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INTRODUCTION

Octonions are non-associative algebras. They form the
largest normed division algebra. The octonions were dis-
covered independently by Graves and Cayley [1]. The set of

octonions can be written in the form:

7
O:{A:ageo+ » aje]-:ajE]R,OSj§7}
j=1

where as are real numbers (coefficients of octonions),
e/s (0 < j < 7)are the octonion units (basis elements of
octonions), and e, = +1 is the multiplicative scalar element.

These octonion units satisfy the following properties:
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eoe;j =ejeg=¢;, 1<j<7

ejek = —5jkeo +f}klel'1 S], k,l < 7,

jEk#Lj#0,k#0,1%0,
where 9jk is the usual Kronecker delta symbol and fir
are completely antisymmetric tensor and they are equal to 1
for following combinations [2]:

fiu = +1; Y(jkl) = (123),(471), (257), (165), (624), (543), (736).

Dray and Manogue discussed the eigenvalue problem
for 2 x 2 and 3 x 3 octonionic Hermitian matrices. In both
cases, they gave the general solution for real eigenvalues,
and they showed there are also solutions with non-real
eigenvalues [3]. Dray and Manogue described the use of
Mathematica in analyzing octonionic eigenvector problem,
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and in particular its use in proving a generalized orthogo-
nality property for which no other proof is known [4]. The
eigenvalue problem of symmetric 3x3 octonionic matrix
has been analyzed by Okubo [5]. Gillow-Wiles and Dray
showed that any 3-component octonionic vector which is
purely imaginary, but not quaternionic, is an eigenvector
of a 6-parameter family of Hermitian octonionic matrices,
with imaginary eigenvalue equal to the associator of its
elements [9]. Serddio et.al. studied how some operations
defined on the octonions change the set of eigenvalues
of the matrix obtained if these operations are performed
after or before the matrix representation [12]. Octonions
and octonionic matrices have applications in fields such as
string theory, special relativity and quantum logic.

Tian gave a complete investigation to real matrix rep-
resentations of octonions, and considered their various
applications to octonions as well as matrices of octonions
[6]. Daboul and Delbourgo defined a special matrix mul-
tiplication among a special subset of 2Nx2N matrices, and
studied the resulting (non-associative) algebras and their
subalgebras. They derived the conditions under which these
algebras become alternative non-associative and when they
become associative [13].

The determinant of octonionic matrices and its prop-
erties were given by Li and Yuan [7]. Nieminen gave two-
by-two random matrix theory with matrix representations
of octonions [8]. Karatas and Halic1 investigated octonions
and their special vector matrix representation. Theye gave
some geometrical definitions and properties related with
them [10]. Split-type octonion matrix was given by Bektas,
[11].

Octonions
Let us first give some fundamental notions of the gcton-

ions. The real octonion A is defined by A = o€ + '21 a;e;
i=

, where a/s are the real number components of the octon-
ions, e;’s (i =1,2,...,7) are the unit octonions basis
elements,and e, = +1 is the scalar element [14]. The mul-
tiplication rules of these unit octonion basis elements are
given by :

Table 1.The multiplication table of the unit cctonion basis
elements

X |leg| eg | e, | e3 | es | es | eg | ey
€oleo| e | e, | es | es | es | e | ey
ejle | —eo| e3 | —e, | es | —e, | —e; | eg
82 62 —63 _e() 61 66 67 —64_ —6’5
83 63 62 —61 _eo 67 _36 65 —84_
84 64 _65 —66 _67 _eo el 6'2 63
esles| e, | —e; | e | —e1 | —€eo | —e3| e
s leq| e | eq | —es|—e, | es | —eo | —e
87 67 —66 65 6’4 —63 —62 61 —60

The set of octonions is denoted by O . The sum opera-
tion on this set is defined as follows:

7
A +B = Z (ai + bi)ei.
i=0

Another operation on the set of octonion is the conju-
gate operation. The conjugate of the octonion A is denoted
by A A and is defined as follows:

A=agey — a,e; — aze, — Aze3 — Auey — Ases — Ageq — A7
7
= Qp€y — Z ae;,
i=1
where ey = e;and ¢; = —¢; (j = 1, ...,7), [15]. Besides
that, the octonion A has real part and vectorial part. They

are called the real (S,), and vectorial (V,) parts of the
octonion A, [15, 16]:

7
1 - 1 -
Sa=5(A+A)=ae, Vi=3(A-4)= El ae;.
Thus, an octonion A can be written by A =S, + V, . The
multiplication of A, B € 0,is defined by

AXB=8,S5 — gVa, V) + SV + SgVu + Va AV, (1)

where g

— — /
g:0x0->Rg(AB)=-(AxB+Bx4A) =3 ab,
i=0

is symmetric, non-degenerate real-valued bilinear form
and is called the octonionic inner product.

If A+ A = 0, then the octonion A is called the spatial
(pure) octonion. The norm of the octonion A is denoted by

If |Agll = 1, then A, is called the unit octonion [15]-
[17]. The inverse of an octonion is defined by

=4 A=x0.

lalz’

If A and B octonions, then (B XA ™)X A =B or
A1 X (A X B) = B, [20].

Some New Properties of Octonionic Matrices
In this Section, we will investigate some new properties
of octonion matrices. We can list some of these new prop-
erties as follows:
1) Real, complex and quaternion coefficient matrices rep-
resentations of octonionic matrices.
2) Basic operations on octonionic matrices.
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3) Conjugate, transpose, conjugate transpose, inverse and
trace of octonionic matrices.

4) Algebraic structures of the set of octonionic matrices.

5) Special defined octonionic matrix and their properties.

_ Definition 1 defined by

A=ay] ars = X1 Oys'e; €0, a,s' ER,

(1 <7 <m, 1 <5 <n) The set of octonionic matrices is

Octonion matrix is

where

denoted by Mmxn(Q), If m = n, the set of square octon-
ionic matrices is denoted by M, (0), [6].

Definition 2 Let A = [d,;]and B = [ETS] €M, (0)
(1 £r<m, 1< s <n)be two octonionic matrices, then

the product of two octonionic matrices given as follows:
ADB= [ars] + [brs] = [ars + brs] € Mpxn(0).

Thus, we get

©b: men(@) X men(O) - men(@)

a3+ by Ay + by w Qipt+ by
(Z,E) - Z (&) E = [E” + E”] =|az1 + bz azz + by w Qop+ bop
A1+ bt Gz + bz o G Dl

Definition 3 Let k € Rand 4 = [ars] € My, (0) be
an octonionic matrix, then the multiplication of a real num-
ber and an octonionic matrix defined as follows

O:R % men(@) 2 men(@)
(k'A) >k Q A= [kars]mxn'

Definition4 Let A = [Ers] =X ars'el] = a1 +

[a,st]e;+...+][a,s’ ]e; be an octonionic matrix. The octon-

ionic matrix is written in real combination as
N7
A=Y A

where A = [ar’] Ay = [ars'],.. A7 = [an"] €
Mpn(R)(1<7r<m, 1<s<n).

Definition 5 Let 4 = [ETS] =27_o Aje; € My, (0)
be an octonionic matrix. The octonionic matrix as a combi-
nation of four complex matrices is written as

A= AO + A1€1 + (AZ + A3€1)€2 + (A4 + A5€1)€4
+ (AG - A7el)e6 = AA]_ + AAZeZ + A3e4 + A4€6

where Ay = Ay + Ase;, A, = A, + Aze,, As =
Ay + Ase, Ay = Ag — Aze; € My (O),

Definition 6 Let A =Y/_, A;e; € My, (Q) be an
octonionic matrix. The octonionic matrix as a combination
of two quaternionic matrices is written as

A=300 Aei + (B-s Arei_s)e, = A, + Aze,
whered; = Y7, Ave;, Ay = N]_y Aieiy € My (HD).

Definition 7 Let A = [a,], B = [p, .| € Mynxn(0) be
given. If a,s = by, then it is called A is equal to B, and
written A = B.

__ Remark 1 Let
B = ;Z:o Biei € men(O)

A=BoVvi=01,..7,4, =B,

Remark 2 Let A=A, +A,e, + Ase, + Ajes and

A=Y, A
be

and

given.

B = 121 + B,e, + Bye, + Bieg € My, (0)  be given.
A=Be Vi=1,..4A4 =B
_ Remark 3 Let A=A, +A4e, and
B = B;l + B,e, € M,,,,,(0) be given.
A= BoeVvi=12,4, =B,

Definition 8 Let A,B € M,,,,(0)

(1<r<m, 1<s <n)be two octonionic matrices. The

addition operation of octonionic matrices as follows:
A + B = [aTS] + [brs] = [aTS + b‘rs]’
A+ B = (ZZ=0 Ai + Bi)ei,

A+ B = (4, +B,) + (A, +B,)e, + (A; + By )ey + (A, + B, )es,

and
Z + E = (Al + 5’1) + (Az + §2)84 € Mpxn (0).

The Properties of the Addition Operation of the
Octonionic Matrices .

Let A,B,C € M,,,,,,(©) and 0 € M,,»,,(0), then the
following properties are satisfied

1) A+,B)+C=A+(B+C),

2) AH0=0+A=A4A,_ _

3) There is only one A'=—A € M,,,(Q) such that
A+A'=A"+A=0,

4) A+B=B+A

Corollarly 1 (M;,x,(0), +) is an Abelian group.

Definition 9 Let A= [ETS] €EM,,,(0),B =
[b,] € Mxp(@) A <T<m1<s<n1<t<p) be
two octonionic matrices. The multiplication of the octon-

ionic matrices defined by

‘Z E = [Z?:l a‘rs X Zst] € MmXp ((0))
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The multiplication operation can be written as follows:

I My (@) X Mnxp(@) - mep(@)

(Z: E) ind Z E = [Z?:l ars X ;st]

mxp’

If Zgzlarsxzstzcrt (1Sr§m,1§t§p),
then we get

—_ _ n —_ - _A - —_ - — -
€11 = Xg=1 Gys X by = @y3 X byy +ayp X by + -+ Ay X by
Cig = Xi=1 Q15 X Doy = @1q X b1y + Q13 X byy + 4y X by

Cip = Df=1 A1s X by = @y X Dy + Aqp X by + 0+ Ayyy X by,

On the other hand, we can write the multiplication as
follows:

a11 Elz a1n E“ Elz E“’

Z;; = ?21 flzz len b1 by by | = [;rt] = E
aml EmZ amn ’I;nl ’I;nz e ,l;m,

Remark 4 Let A=Y7_, Aie; € My, (0),

B = Zi7=0 Bie; € Mnxp(©) be two octonionic matrices.
Here, A; € My, (R) and B; € M,,,,(R) (Vi =0,1,...,7)
real matrices. Then, the multiplication operation in terms
of the real combination of two octonionic matrices can be
defined as follows:

AB = (N1, Aie) (X1, Bie))

= A¢By — AyBy — A;B; — A3By — AyB, — AsBs — AgBg — A;B;

+(AgBy + A1By + Ay;B; — A3By + AyBs — AsB, + A;Bg — AgB;)e,
+(A¢B, + A;By + A3sBy — AyB; + A,Bg — AgB, + AsB; — A;Bs)e,
+(A¢B3 + A3By + AyB, — A;B; + AyB; — A;B, + AgBs — AsBg)es
+(A¢B, + AyBy + AsB, — A;Bs + A¢B, — A,Bg + A;B; — A3B;)e,
+(AyBs + AsBy + A{B, — AyB; + A3Bg — A¢B3 + A;B, — A;B;)es
+(AyBg + A¢By + A{B; — A;By + A,B, — A B, + AsB; — A3Bs)eq
+(AyB; + A;By + AyBs — AsB, + A3B, — AyBs + AgBy — A1 Bg)e,.

Lemma 1 Let A=A, +A4,e; €M,(C) and
A, A, € M,,(R) be given. Then, the following statements
hold

1) €4A = 264,
2) EGA = A€6,

3) er(erey) = (ere1)e, = —ey,
4) e1(ere5) = (e1€1)e5 = —e€.
Proof.
1) e A =e,(Ay + Aye)) = e Ay +e4(Ase))

=Aye, + A;(e461) = Ao, — Azes and
Ae4 = (A — Aze))e, = Aje, — Ay (ere4) = Arey — Azes,
Hence, we get 64/1 = 794. Similarly, other statements can
be proved.

Lemma 2 Let A = A, + Aye; + Aze, + Aye; € M, (H)
and Ay, A,, A3, Ay € M, (R) be given. Then, the following
statements hold

1) de, = e,4,

2) (~Ae~4)e4 = A~(f4e4) = —4,

3) A(Be,) # (AB)e,, in general
4) A(Be,) # (BA)e,, in general.

Proof.
1)
A64 = (Al + A261 + A362 + A4e3)e4
= Ajeq + Az(e1e4) + As(ezey) + Ay(ezey)
= A1€4_ + Azes + A3€6 + A4_€7

and

e,Ad = e,(A; — Aye; — Aze, — Aye;)
Ae, — Ay(eser) — As(eqe;) — Ay(eses)
= Aje, — Ay(—es) — Az(—e6) — Ay — (e7)

= A164 + A2€5 + A3e6 + A4e7.

4)
A(Bey) = (A + Aze; + Ase, + Ases)(Biey + Byes + Bseg + Bye,)
= A;Bie, + A;Byes + A Bses + A, Bye;
+4;B1(e,e4) + Ay B, (ey65) + Ay Bs(e€6) + Az By (ere7)
+A;3B;(eze4) + A3B;(ey5) + A3Bs(eye4) + A3By(ez€7)
+A4,B, (e3e,4) + AyBy(ezes) + AyBz(eze) + AyBy(esey)
= (A1By — A;B; — A3B3 — AyBy)ey + (AyBy + AyBy — A3By + AyBs)es
+(A4Bs + ABy + AsBy — AyBy)eg + (AyBy — A3Bs + A3B, + AyBy)e,
and
(BA)e, =[(By+Byey + Bsey + Byes)(Ay + Agey + Asep + Ages)ey

= (B1A; + B;Aze; + BiAsze, + BiAse3)e, + (ByAre; — ByA; + ByAze; — ByAse;)e,
+= (B3A,e; — BsAyey — ByAy + ByAyey ey + (ByAres + ByAze, — ByAze, — BiAy)ey
= (B1A; = ByA; — B3A; — B Ay)e, + (BiAy + ByAy — B3Ay — ByAs)es

+(B;As — B,A, + B3A; + ByB,)eg + (B1A, + B,As — B3 A, + ByA)e,

Similarly, other statements can be proved.

Example 1 Let A= [Z Z], E = [2] be two octon-

ionic matrices. Let’s find the product of these matrices and
calculate it in terms of real, complex and quaternion com-
binations. According to the definition of multiplication

AB =[%%, ay x bst]mxp’ we get

TR _v2 _
AB_ZS=1 ars><bst —ar1Xb1t+ar2Xb2t
€ — €3
= —€3+e6 .

The multiplication operation in terms of the real com-

bination of two octonionic matrices A and B can be defined
as follows:
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0 1

A= 0 2+[ e + [0 0]e6+[(1)

10

o),
and

B=[{]es+[g)es
Hence e ge

48 =[g]e. -]

e[t [

The multiplication operation in terms of the complex
combination of two octonionic matrices A and B can be

defined as follows:

AB = (A, +Aye, + Ase, + Aseq) (B, + Bae, + Bsey + Byeg)
= AB, — A;,B, + (A,B, + A;B,)e; + (A1By)e, + (A1BL)es
+(Aze2)(Bzes) + (Aze;)(Bses) + (Azes)(By) + (Ases)(Bzez)
+(Aze4)(Bsey) + (Ase4)(Baee) + (Asee) (By) + (Aqe6) (B2e;)

+(Ase6)(Bsey) + (Ases)(Byes)
ey —é3
—e3 + eg|.

Similarly, the product of A and B can be calculated in
terms of quaternion combinations.
Theorem 1(The Properties of the Product of the

Octonionic Matrices )
1) LetA € M (D). B € Myyo(H)and C € Moy, (H)
be given. (AB) C * A(BC) in general
3) Let Ae Mo (HD) and B, C € My (H) be given.
(B + C)A * BA + CA,ingeneral,
4) Let Z, E € M, (H) be given. ZE * E Z, in general.
Corollarly 2 (Myxn (0), +,7) is not a ring.
Conjugate of Octonionic Matrices

Definition 10 Let
1<r<m, 1<s<n) be

mxn (0)

matrix.

=la,JeM

an octonionic

Then, the conjugate of octonionic matrix A is defined as

A= ars] = [ZZ:O a,s'e;] = [ar°
_ Remark 5 The conjugate of octonionic matrix
A=Y]_o Ae; € Mpn(0)is A = Ay — X7, Ase,.

Remark 6 The conjugate of octonionic matrix

- 21'7=1 arsiei]‘

A=A+ Aye, + Aze, + Ayes € My (0) is
A = Al - Azez _AA364_ _AA466.
Proof. Let Ay = Ag + Ayey, Ay = Ay + Azes, Ay

= A, + Asey, A, = Ag — Ase; € My, (C), then we get

A= (A, +Aye, + Aze, + Ayey)
= ((Ag + 4ze1) + (A, + Azey)e; + (A, + Asey)e, + (s — Azer)es)

= (B0 4ie)

=A, =2, Aie;

= ng —Ase)) — (Az + Aze)e; — (Ay + Ase)e, — (Ag — Asep)e
= A, —Aye, — Aze, — Ayeq.

Remark 7 The con)ugate of octonionic matrix
A= A, + Aye, € Myyyy (0) is A= A, — e,
A =3%%, Aigjand 4, = X1, Aier_s.

where

Theroem 2 (The Properties of Conjugate)
Let Z, Be M 5n (0), Ce M, (0), K € O be given.
Then, the following properties satisfied.
1 @) =4
2 KA E
3) (A + B) = A +B,
4) AC * A C (in general)

Proof. (1), (2), and (3) can be easily shown. Now we will
prove one condition of (4):

4)
AC = (217 erz)(Z =0 Cie))
= AyCo — Y71 AiCie; + (AoCy + A1 Co+...+A,Cs — AsCr)e,
F(AgCy + AyCot... +AsC, — ArCS)e,
+. H(AoCy + Ay Co+... +A4C, — A1 Coe,
and
J— 7
AC = AoC, 72 AiCie; — (AgCy + Ay Cot... +A,Cs — AgCy)ey
= —(4yC, TAZCD+...+ASC7 — A,C5)es—... —(AgCy + Ay Cot... +AsC, — A Co)es.

On the other hand,

AC =(Ay—X]; Ae)(By — X Ciey)
= AoCo — 71 AiCie; — (AgCy + A1 Cot... +A,C — AgCr)ey
—(AgCy + A,Co+... +AsC, — A;Cs)e,
—..—(AgCy + A;Co+... +AsCy — A1 Co)e,.

Then, ve get AC # A C.
Corollarly 3 For A =
(4 )2 # (42).

7=0 Aiei € Mn(@), we have

Transpose of Octonionic Matrices
Definition 11 Let
1<r<m,1<s<n) be

Z = [ars] € men(@)

an octonionic matrix.

The transpose of octonionic matrix A is defined as
= [asr] € Mnxm(©)~
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Remark 8 Let A=Y/_, Aje; € My, (0) Abe

given. Then, the transpose of octonionic matrix A is

Ais At =37, Ale,.
Proof. ForA = [a, | € men(]HI)andars =Y7, akse;
, then we get
AL = 27 0 aéret
— 7 o Atel
Remark 9 Let A=A, +A4,e,+Aze, +A,eq

€ men(@) be given. Then, the transpose of octonionic
matrix A is A = At + ALe, + Abe, + Ale,.

Proof Let Ay =Ag+Ae,, Ay =4+ Aze, A; =
Ay + Ase; Ay = Ag — Ase; € My (€) be given. Then
we have
At = (A, + Aye, + Age, + Aeg)t

= ((Ag + Are)) + (A + Azey)e; + (A + Ase)e, + (Ag — Azey)eg)"

= (:4([) +:4§e1) ‘t (45 + flgf—ﬁ)ez + (A + ASey)e, + (Af — ASer)eg
= AL + Abe, + Ale, + Aleg.

Remark 10 Let A=A, +4ze, € My (0)
be given. Then, the transpose of octonionic matrix
Ais At = At + Abe,.

Theroem 3 (The Properties of Transpose Operation)
Let A,B € Mp,,,(0),C € M;»,.(0) and K € O be

given. Then, the following properties are hold:

1)(A + B)t At + Bt
2)(A%)" =
3) (KA)f KAf

4) (AC) + ctat (in general).

Proof. (1), (2), and (4) can be easily shown. Now we will
prove one condition of (3):

3) Let A= [ars] € M;xn,(@)and K € O be given.
Then we get

(KA): = e’ = [Ka,]' = [Kay] = Ka,] = Kat
Conjugate Transpose of Octonionic Matrices

Definition 12 Let [ars] € M4 (0)
(Isr=m, 1<s<n)be gi\ﬁ:nt The conjugate trans-
pose of octonionic matrixz is(4) e M, (0.

Remark 11 Let A= Y7o Aie; € My, (0) be given.

The?, the conjugate transpose of octonionic matrix A is

<Z> = Ab — Xi_q Afey

12 A=A, +Aye, +Ase, + Ayeg

€ M, (0)begiven. Then, the conjugatetransposeofocton-

Remark Let

—~ = ot
ionic matrix 4 is (A) = (Al) — Abe, + Ale, + Ale,.

Proof. Let A = AlA_ Aje, — Aze, — Ayeg be conjugate
of octonionic matrix 4, then we get

(4

t t

= (Al - Azez - A3€4 - A4€6)
= (Zl)t - A\Eez + A§€4 + AZEG.
Remark 13 Let Let A=A, + A,e, € M,,,.,,(Q) be

given. Then, the conjugate transpose of octonionic matrix
~ A\ —= \¢ -
A 1S<A) = (A1) — Ale,

Thereom 4 (The Properties of Conjugate Transpose
Operation)

Let A,B € M,,,,,(0), VCEM wxr(@)and K € O be
given. Then, the following properties are hold:

Proof. (2), (3), and (4) can be easily shown. Now we will
prove one condition of (1):

1) From the 2-th property of the conjugate operation,

(KA = Z? So, we get

t —_ —t

(E) = (AK)t = (Z) K.

Trace of Octonionic Matrices

Definition 13 Let A = [Ers] =Y7_o Aie; € M, (0) be
given. The sum of the elements of the octonionic square
matrix A on the principal chagonal is called the trace of the
matrix A and denoted by iz(A).

Remark 14 The
A= Yo Aje; € My, (H)is

trace of octonionic matrix

iz(A) = X7—1 ap = Xy (Bloo aby)

=y, (@+...+al) =30 al 4.+ X0, dl,

or
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i2(A) = iz(Ay) + iz(ADe,+... +iz(A))e;
= Zi7=0 iz(Ay)e;.

Theorem 5 (The Properties of Trace of Octonionic
Matrix)

LetZ = Zl?=0 Al'ei, E = Zi7=0 Bl‘ei € Mn(@) veK €0
be given. Then, thefollowing properties are hold:

1) iz(A + B) = iz(A) + iz(B),

2) iz(AB) # iz(A)iz(B),

3) iz(ZE) * iz(EZ) (in general),

4) iz(AK) = iz(A)K or iz(KB) = Kiz(A),
5) iz(AY) = iz(A).

Proof. (1), (3), and (4) can be easily shown. Now we will
prove one condition of (2):
2) We know that

AB = AyBy —Y7_, AiB; + (AyB, + A Bo+...+A,B; — AgB;)e,
+...4+(AgBy + A;Bo+... +AsB; — A1 Bg)ey).

From here, we get

i2(AB) = iz(AyBy) — iz(S]-y AB)
+iz(AgB,)ey +iz(A,By)es+... +iz(A;Bg)ey — iz(AgB;)e;
+...+iz(AyB;)e; +iz(A,By)e;+... +iz(AgBy)e; — iz(A;Bg)e;.

()

_ Besides, we know that iZ(Z) = Y7, iz(A)e; and
iz(B) = X, iz(Be;.
On the other hand, we find that

i2(A)iz(B) = iz(Ao)iz(Bo) — Siey i2(A)iz(B)
+iz(Ag)iz(B,)e, + iz(A;)iz(By)e,+... +iz(A,)iz(Bg)e, — iz(Ag)iz(By)e,
+...+iz(Ay)iz(B;)e; + iz(A;)iz(By)e;+... +iz(Aq)iz(By)e; — iz(A,)iz(Bg)e;

3)

The properties of the trace function of real matrix is
iz(AB) # iz(A)iz(B). So, the equations (2) and (3) is not
equal. Finally, we get

iz(AB) # iz(A)iz(B).
Inverse of Octnionic Matrices

Definition 14 Let AB = I, for any octonionic matrix
Z € M, (0), then the square octonionic matrix E is called
right inverse of Z If EZ = [, then the square octonionic
matrix B is called left inverse of Z

Theorem 6 Let A€ men((@)ﬁ B e Mnxr (©)

inverse matrix, then

1) If A is right(left)

() =),

2) If A is right(left) inverse matrix, then (A> +A1

(in general),
-1 .t

3) IfAT isright(left) inverse matrix, then(At) * (A' 1)

(in general).

Proof.
1) Let A is right(left) inverse matrix, then AA™ = [ or

A4 = I.1f we take conjugate transpose of both side of the
equation A™*A4 = I, we get
t =t

() (3) =7 =

Similarly, if we take conjugate transpose of both side of
the equation AA™! = I, we get

t ——t

3 () =7 =
B (OIS

Special Defined Octonionic Matrices

t

Definition 15 Let 4 = [ars] € My (0) pe square octon-
—t

(Z) Z, then Z is called normal

ion matrix. If A (A) =
matrix.
Definition 16 Let A = [a,| € M, (0)be square octon-
t

ion matrix. If If (A) = Z the Z is called Hermitien matrix.

Remark 15LetA = Y7_, Aje; € M, (0), VA, € M, (R)
,0 < i < 7be asquare octonionic matrix. If Ais Hermitien
matrix, then, 4; = Af, 0<i<7. — t

Proof. Let’s first we find octonioni matrix( ) :

—t
— t
(A) = (Ul Aie)t = ( T-o Aiei) = Ay — X1, Aef

From the definition of the Hermitien matrix, we get

-t

(A) —AandA; =AL0<i<7.

Remark 16 Let A= A, + Aje, + Aze, + Aye,
€ M,(0),4,,4,,43, 4, € My(C) be given.
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matrix, then

If A is Hermitien

t
A) =4y, A = -4, A =-4, A= -4,

Algebraic Structures of the Set of Octonionic Matrices
Vector space structure on R

Definition 17 Let k € R and A = [ETS] € M,,,4,,(0)
be a real octonionic matrix. Then the multiplication of real

number and a real octonionic matrix is defined as
€04 =kO[a] = [ka],

Let k,l € R and Z,E € M,,,»(0) and 1y be unit ele-
ment for R.Then the multiplication of real number and a
real octonionic matrix provides the following properties:
DkO (Z + E):(k 0) Z)+(k ©) E),

Dk+DOA= (ko Z)+(l 0) Z),
() © 4=k O (10 4),
4) 1, O A=A.
Corollarly 4 {M,,,,,(0),, R, +,-,O} is a vector space.

The basis of the vector space {Mpyxn(0),D, R, +,,O} is
the following set S;.

10 .. 0 e 0 .. 0 e; 0 .. 0

g =J0 0 .0 0 0 .. 0 0 0 ..0

R | R R B EOE R
0 0 o Olpsn L0 0 oo Ol 10 0 o Ol

00 .1 00 .. e 00 .. e

00 ..0 00 ..0 00 .. 0

0 0 .. Olpxn L0 0 o O0kpun LO O oo 0 Lyxn
00 ..0 0 0 .. 0 0 0 .. 0

00 .. 0 0 0 .0 [0 0 0

1 0 .. Olpxn lex 0 .o 0L . les O .. Of
00 .. 0 00 .. 0 00 .. 0

00 ..0 00 ..0 lO 0 .. 0 ] }
0 0 o Upwn 10 0 o elgpy, 00 ooer] 0

Corollarly 5 Let the set My xn (Q) be given.

1) The system S, is linear independent,

2) men(@)) = Sp{sl}

Because of the above corollarly, the matrix system
S, is standart basis of the vector space M,,x,(Q) . So,

boy(M,;,x,,(0)) = 8mn.
Left (right) module structure on C

Definition 18 Let A = [ETS] € M,,,4,,(0) be a octon-
ionic matrix and z € C be a complex. The left or right
multiplication of a complex number and a octonion
matrix is defined as zA = Z[ars] = [Zars] € Myyxn (0)
or Az = [ETS]Z = [ETSZ] € M4, (0). Left and right sca-
lar multiplication operations are scaler operations. These

operations are not equal. So, in general zA # Az. Let

A € M4, (0), B € M,,,,-(0) be octonionic matrices, and

z,t € Cbe quaternions. Then, we get

1) (24) B # 2(4B).
2) (ZZ) E * Z(z;}),
3) (z)4 % z(tA).

Corollarly 6 {M,,+,,(0),, C, +,,O} is not left (right)
modules.
Left (right) module structure on H

Definition 19 Let A = [Ers] € M,,,»(0) be a octon-
ionic matrix and p € H be a quaternion. The left or right
multiplication of a quaternion and a octonion matrix
is defined as pz = p[ars] = [pars] € M (0) or
Ap = [a]p = [arsp] € Mypsn(0). Left and right sca-
lar multiplication operations are scaler operations. These
operations are not equal. So, in general pZ * Zp. Let
Z € Mpun(0), E € M, (0) be octonionic matrices, and

p, 7 € H be quaternions. Then, we get

1) (E)Z)E + E(ZE),
2) (AplB + A(pB),

3) (pr)A # p(ri).

Corollarly 7 {M,,,(0),D, H, +,-,O} is not left (right)
modules.
Left (right) module structure on M,(R)
20 Let A=[ars] € M,(R)
A= [ETS] € M,,(0). Then, the left product of a square real

matrix and an square octonionic matrix is defined as

Definition and

A@Z = [ars]nxn@[ars] = [Z?:l arsars

nxn nxn’

Let A,B € M,(R) and A,B € M,;,,,(0) and 1y, (g,
be unit element of M, (R). Then the multiplication of real
matrix and a real octonionic matrix provides the following
properties:

DAO (Z + E)=(A o Z)+(B o} E),
)(A+B)OA=(kOA)(104).
3)(4B) © A=A O (BO 4),
1y @ O A=A,
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Corollarly 8 {M,(0),®, M,(R),+,,0} is a vector
space.

The basis of the vector space {M,,(0),D, M,,(R), +,, 0}
is the following set S,.

10 .. 0 e 0 .. 0 e, 0 .. 0
Sz—[-[: . ?] [0 oo ?] l° oo ] }}
0 0 .. Ol LO 0 el 0 0 . el

Corollarly 9 Let the set M, (©®) be given.

1) The system S, is linear independent,

2) M, (0) = Sp{S,}.

Because of the above corollarly, the matrix sys-

tem S, is standart basis of the vector space M,(0). So,
boy(M,(0)) = 8.

(=1

Left (right) module structure on M, (C)
21 Let C =[] € M,(C)
A= [Ers] € M,,(Q). Then, the left product of a square

Definition and
complex matrix and an square octonionic matrix is defined

as

CGZ = [6rs]nxn®[ars] = [Z?:l 6rsars]

nxn nxn’

Since the octonionic multiplication operation does not
provide the associative property, then
{M,(0),D, M,,(C), +,-, 0} is not a left(right) module.
Similarly, the right product of a square complex matrix
and a square octonionic matrix can be defined.
Left (right) module structure on M,, (H)
Definition 22 Let A =[d,s] € M,(H)
A= [Ers] € M,,(0). Then, the left multiplication of

square quaternion matrix and a square octonionic matrix

and

is defined as

AOA = [ars]punOfae] . =[S0y Grstirs

nxn nxn’

Since the octonionic multiplication operation does not
provide the associative property, then

{M, (0),, M,,(H), +,-, 0} is not a left (right) module.

Similarly, the right product of a square quaternionic
matrix and an square octonionic matrix can be defined.

CONCLUSION

In the first section of study, octonions and their basic
algebraic operations has examined. In the second section of
study, octonionic coefficient matrices is defined. According
to the definition of the octonionic matrices real, com-
plex, quaternionic coefficient octonionic matrix has been
obtained. After, addition, multiplication, conjugate, trans-
pose, conjugate transpose and trace operations have been

defined for each definition of octonionic matrices. Finally,
algebraic structures of set of octonionic matrices have been
searched. The objective of this study is to research octon-
ionic matrix and their properties. The octonic matrix con-
cept can also be studied using sedenions.
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