Sigma J Eng Nat Sci, Vol. 41, No. 4, pp. 837-847, August, 2023

Sigma Journal of Engineering and Natural Sciences
Web page info: https://sigma.yildiz.edu.tr
DOL: 10.14744/sigma.2023.00091

Journal of Engineering
and Natural Sciences

Mihendislik ve Fen
Bilimleri Dergisi

Research Article

Solutions of multiplicative linear differential equations via the
multiplicative power series method

Numan YALCIN>*®, Mutlu DEDETURK?

'Department of Electronics and Automation, Vocational School of Gumushane, Gumushane University, Gumushane, 29100, Tiirkiye
’Department of Mathematical Engineering, Gumushane University, Gumushane, 29100, Tiirkiye

ARTICLE INFO ABSTRACT

Article history

Received: 13 October 2021
Revised: 14 December 2021
Accepted: 21 February 2022

Keywords:

Multiplicative Derivative;
Multiplicative Linear Differential
Equation; Multiplicative Taylor
Series; Multiplicative Power
Series Method

equations.

INTRODUCTION

Geometric analysis, which is a non-Newtonian analysis,
was first said by Dick Stanley as multiplicative analysis [1].
Addition and subtraction in classical analysis correspond to
multiplication and division operations in geometric analy-
sis. This is why geometric analysis is called multiplicative
analysis. In the following years, some studies on multipli-
cative analysis were carried out by Duff Campell [2]. In
2008, Bashirov, Kurpinar and Ozyapici, defined the basic
concepts of multiplicative analysis and some applications
were given in [3]. Misirli and Gurefe [4] developed the mul-
tiplicative Adams Bashforth-Moulton methods to obtain
numerical solutions of multiplicative differential equations.
Bashirov and Riza studied multiplicative differentiation for
complex-valued functions [5]. Yalcin, Celik and Gokdogan
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defined the multiplicative Laplace transform and found the
solution of some multiplicative linear differential equations
using the multiplicative Laplace transform [6]. Bhat et al.
defined the multiplicative Fourier transform and investi-
gated the solution of multiplicative differential equations
with the help of the multiplicative Fourier transform [7].
Bhat et al. defined the multiplicative Sumudu transform
and found the solution of some multiplicative differential
equations using the multiplicative Sumudu transform [8].
Yalgin and Dedeturk presented a multiplicative differen-
tial transform method to find the numerical solution of
first and second-order multiplicative ordinary differential
equations [9]. Some studies presented in recent years have
shown that multiplicative analysis is a different alternative
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to classical analysis in some problems encountered in sci-
ence and engineering. For more details see [4, 6, 9-20].

Cakmak and Bagar [21] defined the non-Newtonian
real numbers, non-Newtonian integers, non-Newtonian
absolute value, non-Newtonian distance. In this article,
these definitions are adapted to multiplicative calculus
which is also a non-Newtonian calculus (with the generator
function a = exp(x)).

In this work, definitions of multiplicative Taylor series
(MTS), multiplicative Taylor polynomials (MTP) and mul-
tiplicative power series (MPS) multiplicative power series
method (MPSM) are given. The third-order multiplicative
linear differential equation (MLDE) is solved via MPSM
beside the solutions of first and second-order multiplica-
tive linear differential equations (MLDE). These studies are
supported with numerical examples.

MATERIALS AND METHODS

Multiplicative Analysis and Multiplicative Analytic
Functions

In this section, we will give some basic definitions
and properties of the multiplicative analysis which can be
found in [2, 5, 11, 14]. Readers can find some important
operations, concepts and theorems that are used here from
Bashirov, et al. [3, 11] and also from the article of Yal¢in and
Dedeturk [20].

Here after we will represent natural numbers start-
ing from zero with N = {0,1,2,...}, positive real numbers
with R* and negative real numbers with R™. And also for
Euclidean distance, we will use the notation d(x,y) = |y-x|.

Definition 1. The exponential numbers are defined as

i) R, ={e"| x € R} is the set of exponential real
numbers,

i) Zey, = {€"| x € Z} is the set of exponential integers,

exp

iii) R, ={e*| x € R} is the set of exponential posi-
tive real numbers,
iv) R, = {€"| x € R}is the set of exponential nega-

tive real numbers

Definition 2. Exponential arithmetic (geometric arith-
metic named by Cakar and Basar ) is the arithmetic whose
domain is R, and whose operations are defined as fol-
lows. For x,y € ]Rexp

i)  exp-addition: x @ y = exp [Inx + Iny]

ii)  exp-subtraction: x & y= exp [Inx - Iny]

iii) exp-multiplication: x © y = exp [Inx - Iny]

iv) exp-division: x @ y = exp [Inx + Iny]

Definition 3. The multiplicative absolute value of an
exponential real number x in 4 € R, is defined as

|x], = el

From the definition above we have

x, x>1,

1, x=1,
|x|*= 1

-, 0<x<1.

X

Lemma 1. For x € R, and n € R the following equality
holds |x™|, = |x|™

Proof. Let x € R, and n € R. Then we have

exp

x|, = elnx™l = glninxl — plinxlinl — (ellnxl)lnl = |x|™

Definition 4. The multiplicative distance between two
exponential real numbers x and y is defined by

d.(x,y) =y © xl.

which is equal to
y

Definition 5. Let A C R, f: A — R, be a function and
a € A. The multiplicative limit of fat the element a € Ais, if
it exists, the unique number L € R, if and only if for every
number € > 1 there exists a number § = §(¢) > 0 such that
d.(fix), L) < e whenever 0 < d(x,a) < . And it is represented
by

limf(x) = L

x—a

Definition 6. Let A C R, f: A - R, be a function and
a € A. The function fis said to be multiplicative continuous

at the point a € A if and only if
limf (x) = f ().
x—-a

Definition 7. Let AC R, fiA - ]R{exp be a function. The
multiplicative derivative of the function fis given by:

d'f . :
Iy X == }llm<

-0

flx+ h))”h
fx) '

Assuming that fis a positive function and using proper-
ties of the classical derivative, the multiplicative derivative
can be written as

fr(x) = exp(Ine f)"(x)
for (Ine f)(x) = In[f (x)].

Definition 8. If the multiplicative derivative f* as a
function also has a multiplicative derivative, then the multi-
plicative derivative of f*is called the second-order multipli-
cative derivative of fand it is represented by f**. Similarly,
we can define n" order multiplicative derivative of f with
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the notation f*. With n times repetition of the multipli-
cative differentiation operation, a positive f function has an
n order multiplicative derivative at the point x which is
defined as

fr () = exp(ino )™ (x).
Theorem 2. If a positive function f is differentiable with
the multiplicative derivative at the point X, then it is differen-

tiable in the classical sense and the relation between these two
derivatives can be shown as

f'() = f)Inf~(x).
Theorem 3. (Multiplicative Mean Value Theorem) If the

function fis continuous on [a,b] and is multiplicatively differ-
entiable on (a,b), then there exist a < ¢ < b such that

pyJra
o) = € )]b |

@

Definition 9. Let {c,} <y be a positive series such that ¢,
>0, Vk € N. The infinite product

k=0

is called a multiplicative power series centered at the point
X= XO
Lemma 4. Let the multiplicative power series

n(ck)(x—xo)"
k=0

is given, where {c;} ey is a positive series such that ¢, > 0, Vk
€ N. Then the multiplicative power series is convergent if the
power series

D lney) - (x = x0)*]
k=0

is convergent.
Proof. Suppose

D lney - (= x0)*]
k=0
is convergent then

exp ) [(Iney) - (x = %)"]
k=0

is convergent, too. The last expression is equal to

o

1_[ exp [(Incy) - (x — x0)¥]

k=0

[ Jrexpnene—=*
k=0

exp ) [(Incy) - (x = %0)*]
k=0

(Ck)(x—xo)"

s

=
Il

0

which is the given multiplicative power series. Thus, we
have shown the convergence.

Definition 10. [3] Let f(x) be a positive function that has
multiplicative derivatives of any order on the open interval
(a,b) and let x, € (a,b). Then the multiplicative series

(x—xo)k

1_[[]”(1{)(750)]T (1)
k=0

is called the multiplicative Taylor series of f(x) atx =x,

Definition 11. Let f{x) be a positive function that has
multiplicative derivatives up to order m on the open inter-
val (a,b) and let x, € (a,b). Then the product

n (—x)¥
P = [ [IF@a] *
k=0

is called the m-th degree multiplicative Taylor polynomial
of flx)atx=x,

Theorem 5. [3] Let X, € (a,b) and f:(a,b) - R* be m +
1 times multiplicative differentiable function on the open
interval (a,b) and f*™(x) is multiplicative continuous on
the closed interval [a,b]. Then Vx € (a,b) there exists some

& =¢&(x) € K = {x | min(xyx) < x < max(x,,x) }

such that

(e—xg)* (x—xg)™*1

re =] [lIree] @
k=0

—x0) +
.[f*(m+1)(§)] (m+1)! (2)

The last term on the right side of equality

x_xo)m+1

€
[f*(m+1) (f)] (m+1)!

is called the multiplicative truncation error of the multipli-
cative Taylor polynomial which is m-th degree approxima-
tion to the multiplicative Taylor series given in (1).
Theorem 6. Let x, € (a,b) and f:(a,b) - R* be m + 1
times multiplicative differentiable function on the open
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interval (a,b) and f*™(x) is multiplicative continuous on
the closed interval [a,b]. An upper bound for error which is
obtained by truncating the Taylor series expansion given in
(1) by its (m + 1) th term is given by

|x_x0|m+1

Uy, (x) =M G+

where M = max f *(m+1)(x)|
Thus f(x)is bounded between

P (%)
Un(x) —

S f(X) S Upp(x) - B (x).

Proof. Let f has the Taylor series expansion given in (1),
then we have

(x—xg) M1

. [ *(m+1) (5)]W

m (X—Xo)k
re = [Iree] *
k=0

for some
E=¢x) EK = {;c | min(x,, x) < x < max(x,, X)}.

From here we can write

Gx™
f = :Pm(x)‘[f*(mﬂ)(f)] (m+1)!
SO o T
P [frmsD ()] D

Taking the multiplicative absolute value of both sides we

have
)m+1
(x) — [f*(m+1)(§’)] x(n)i_‘_l)l
P ()], .
(X—Xo)m+1|
(m+1)!
|x_x0 |m+1
< M (m+1)!
where
M= mapls
Thus the following inequality is valid:
<U
:Pm (x) . - m (x)

So, we get

P ()
U (x)

S f(x) S Up(x) - P ().

Definition 12. [20] Let x, € (a,b), N(x,) € (a,b) be a
neighborhood of x, and f(x) be a positive function defined
on (a,b). In this case, f(x) is said to be multiplicative-ana-
Iytic at x, if f(x) can be expressed as a multiplicative series
of natural powers of (x - x;) for all x € N(x;). In other words,
f(x) can be expressed as follows:

fm=gmwwﬁmewy N

Also note that, there exists § > 0 such that this series is
convergent for all ¢ satisfying |x - xo| < 8 and divergent for
|x = xg| > 8. 8 is the radius of convergence of the series.

Lemma 7. The multiplicative derivative of the multiplica-
tive power series defined in (3) is

d* [ee] [ee]
” [H(cn)u—xo)"l - H(Cnﬂ)("“)(""“’)n-
n=0 n=0

Definition 13. Let the function P: N x N — N be defined

by
1, s=0andr =0,
r!
P(r,s) = = s)" 0<s<r,
0, 0<r<s.

Lemma 8. Suppose function f(x) has multiplicative
power series expansion as f(x) = [[%,,(c)*"- Then f(x)
has multiplicative derivatives as multiplicative power series
shown below.

frx) = (Cna) ",
n=0
fre = ] (Cn+2)(n+2)(n+1)xn ,
n=0
f***(x) = [ ] (cn+3)(n+3)(n+2)(n+1)xn ,
n=0
f*(])(x) — [ ] ( n+j)P(n+j,j)xn .

n=0

Definition 14. [20] Let x, € (a,b) and the functions
a,(x) be analytic at x, for k € N. In this case, the point x,
€ (a,b) is said to be a multiplicative-ordinary point of the
equation
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* *(n— n-— (€9) *
Y@ (yra-0) 1O eme e =1, (g

If a point x; € (a,b)is not a multiplicative-ordinary
point, then it is said to be multiplicative singular point.

With the theorem below, the existence of a multiplica-
tive power series solution of a multiplication second-order
multiplicative homogeneous linear differential equation at
a multiplicative-ordinary point is guaranteed.

Theorem 9. [20] Let a,(x), ay(x) be analytic functions at
Xy, in other words, they can be expanded as classical Taylor
series at a neighborhood B(x, §) of X,

a(x) = ZAl,k (x —x0)%,
k=0

Q) = ) Aoy (x = x0)¥
k=0

where § > 0 is the minimum of the radii of convergence of
these series, and let x, be a multiplicative-ordinary point of
the equation

y**(y*)al(x)yao(x) =1

Then, there exists a solution to the equation above as multi-
plicative power series

y=] [enoor
n=0

in the same neighborhood B(x,, §) of X,
Suppose the multiplicative non-homogeneous linear
differential equation

yr L (yr =)@ Ly = f(x)

is given. If y, is a particular solution of this non-homoge-
neous equation and y,, is the solution of the corresponding
homogeneous equation given in (4), then we can write the
general solution y as the multiplication of these two solu-
tions, namely

Y=Yn Yp
Multiplicative Power Series Method for Higher Order
Multiplicative Linear Differential Equations

Theorem 10. Let x = 0 be a multiplicative ordinary point
of the m-th order multiplicative differential equation

Y (yrn-0) ot et L yaot = f(x)

and let

a,(x) = Z(Aj,k)xk, 0<j<m-—1
k=0

are power series of exponents a;(x), respectively. And also
suppose that

feo = ﬁ(m""

n=0

is the multiplicative power series of f(x). Then the multiplica-
tive power series solution

y(x) = ﬁ(m)’f"
n=0

has bases Y,, n > 0 which can be calculated by the recurrence
relations

I

for n=0 where Y, 0 < k < m ~ 1 are given constants.

k+m-1

PGj~k)Aj—kn—
[T )"0 ) | Gy = B, ()
=i

Proof. We can write the given equation in a more com-
pact form as

m-1
ym [ [0 = re.
j=0

Using power series expansion of the functions we have

@ m-1p o Theo Aj,kxk
n P(n+j,j)x"
[Tomrerme AT Tonr™ |
j=0

E*"

n=0 n=0

P(n+j,)x" Y5, A i, xk
) (| D At R O
n=0 n=0

j=0 Ln=

Il
'

m-1

S}

Changing the order of the products in the set parentheses,

we get
e o |m-1 o ken e
G I 1 ) (G0 A [ [ (GO
n=0 n=0 | j=0 n=0
Using the equality

P(n+j,j) TRl Ajpxktn P(n+j,)Ajpxkn
(Yn+j) o = H(Ynﬂ') ’ (6)
k=0

in the last equation (6) we have
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[ [y {ﬁ [m <ﬁ(m)"("*"”"’*"m)}} [ oo~
n=0 j=0 n=0

n=0 k=0 =
oo -1 o X oo
P DAk
n(y )PaEmmst 1_[ H(YHJ_)P(M/,/)A,,M _H(Fn)xn
n=0 | j=0 k=0 =0

Subsequently, we change the order of the products with
indices J and k to write

oo 1 oo
n P(n+j,j)Ajxk+n n
H(Yner)P(ner,m)x . ( n+j) i = H(Fn)x
n=0 n=0 n=0
2 n 21T P(n+j,))A;j gxk+n 2 n
[ Jomemyreremms. ]_[]_[ ( V) P = T [
n=0 n=0

n=0 k=0 \ j=
Afterward, if we shift the index of the product with index

k we have
Vs )P(n+m m)x™ | (Yn+ )P("H DAj k-nx" — (Fn)x"‘
[ {311
Now, changing the order of the products with indices n and
k we get

[Jowre {1 (o)}

k=0 n=0 \ j=0

l_[(F >

n=0

(7)

For getting harmony with the index of the first product on
the left side, we use the index n instead of k in the first of
the products which are in the set parentheses. And also, we
use the index k instead of n in the second of the products
which are in the set parentheses Thus, the equation (7) can

be rewritten as
m-1
( )P(kﬂ NAjn-iex™
+J
j=0

o n
(yn+m)P(n+m,m)x" . {1_[ l_[
k=0
o [ n m-1 an
xn . 1—[ [ (Ykﬂ)P(k”J)Aj'n_k]

li[(mx",

n=0

ﬁ(m’f"
n=0

o

[(yn+m)P(n+m,m)]

s

o

3
11

o

n=

We can multiply the two products on the left with the same
index n to get

ﬁ{(ymrn);’(mmm) . [ﬁ (ﬁ(yk+j)P(k+j,j)A,-,n-k>]} — ﬁ(Fn)xn
k=0 n=0

n=0 Jj=0

Finally, we equate the terms of the products of the opposite
sides and get the recurrence relation

n m-1
W) )\ TTT 0™ 9 )| = Bunzo
k=0 \ j=0
n k+m—-1
P(j.j-kK)A
A N I O B Ol | B A
k=0 \ Jj=k

This ends the proof.
The recurrence relations in (5) for n > 0 can also be

expressed as

n ( 1 )n+m71 ( me1 )

Y P DAjn—k+j Zizk=—n PUDAjnkerj P(n+m,m)
| | Yy Yy Voem =FE
k=0 k=n+1

Solution of First-Order Multiplicative Linear Differential
Equations Via MPSM

Corollary 11. Let x = 0 be the multiplicative ordinary
point of the first order multiplicative linear differential equa-
tion (y*) - y*®) = f(x) and let

a(x) = > A, xk,

;k

e =] [
n=0

be the power series of a(x) and f(x), respectively. Then the

multiplicative power series solution

ym=ﬁmw
n=0

have bases Y,, n > 0 which can be calculated by the recurrence

relations

n

H(Yk)An_kl ' (Yn+1)n+1 =F,nz0

k=0

(8)

where Y, is a given constant.
The bases Y, of the above corollary can be calculated

from the following recurrence relations.

Y, Y =F,
vZ-vle.y =F
v2-vje vy =F
) :
[H(Yk)An_kl (Yr)" =E,
k=0

From these equations the bases Y}, Y,

terms of Y, and Fy, k > 0 as follows

Y; can be given in
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Y, =Fy- Yy
1 -1 1, 5
_|rz. pz0| . 2l45-41)
|t ]
1 1 1 1
<[ s e
2 1 0

-1
vZ3
v

1 1
Ag"'EAO 'A1—§A2

We see that the bases Y}, Y,, ... of the solution are formed
with the product of two parts. The ones which are the prod-
uct of Fs take a role in forming a particular solution to
the non-homogeneous equation, namely y,. The other parts
with the Y, for the solution of the corresponding homoge-
neous equation, namely ;. So the third-order approximate
solution, ' can be written as the product of an approxima-
tion of the particular solution to the non-homogeneous
equation, namely y, and an approximation of the solution
of the corresponding homogeneous equation, namely y,:

3
v 2y=ge =] |0 =t

k=0
3
1 1 1 x

ﬁA?,+§,410-,41—§Az) }

1,2 x? B
y = {YO ()" <YE(A° Al)) : (Yo

ERE DR S O U WRE WPSE IS L
(F())x'|:F12'F;)2 0} '[FZS'F1 2'30.1;62'30 31]

— {(Yo)l—A0x+(A%—Al)x2/2+(—Ag+3A0-A1—2A2)x3/6} .

{(FO)x—A0x2/2+(A%,—2A1)x3/6 . (Fl)xz/Z—A0x3/6 . (Fz)x3/3}
Example 1. Suppose the first-order multiplicative linear
differential equation

* 4x+6 _ ,12x%+26x+15
) -y =e

)

is given. We want to find the fourth-order approximate
solution of this equation by the multiplicative power series
method.

Solution 1. Here a(x) = 4x + 6 which is the power of y,
has the Taylor series expansion below

a(x) = ZAnx" =A, + A4 x+ ZAnx"
n=0 n=2

4x + 6 =6+4x+20x".

n=2
So, we see that the coefficients of the Taylor series are

Ay =64, =4,4,=0n=>2.

And the right-hand side function f(x) = 12X +26x+15 o g
the multiplicative Taylor series expansion

1@ =] e =R @ | [
n=0 n=3

612x2+26x+15 = 15. (eze)x . (612)x2 X l_[ 1<
n=3

Thus, we show that the bases of the multiplicative Taylor

series are
F,=e', F, =e?,F,=e'%E, =1,n>3.
4
y() ~ 560 = | [
n=0

is to be found. From the recurrence relations in (8), we can
calculate Y, for k = 1,2,3,4 as below.

Y, - YOA" =F, and YZ- yle .yo“11 =F,
Y1 . YOG — 615, YZZ . (615 . YO—6)6 . y04 — Fl'
Yl — elS . y0—6, YZZ . 690 . Y0—36 . Y04 — 626,
Y2 = e—32 . Y016
and
3 Ao A Az _
VO SR AR A D
3 -32 . y1616 15 . y—6\4 . y0 _ ,12
Y5 - (e Y0 (e Y)Yy =e
3. ,-132 ., y72 _ ,12
Y;-e ‘Yje=e
_ ,48  y—24
Y;=e*'Y;
and

vievio vt v v =R
Y44 (e*®- Yo_“)6 “(e732. Y016)4 ' (Y1)0 ' (YO)O =1
Y44 . 6160 . YO—SO =1
Y4 — 6_40 . YOZO

And we get an approximate solution written below

4
y@ =3 =] o = v v vt

n=0
Jx) =Y, (315 . Yo—s)x . (8_32 . y015)x2 . (948 . y0—24)x3 . (9—40 . YZO)x4

2 3 4
_ y(1—6X+16x ~24x3+20x%) | (15x-3222+48x7 ~40x*)
) .

y(x)

In this approximate solution

S — ,15x-32x2+48x3—40x*
Yp =e€ )

T y01—6x+16x2—24x3+20x4

are approximations of particular and homogeneous solu-
tions, respectively. Moreover, if we write y,, the approxima-
tion of a particular solution, instead of y in the equation (9)

we get
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S 15x-32x%+48x3—40x*

Yp =

S+ ,15—64x+144x%-160x3

yp =e

SAX+6 e90x—132x2+160x3—32x4

yp -

St SAX+6 — ,15+26xX+12x2%+0x3 -32x*
yp yp =e€

Sk SAx+6 ~ ,12x2426x+15

Yo" Wp =

which is an approximation of the right-hand side function
of equation (9). Also if we write y,, the approximation of
the homogeneous solution, instead of y in the equation (9)
we get

§, = Y01—6x+16x2—24-x3+20x4
In
37;{“6 — Y0+6—32x+72x2—80x3—24x4
i .y;‘:x+6 — Y00+0x+0x2+0x3—24x4 ~y0
~4x+6 ~1

- In

— Y0—6+32x—72x2+80x3

Solution of 2" Order Multiplicative Linear Differential
Equations Via MPSM

Corollary 12. Let x = 0 be a multiplicative ordinary point
of the second-order multiplicative differential equation

y ()t ye® = f(x) (10)
and let
a0 () = D (Aos) ¥ ay(0) = ) (Ar) x*
k=0 k=0

are power series of ay(x) and a,(x), respectively. And also
suppose that

f@=ﬁ@W
n=0

is the multiplicative power series of f(x). Then the multiplica-
tive power series solution

ym=ﬁmw
n=0

have bases Y,, n > 0 which can be calculated by the recur-
rence relations

n
(l_[(yk)k(Alyn_kﬂﬁAoyk) . YTEZII)ALO . yézzrz)(nﬂ) =E,n=0 (11)
k=0

where Y, Y, are given constants.

Example 2. Suppose second order multiplicative non-ho-
mogeneous linear differential equation below and the initial
values

Y (y*)? e y* = el4x2+3x+28’ y(0) = €3, y*(0) = e

are given. We want to solve this Cauchy problem with the
multiplicative power series method.

Solution 2. x = 0 is a multiplicative ordinary point of
this equation, since we can expand a,(x) = x, a;(x) =2 as
power series centered at x = 0 and also we can expand

fx) = pl4x?+3x+28

as multiplicative power series like below

a(x) =22A40=24,,=0n=21
ao(x) =X = A0’0 = 0, A0’1 = 1, AO,TL = 0, nz= 2
fx) = el4x2+3x+28 — (eza)1 . (e3)x . (614)x2

FO =628,F1=€3,F2=€14,Fn=1,n23

Let

ym=ﬁmw

be the power series solution of y(x). We find Y, and Y, as

below
y(0) =e® and y*(0) = e*
Yo H(Yn)o =e’ H(Yn+1)(n+1)xn =e*
n=1 n=0 x
Y, =e3,

[es) =0
Y H(Yn+1)0 =el
n=1
Y, 14

1—¢€

We will use the relation in equation (11) to find Y,, Y; ...
and so on.
i) For n = 0, we get

Y22 . YA1,0 . YAo,o =F,

1 0
YZZ . Y12 . 00 — 628
YZZ . (614)2 . YOO — 628
YZ = 1

ii) Taking n = 1, we have

2A A11t+A A
Y36 . Yz 1,0 | Y1 1,1740,0 | Yo 01 _ F1
Y36 . 12'2 . (814)0+0 . (83)1 — 83

Y3 =1
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iii) For n = 2, Y, is calculated as

aw)=f}m”=m%%fkw”
n=0 n=2

3410 2A1,1+40,0 A1,2+40,1 Ao,2

2.y .y Y, -ylor = F, 5
Y4_12 . 13~2 . 12‘0+0 . (614)0+1 . (63)0 — el4- y(x) — e3 . (614)35 . 1_[ 1x11
Y, =1 n=2
y(x) = el4+3,
iv) Letting n = 3, we find
y20 . ytan pIathos y2AztAos yAistAor yhos Solution of 3 Order Multiplicative Linear
5 4 3 2 Lo - Differential Equations Via MPSM
Y7111 ()7 (e”) - 1 Corollary 13. Let x = 0 be a multiplicative ordinary point
=1 of the third-order multiplicative differential equation
For n = 4, we have Yy (pr)e@® . (y) @t L ya® = f(x)

and let

n+1

n
k=0

n
E, = y@dmsn (Do H(Yn_k)(n_k)(ALkH)MO,k
k=0

oo
o o 400 = ) (4) x50 <2
(n+1)A k=0
F, =ymamn, y Ao L (y ynasato .
n
(Y,_) (" DAr2+4o, . n(yn_k)(n—k),ql‘k 1t Aok are power series of exponents aj(x), respectively. And also
1 ] suppose that

n
R e A SCALI VAN LN [ [(ANE
k=2

fG) = f[(Fn)x"

is the multiplicative power series of f(x). Then the multiplica-
tive power series solution

1 = Y(n+2)(n+1) . YZ(n+1) . (Yn—l)

n+2 n+1
Yoz = [Y 1 +1)2(n+1)]—1/[(n+z)(n+1)]
n n— -

v) Forn=14 .
— xmn
o =¥y ()]0 v =] Jow
=0
Y, =1 "
has bases Y,, n 2 0 which can be calculated by the recurrence
vi) Forn=5 relations
- - (Aot +k-Arn—is1 +k(k=1)-Azn_g12) (DA o+t DAy ,)
Y, = [Y, - (V)24 {Hyk ' ' ' ('Ynﬂ
Y, =1 k=0 (12)

(m+2)(n+1)-4z m+3)(n+2)(n+1) _
Yora Yois =k

Continuing this process, we get forn = Owhere Y,, 0 < k < 2 are given constants.

Example 3. Suppose the third-order multiplicative
non-homogeneous linear differential equation below and the
initial values

Y, =1forn>8.

Thus, we have { P () (p7)3 - y? = e8FH10)

Y, =ed y(0) =™ y"(0) = e*,y"(0) = 1

Y. — pl4

yl -1 Tz > 2 are given. We want to solve this Cauchy problem with the
n - 5 =

multiplicative power series method.
Solution 3. x = 0 is a multiplicative ordinary point of
Using these bases, we write the solution as below this equation, since we can expand ay(x) = 2, a;(x) = 3,
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a,(x) =5 as power series centered at x = 0 and also we can
expand f(x) = e**'° as multiplicative power series like below

a(x) =2=40=24,=0n21

a;(x) =3=24,0=34,=0n2=21

a(x) =5240=54;,=0n=1
f(X) — 68x+10 — (610)1 . (BB)x

F, =e'%F,=eE,=1n>2

Let y(x) = [T (%)™
be the power series solution of y(x). We find Y,,,Y; and Y,
as below

y'(0)=e*, and y(0) =1,

®
n n
l_[(yn+1)(n+l)x | =t H(Ynﬂ)(mz)(mn | -1
n=0 . n=0
©

=0 x=0

Y] Jon = e o] [ =1
n=1 n=0
Y, =e*, v, =1

y(0) = e, and

Yoo [ Jore =e
n=1

Yp,=e™,

We will use the relation

n k+2 .
(yn+3)(n+3)(n+2)(n+1) . l_[ n(}?)P(J;]—k)Aj—k,n—k =F,n=0
k=0 | j=k
tofind Y, ;forn=0.
i) For n = 0, we get
A A 24
Yo 0,0 | Y1 1,0 | Y2 2,0 , Y36 — FO
(6—1)2 . (64)3 .10, Y36 = 10
Y3 = 1
ii) Taking n = 1, we have
A Ago+A 2410124 64
Yo 01 Y1 00tTA1L1 Yz 1,0 2,1 Y3 2,0 Y424 =F
(6_1)0 . (64)2+0 . 12-3+2~0 . 16 . Y424' — es
Y, =1
iii)

Y& = ﬁ(yn)x" = Yo Y- ]i[(Yn)X"
n=0 n=2

y(x) — e—l . (64)9( 1= e4x—1

CONCLUSION

In this paper, the definitions of the multiplicative Taylor
series, m-th degree multiplicative Taylor polynomial, trun-
cation error of the multiplicative Taylor series of a positive
function are defined. Also, an upper bound for this trunca-
tion error is calculated. Consequently, we used the multipli-
cative Taylor series method (MTSM) to find the numerical
solution of higher-order multiplicative linear differential

equations (MLDE). Solutions of first, second and third-or-
der multiplicative linear differential equations (MLDE) are
given by MPSM. Then, the applicability of this method is
supported by numerical examples.
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