@®)
Pof () = 0 SO~ g

For example, set g(t) = t¥, the global derivative is said
to be the fractional derivative as

AORIICY]

d
Dtﬁf(t) = Wf(t) = lim B — tlﬁ

t—tq

The physical meaning of the fractal derivative is that the
rate of change is rescaled by the fractal. In this case, the res-
caled rate respects the function g(t) = t?. But, such a rate of
change still fully conforms to the normal time-flow pattern.
So, the fractal-fractional operators are the illustration of the
rate of change that respects t# But is not homogeneous with
a time scale. The two definitions of fractal-fractional deriv-
atives, where a € (0, 1), are as follows. The fractal-fractional

derivative of order a for the function f(t) in the sense of
Riemann-Liouville is given by

RLDoc — 1
aDpf () = mm[a

1 t
= BT a+(t —5)"*f(s)ds.

(t—s)"%f(s)ds

Also, the fractal-fractional derivative of the Caputo type
is defined as

i} 1 d
aDpf () = mf (t - S)_“d—sﬁf(s)ds

__t G
“Ta-w ), 7Y e

ds.

Also, the fractal-fractional derivatives are used to visu-
alize the slope in non-euclidean geometry and to display
more complex physical problems. One of the examples is
the fractal-fractional derivative, which was used to investi-
gate the fluid flow (see [6, 12]). Also, in the mathematical
aspect, the fractal-fractional derivatives are more general
operators for the reason that such operators can be reduced
to the fractional derivatives when = 1. Since we already
have the definition of the rescaled rate of change, which
does not totally correspond to the time flow. The fractional
calculus is developed again to explain the rescaled rate of
change, which is not homogeneous with the rescaled time.
Such an operator is called a y-fractional derivative [14].
Determine that y(t) is strictly increased, the -Riemann-
Lioville fractional derivative of order a for function f(t) is
define by

RDEF(O) = 7= () 1, ) = ) (Y ()ds,

Also, the left - Caputo fractional derivative of order «
is defined by

SD3f () = ﬁ f :op(t) — PN (W) P (s)ds.

The physical explanation of such a derivative is an exten-
sion of the global derivative, where both rates of change and
normal scale of time-flow are rescaled by ¥ (t). In particu-
lar, in this derivative, the rate of change with respect to the
time flow from any ¥ (tk) to Y (tk + 1). In addition, if the
function ¥ (t) = t, then 1-fractional derivatives reduces to
the classical fractional derivatives.

In 1909, Jackson [13] introduced the quantum calculus,
where g-derivative is defined as

D.f(t) = f—(q;z : {(t),
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And q — integral as

t [ee)
L = [ F©dys == 0) ) tafea™),
n=0

The concepts of q-derivative and g-integral are studied
through fractional approaches by numerous researchers
(see [5, 16, 24]). However, the studies on fractional q-calcu-
lus are quite vast, especially for the q-derivative and g-inte-
gral with respect to another function.

In this work, we extend the concept of quantum calcu-
lus as well as introduce a novel definition of ¥-quantum
fractional operators. Also, we study the existence and
Ulam-Hyers stability of a nonlinear g-difference equation
with a g-derivative with respect to another function. The
main advantage of these novel operators is that they can be
reduced to the q-fractional derivatives, the fractional deriv-
atives, and the y-fractional derivatives by varying the value
of q and the function .

Concept of Normal q-Fractional Calculus

This section will introduce the fundamental concept of
q-calculus. Firstly, for any q € (0, 1), the g-analog structures
are defined as follows.

[oe]

n—mq’
-m)® = R 0,k eR
(n—m) L_Oln—mq”k'ni kER,
and
(1-q "
Fq(t)Zw,tER—{O,—L—Z,...},

where I, (t + 1) = [t],T, () with

1—gm
“—9 meRr
- q

[ml, =

Definition 2.1. [5] Let p € R*, then L? [a, b] is the space
of the functions on (a, b]. Thus, L? [a, b] with

S

b
IFll, = sup (f If(t)lpdqt> <o,
te(a,b] \Jq

is a Banach space.
If p = 1, then the space reduces to L,(a, b).
Definition 2.2. [5] Let C(}[a,b]
DZ='f(t) € C}[a, b] Thus, C}*[a, b] with

such that

Il = sup Y [Dif@] <o
tela,b] =

is a Banach space and for any n = 1 it reduces to C[a, b], for
q=1asC"a,b].

Definition 2.3. [5] Let AC,[a, b], then f € AC/[a, b] if
and only if 3 w € R constant and Q) el? a(@b) such that

b
fH)=w +J- Q(t)dgs.

Moreover, for ¢ = 1, it reduces to AC [a, b].

Definition 2.4. [5] The space AC [a b] is a space of
function on [a, b] such that D7 ~'f (t) € AC,[a, b]. Also,
for g = 1, it reduces to AC™[a, b]

Definition 2.5. [24] Let 0 < g < 1 and a > 0, then

(D) = —— f (= )@ () dys
t - Fq(a) 0 q q°

is called the q-Riemann-Liouville fractional integral.
Now, if 0 < a, f and f(¢t) is a function on [0. T],, then

L alfqIl o = al P F o).

2. qDfqIif() = f(¢).

Definition 2.6. [5] Let n — 1 < @ < n, the g-Riemann-
Liouville fractional derivative of the function f(t) is given

by gD{ f(¢) = Dgql{“f(©).

Definition 2.7. [5] Let n — 1 < a < n, the g-Caputo
fractional derivative of the function f(t) is given by
DEf(t) = qlf~*Dg f (0.

Theorem 2.8. Supposen — 1 <a <n f €L [0, T] with
qIrf(t) € AC™[0,T], then

a—i—l

I2aDEF(©) = £(6) Zq@“ FO

where

ql*f(0) = lim gl T (0).

Theorem 2.8. Supposen — 1 < a <n f €L [0, T] with
£(t) € AC™[0, T] with £(¢) € AC™[0, T}, then

n—-1 .
i

RV FO Ty

where

Dif(0) = lim Df ().

Extension of q-Calculus
In the classical q-derivative, the rate of change in quan-
tum sense is defined by

fat) — f®)

Dof (D) ==

In this case, the global g-derivative can be extended
from D f (t) as
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f@a) = f(®)

A0 RTons spTesy

Thus, the global g-integral with respect to gD is writ-
ten by

g(®)

af© = f)dys= f F($)Dyg(s) dys.

g(0)

Now, according to the concept of iterated integral in
quantum sense, the multiple g-integral follows [24].

qIf () = f f

=W_L (t— qs)("‘l)f(s)dqs.

f f($)dgsdg xy .. dgxy_q

As an analogous structure, the nth -times g-integral
with respect to 1, where 1(0) = 0, is

Pt) rPn-1
qIf(t) = f j
(0) P(0)

- o, 6O - )

) L I () gy - dt

" £(5)Dp(s)dys.

Thus, we can define the ¥-quantum fractional integral,
where Y (t) is continuous and stricly increase with 1(0) = 0.

Definition 3.1. Let ¢ € (0,1), @ > 0,and ¢'(t) # 0, then
the 1 — g-Riemann-Liouvelle fractional integral is define
as

PN T (a-1)
a51©) = 5 | (00 = aw©)“F DBy
a 0
By substitution ¥ (s) = u, we gain

a _ 1 ‘ (a—-1) £*
5O = s | 0 — @0« s

Since it is analogous structure to the operator qIf, it is
clear that gl also holds the following properties:

L qlgqlhf0) = qly ).

2. qDgalLf (D) = f(0).

It can be seen that the operator is reduced to the defini-
tion 2.5 when Y(t) =1

Definition 3.2. Letn — 1 < @ <n, they) — g —Riemann-
Liouville fractional derivative of the function f(t) is given
by qDy f(€) = Dyqly*f (©).

It can be seen that the operator is reduced to the defini-
tion 2.6 when ¥ (t) = 1.

Definition 3.3. Let n — 1 < @ < n, the  — g —Caputo
fractional derivative of the function f(t) is defined by

aDyf (&) = qly“Dyf (©).

It can be seen that the operator is reduced to the defini-
tion 2.7 when (t) = 1.

To go further than this, it is essential to know the fol-
lowing spaces.

Definition 3.4. The space AC,?, " [a,b] is the space
of function on [a, b] such that gDy ' f(t) € AC4[a, b].
Moreover, for g = 1, gives ACy, [a b].

Definition 3.5. The space c! w[a bli Is a space of func-
tions on [a, b], such that (l/J(t) ll)(a)) f(®) € a,b]

Definition 3.6. The space C, ", q,w [a, b]is a space of con-
tinuous function on [a, b] such that qDIZ_1 f(t) € Cla, b]
and gD f (t) € C ), b].

Theorem 3.7. Supposen — 1 <a <n f €L [0, T] with
qI} = f (t) € ACJD[0,T], then

() —1/)(0))"_

qISEDSF(£) = £(£) — qui“ RS ey
q

Where

qly™ = f (0) = lim qIp* = f (0).

Proof: The proof is trivial. By substituting the integral to
the form of (3.1) and applying the theorem 2.8, we obtained
the illustrated result.

Theorem 3.8. Supposen — 1 < a <n, f € Lq[0, T]

with £(t) € AC{)[0, T}, then

(W(©®) - ()"

n-1
qIGEDSF(6) = £(1) - ZO DO gy

where
Dy, f(0) = Jim, Dy f (©).

Proof: The proof is trivial. By substituting the integral to
the form of (3.1) and applying the theorem 2.9, we obtained
the illustrated result.

On Y —Quantum Fractional Difference Equation

The existence and uniqueness of solutions to the follow-
ing equations will be investigated in this part. Now, con-
sider the equation,

qDyx(t) = fltx(®), 0<a<1,

()

““x(0) =x, te(0,T].

The mild solution of the equation (2) is written as

a— 1 ¢ a-
20 = %) " + s f W — q () f (s, x)Dh()dgs.  (3)
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Such a solution is obtained by applying the theorem 3.7
on (4.1). Next, consider the equation

Dyy() = fley®) 0<a<i,
y(©0) =y, te(0,T]. @

The mild solution of the equation (2) is written as

(a-1)

= o D(s)d
y(®) =y, +Wf0(¢(t)—qw(5)) f(5.y())Dgib(s)dys.  (5)

Theorem 4.1. [5] Given that ¢p:0,a] = R is a func-
tion, such thatad) € L,[0, @], then I{'¢ € Ly[0,a], and
lglgoll; < ——liglls.

l"q(a+1)
Theorem 4.2. [19] Given that 0 < g < 1land 0 < s <
1, the inequality of ¢ —gamma function for any z > 0 is
satisfied,

L q2+% 1-s
1—g¢q

Q@+1)< 1—qzs\'™*
I,(z+5) 1—gq '

Theorem 4.3. Given that 0 < g < 1and 0 < @ < 1, the
inequality of g—gamma function is true,

a

le bt [ 174
1
[(a+1) 1—q%

Proof: Suppose z = a and s = 1 — « into inequality of
theorem 4.2; gives

1-a\ ¢

1-q“" 72
T—¢ < e+t <1
Rearrange the inequality, the new inequality holds:

a

PP (k|
[(a+1) 1— anH
The proof is completed.

To establish the uniqueness of the solution, the follow-
ing assumption is important.
(A0) There exists M > 0, such that

If(t,w) = FE I < Mllu—vl|,

forallu, v € L0, T].
Theorem 4.2. Suppose that the assumption (AO0)
holds. The equation (3) is a unique solution of (2), and the

equation (5) is a unique solution of (4) if th;,re exists the

( 1‘&) <1
1-q 2

Proof: Firstly, Define T: L,[0, T] = L,[0, T] by Tz = z.
The fixed point equation of (3) is written as

+1
contraction constant M (1/) (T))a

(a-1)

a-1 1 ¢
Tx(t) = x($(0)) *qrggﬂ(w@)—qw@n £(5,2(5)) Db (s)dgs.
q

Then,

(W(m)*

ITx — Tull; < ||f(tx(®) —f(t,u(t))”1 @+ D
a

_ M)
EEVCES))

llazg 2]l
a+1

[l —ully,

a+1 1-
<M(yp(M) <—uq+1> [l =l
1-— qT

Also, the fixed point equation of (5) is written as

(a-1)

Ty = y(w©)"" + ﬁ f t(w(t) —qp(s))" f(s¥())Dgp(s)dgs.
Then
Mv—rwlsWﬁw&ﬂ—f&m&ﬂhé%%?%h%ﬂh
< % ly —vll,

a 1-
SMWUw*‘< £J|w—vm
1—qT

It is clear that the contraction constants of both equations
are the same. Thus, by Banach contraction theorem, equa-

tion (3) is a unique of (2), and equation (5) is a unique solu-
a

tion of (4), since M (1/) (T))UhLl (%) < 1. The proof is
completed. 1ma
Ulam-Hyers Stability of Solution
In this part, we discuss the Ulam-Hyers stability.
Definition 5.1. Equation (2) is Ulam-Hyers stable if for
any € and for solution x € L,[0, T] of the inequality

Dix(®) — f(Lx(®)] <&,

there exists a constant.c; > 0 and a solution u € L[0, T] of
the equation (2) with |x(t) — u(t)| < cqe&.

Definition 5.2. Equation (4) is Ulam-Hyers stable if for
anye and for solution y € L,[0, T] of the inequality

1505y = f(Ly(@®)l < &,
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there exists a constantc, > 0 and a solution u € L,[0, T] of
the equation (4) with |y(t) — u(t)| < c,e.

Theorem 5.3. Suppose the assumption (A0) is satisfied,
then equation (2) is Ulan-Hyers stable.

Proof. Let x € L[0, T] the first inequality in the defini-
tion (5.1). It follows that

a+l

()
Ta+1)"

(a-1)

x(6) — % (P(©) " - F(5,%())Dgp(s)dys| < &

1 t
), 00 - )

Now, suppose u € L,[0, T] be a solution of the equation
(2). Hence, it satisfies
(a-1)

U(t) = xo (P + s f W - qp(s))

) f(s,u(s))Dgp(s)dys.

Thus we obtain

(@ ~u(®)] = |+ =% (©)" - ﬁjt(w(t) —q() TV F(5,u()) Dy (s)d,s],
< WL 4 | [0 — ) IF(5,5(6) = £ UGB (dgsl,
(E”EZ?H: * Mr( ﬁTPD : x(0) — u(®)l,
< s(wm)““( 1‘&) (wm)“”( > () — u ().
1-q2 1-q2

a
Denote that L = (l,b(T))“”( - ‘fﬂ) , then

1-q 2

x(t) —u(®)| <e (1 —LML> = (€.

Therefore, the equation (2) is Ulam-Hyers stable.

Theorem 5.4. Suppose the assumption (AO0) is satisfied,
then equation (4) is Ulan-Hyers stable.

Proof. Let y € [0, T] the first inequality in the defini-
tion 5.2. It follows that

a+1

(w(m)
T(a+1)

(a-1)

1 t
YO %~ fo B — q) " (5, y())Dp(s)dys| < &

Now, suppose v € L,[0, T] be a solution of the equation
(4). Hence, it satisfies

v(t) =y, + ;ft(w(t) - qlﬂ(s))(“_l)f(s v(s))D(s)d,s.
Tg(@) Jo ' e ¢

This implies that

(a-1)

a-1 1 t
y(® =v®] = [y®© =y ©®)" - Ta)f W =aqp)" f(5,v())Dgwp(s)dys.|,

@)™ |
SEL@+D T

(a-1)

[f (s, ¥()) = £ (5, v(s)IDgh(s)dlgs],

a+1

f WO - ap(s)

a+1 +M(l[J(T))
I(a+1)

1" ()

(M)
e+ D

<e(w<T))"“< if&) +M(wm)"“< ) ly(@® - v(@l.

1-q 2z 1-qz

ly(® - v(®l,

a
Denote that L = (y(T))**? ( 1_:“) , then
1-q 2

Y@ (Ol S ¢ (=) = cae.

Therefore, equation (4) is Ulam-Hyers stable.

EXAMPLE

In this section, we give the examples to illustrate our
result. Consider the following equations.

Example 1.

)

1
3 sm(x(t))
DZx(t) =

NIH

(6)

1
RL2 _
%1 Zx(0) =0 t € (0,1].

The mild solution of (6) is written as

VZ-1 ft (ﬁ ) % \/E)(%l) sin (x(s)) , o

x(t) =
5V2T () 0 sz
2

1
It can be seen that M = o BY the mean value theorem,

we get
Flen - eyl = [ - 0
1
< —lx =yl

10

This means the contraction constant

1
1(1-05)2
—|——7| =01111<1.

3
10\; _ o512

Thus, the equation (6) has (7) as a unique solution and
is Ulam-Hyers stable.

Example 2.

D% = x(t) + x2(t) sin(x(t)) + sin (x(t))
P = 20x2(0) + 20 ’

O @
%Iﬁx(O) =3 t € (0,1].
The mild solution of (8) is written as:
2 \2-1 ¢ 1 & )x( ) + x2(t) sin(x(s)) + sin (x(s))

x(t) =5+ f (\/E—E\/g) = t/_xz(s) s 2 s (9)

3 aovangh
2

It can be seen that M = %.
we get

By the mean value theorem,
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1 y , ,
£ = £ = 35|~ 5] * 1560 — sinG)l)
1
< sl =yl

This means the contraction constant

1
1<1_0'5>2 01111 <1
—|(——=| =0 .
10\ _ 057

Thus, the equation (8) has (9) as a unique solution and
is Ulam-Hyers stable.
Example 6.3.

1 -1
(i'thzy(t) - tan 2(x(t))
2
y(0) =0 t € (0,1].

The mild solution of (10) is written as:
-1

LT A U
y(t)_2+4rl(%)fo (t 55 ) tan (y(s))d%s. (11)
2

According to the mean value theorem, it can be seen
1
that M = Sas

F(62) - ()] = Ita“_z 0 _tan” (y)|’

<5 llx—=wll.

N~

This means the contraction constant

1

1/1-05)?

3| ——=] ~o0ss53<1.
1-05%

Thus, the equation (10) has (11) as a unique solution
and is Ulam-Hyers stable.

CONCLUSION

This paper present the extension concept of the g-calcu-
lus and introduce a new operators, qlf,’,‘, qu;f and CCIDI‘/’,‘. The
novel-introduced operators are the more general version than
the classical g-fractional operators. The existence and uniqu-
eness of solutions to the quantum fractional difference equ-
ations are proved by the Banach contraction theorem under
Lipschitz conditions. Therefore, the Ulam-Hyers stability of
solutions is demonstrated by the examples considered.
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