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INTRODUCTION

The convex analysis has played an important and fun-
damental part in development of various fields of applied

ABSTRACT

Being a critical part of classical analysis, some of the convex functions and inequalities have
drawn much attention recently because both concepts establish a strong relationship. As a
familiar extension of classical one, the interval-valued analysis is frequently used to the re-
search of control theory, mathematical economy and so on. Motivated by the importance of
convexity and inequality, our aim is to consider new class of convex interval-valued functions
is known as LR-(p, #)-convex interval-valued functions through pseudo order relation(sp).
This order relation is defined on interval space. By using this concept, firstly we obtain Her-
mite-Hadamard (HH-) and Hermite- Hadamard-Fejér (HH-Fejér) type inequalities through
pseudo order relation. Secondly, we present some new versions of discrete Jensen and Schur
type inequalities via LR-(p, £)-convex interval-valued functions. Moreover, we have shown
that our results include a wide class of new and known inequalities for LR-/-convex-IVFs
and their variant forms as special cases. Under some mild restrictions, we have proved that
the inclusion relation “€” coincident to pseudo order relation “<” when the interval-valued
function is LR-(p, #)-convex or LR-(p, #)-concave. Results obtained in this paper can be
viewed as improvement and refinement of previously known results.
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real valued function F: K > R is called convex function on
K if

Flox+(1-0)y)<oF(x)+(1-0FW), (1)

and pure science. In last few decades much attention has

been given in studying and distinguishing diverse direc-
tions of classical idea of convexity. In classical approach, a
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for all x, y € K, g € [0, 1]. If f is convex then,—f is
concave. Recently, many extensions and generalizations of
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convex set and convex functions have been established such
as harmonic convexity [3], £-convexity [30], quasi convex-
ity [23], Schur convexity [8, 9], strong convexity [31, 32],
p-convexity [36], (p, #)-convexity [16], generalized con-
vexity [33] and the main generalization of convex function
is discrete Jensen inequality [1] because it plays a critical in
probability theory, in optimization theory and among oth-
ers field of sciences. For more useful details, see [3, 4, 5, 8,
19, 22] and the references are therein.

The concept of convexity establishes strong relationship
with integral problem. Therefore, this field of research has
attracted many authors to contribute their role. Therefore,
many inequalities have been introduced as applications
of convex functions. The representative results include
Gagliardo-Nirenberg-type inequality [29], Hardy-type
inequality [10], Ostrowski-type inequality [18], Olsen-type
inequality [20], and the most well-known inequality of,
namely, the Hermite-Hadamard inequality (HH-inequality,
in short) [21]. The HH-inequality is an interesting outcome
in convex analysis which is formulated for convex func-
tion. In [17], Fejér considered the major generalizations of
HH-inequality which is known as H H-Fejér inequality. This
inequality basically depends upon the convex and symmet-
ric function. With the assistance of Fejér-inequality, many
inequalities can be obtained through special symmetric
functions for convex functions.

It is also familiar fact that interval analysis [25] and
fuzzy analysis [34] are considered to be two different fields
of mathematics that provide tools to deal with data uncer-
tainty. In general, interval analysis is typically used to deal
with the models whose data are composed of inaccuracies
that may occur from certain kinds of measurements. On
the other hand, without complete knowledge on the prob-
lem, the fuzzy analysis can be used to deal with the models
that were obtained. Moreover, it plays an important role in
the study of a broad-based class problems in pure mathe-
matics and applied sciences including operational analysis,
computer science, managements sciences, artificial intelli-
gence, control engineering and decision makings. The con-
vex analysis has played an important and fundamental part
in development of various fields of applied and pure sci-
ence. Similarly, the notions of convexity and non-convexity
play a vital role in optimization under interval and fuzzy
domain. Therefore, several classical discrete and integral
inequalities have been generalized not only to the environ-
ment of the IVF and fuzzy-IVFs by Costa [13], Costa and
Roman-Flores [14], Roman-Flores et al. [27], and Chalco-
Cano et al. [11, 12], but also to more general set valued
maps by Nikodem et al. [26], and Matkowski and Nikodem
[24]. In particular, Zhang et al. [35] derived the new version
of Jensen’s inequalities for set-valued and fuzzy set-valued
functions by means of a pseudo order relation and proved
that these Jensen’s inequalities generalized form of Costa
Jensen’s inequalities [13]. Motivated by the above litera-
ture, Zhao et al. [37] introduced /-convex interval-valued
functions (#-convex IVFs, in short) and demonstrated that

the HH-type inequalities and Jensen HH-type inequalities
for £-convex IVFs. Besides, Yanrong An et al. [2] defined
the class of (#,, #,)-convex IVFs and established interval
HH-inequality for (#,, #,)-convex IVFs. For further review
of the literature on the applications and properties of gener-
alized convex functions and HH-inequalities, see [6, 7, 11,
15, 28, 38-47] and the references therein. Inspired by Costa
and Roman-Flores [14], and Zhang et al. [35], we present
discrete interval inequalities and interval HH- inequali-
ties for LR-(p, #)-convex IVFs by means of pseudo order
relation.

Inspired by the ongoing research work, the main aim
of this paper is to introduce the class of LR-(p, #)-convex
IVFs and to establish inequalities of Jensen, schur, HH-
and HH- Fejér type for LR-(p, #)-convex IVFs by means
of pseudo order relation via Riemann integrals. The main
results of this paper also obtain some applications.

PRELIMINARIES

In this section, we first give some definitions, prelimi-
nary notations and results which will be helpful for further
study. Then, we define new definitions and properties of
the LR-(p, £)-convex IVFs.

For the basic notions and definitions on the interval
analysis, we use literature [three]. Let R, be the space of all
closed and bounded intervals of R and @ € R, be defined by

w=[w,w]={xeR|w,<x <@}, (w, @ €R).

If w, = @" then, @ is said to be degenerate. In this arti-
cle, all intervals will be non-degenerate intervals. If @, > 0,
then [@,, @] is called positive interval. The set of all posi-
tive interval is denoted by R} and defined as R} = {[@,, @"]:
[@,, @] € R;and @, > 0}.

Let p € R and pw be defined by

[pw™, pw.,] if p < 0.

Then the Minkowski difference n — @ , addition @ +
and @ x 1 for @, n € R; are defined by

m.7l-lo,o]=n-o.n -],
Monl+wo.w]=M+@,n+aT],

and

.71 x @, @] = [min{n@,. 1w, .o, 1w’}
max{n*w*> n*ww n*ZD-*> U*ZU*}]

The inclusion “ € “ means that

1 € w If and only if, [n,, n*] € [@,, @'], if and only if
w,<n,N" <w.

Remark 2.1. [35] (i) The relation < “defined on R, by

M.n]<,[@,w]ifand onlyifn,<w,n' <@,
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for all [n,, n*], [@,, @] € R,, it is an pseudo order rela-
tion. For given [n,, '], [@,, @'] € R, we say that [n,, ']
<y, wlifandonlyifn, <w,n <@ orn,<w, n' <
@*. The relation [n,, n*] <p [@,, @"] coincident to [n,, n*] <
[@,, @] on R,.

(ii) It can be easily seen that “ <, “ looks like “left and
right” on the real line R, so we call “ <, “ is “left and right”
(or “LR” order, in short).

For [n,,n"], [@,, @] € R, the Hausdorff-Pompeiu dis-
tance between intervals [17,, n°] and [@,, @~] is defined by

d([n.,n'), [@., w"]) = max{[n..n’), [@,, @"]}.

It is familiar fact that (R}, d) is a complete metric space.
A partition of [, v] is any finite ordered subset P hav-
ing the form

P={u=x<x,<X;<X4<X5... ... <x,=vlh

The mesh of a partition P is the maximum length of the
subintervals containing P that is,

mesh(P) = max{x]-— X j=1,2,3... .. k}.

Let P(8, [u, v]) be the set of all P € P(8, [u, v]) such
that mesh (P) < §. For each interval [x;_;, x;], where 1 < j <
k, choose an arbitrary point 7; and taking the sum

S(f,P,8)=%* f(n,-)(x,-— xj—l))

Where f: [u, v] > R;. We call S(f, P, §) a Riemann sum
of f corresponding to P € P(§, [u, v]).

Definition 2.2. [37] A function f: [u, v] > R, is called
interval Riemann integrable (/R-integrable) on [u, v] if
there exists B € R, such that, foe each ¢, there exists § > 0
such that

d(S(f,P,6),B) < ¢,

for every Riemann sum of f corresponding to P €
P(6, [u,v]) and for arbitrary choice of n; € [xj_1, x;] for
1 <j < k. Then we say that B is the IR-integral of f on [,
1] and is denote by B = (IR) fuv f(x)dx.

The concept of Riemann integral for IVF first intro-
duced by Moore [25] is defined as follow:

Theorem 2.3. [25] If f: [u, v] € R > R, is an IVF on
such that f(x) = [f, f*]. Then f is Riemann integrable
over [u,v] ifand only if, f, and f* both are Riemann inte-
grable over [u, v] such that

UR) [ f()dx = [(R) [ f.(w)dx,(R) [ f*(u)dx].

The collection of all Riemann integrable real valued
functions and Riemann integrable IVF is denoted by R[4«
and IRy, respectively.

Definition 2.4. [15] A function f: [«, v] > R* is said to
be P convex function if

flox+ (A —-0)y) < f(x) + f(), )

forall x,y € [u,v],0 € [0,1].If (2) is reversed then, f
is called P concave.

Definition 2.5. [6] A function f: K > R* is said to be
s-convex function in the second sense if

flox+ (1 —0)y) <’ f(x)+ (1 —02)f(), (3)

forall x,y € [u, v],0 € [0, 1], wheres € (0, 1).If (3)
is reversed then, f is called s-concave in the second sense.

Definition 2.6. [30] A function f: [«, v] - R* is said
to be A-convex function if for all x,y € [u,v], 0 € [0, 1],
we have

flex+ (1 —0)y) <) f(x) + A1 —0) f(y), (4)

where A: L - R* such that £ # 0, [0,1] € L. If (4) is
reversed then, f is called £i-concave in the second sense. A
function /A: L — R* is called super multiplicative if for all
X,y € L, we have

h(xy) = A(x)A(y) (5)

If (16) is reversed then, 4 is known as sub multiplicative.
If the equality holds in (5) then, 4 is called multiplicative.

Definition 2.7. [36] Let p € R with p # 0. Then the
interval K, is said to be p-convex if

[ox? + (1 — @)yP]? € K,, (6)

forallx,y € Kp,0 € [0,1], wherep = 2n+ landn € N

Definition 2.8. [36] Let p € R with p # 0 and K}, = [u,
1] € R. Then, the function f: [u«, v] > R* is said to be p-
convex function if

F(lox” + (1 = 0y"F) < of () + (1= F ). ()

for all x, y € [u, v], o € [0, 1]. If the inequality (7) is
reversed then f is called p-concave function.

Definition 2.9. [16] Let K, be a p-convex set and #: [0,
1] € £ > R*be a nonnegative real-valued function such that
# £ 0, where £ € R. Then function f: K, > R is said to be
(p, #)-convex on Kp such that

(lox? + 1= 0 ) < 40 f) + £Q = ) O, (8)

for all x,y € K, = [u, ], 0 € [0, 1], where f(x) >0
and 4: L » R* such that # # 0 and [0, 1] € L. If (8) is
reversed then, f is called (p, #)-concave on [u, v]. The set
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of all (p, #)-convex ((p, #)-concave, (p, #)-affine) func-
tions is denoted by

SX([w, v], RY, (0, 4))  (SV([w, w1, RY, (p, 1))

Definition 2.10. The IVF f: [u, v] = R} is said to be
LR-(p, A)-convex-IVF if for all x,y € [«,v] and ¢ € [0, 1
we have

£ (lox? + @ - 0y?1 ) <, 4@ F() + A1 =) FO). (9)

where A: L = R* such that 4 # 0,[0,1] S £.Ifinequality
(9) is reversed, then f is said to be LR-(p, #)-concave on [,
1]. The set of all LR-(p, #)-convex (LR-(p, #)-concave), is
denoted by

LRSX ([, v], R}, (9, 4)) (LRSV ([, v], RY, (p, 1))).

Remark 2.11. If /(o) = ¢° with s € (0,1) then LR-(p,
#)-convex-IVF becomes LR-(p, s)-convex-IVF in the
second sense, that is

f(lex? + (1= 0yP) <, 0°F () +
1-0°f),Vx,y €K, 0€[01].

If A(g) = o, then LR-(p, £ )-convex-IVF becomes LR-p-
convex-IVE that is

1
£ (lex? + (1= 0y?P) <, of ) +
1-0of),Vxy€K,o€[01]
Theorem 2.12. Let 4: [0, 1] > R* such that 4 # 0 and
f: [u, v] > R} be an IVF defined by f(x) = [f,(x), f*(x)],
for all x € [w, v]. Then f € LRSX([w, v], R}, (p, #)) if and
only if, f,, f* € SX([u, v], R*, (p, A)).

Proof. Assume that f., f* € SX([u, v], RY, (p, A)).
Then, for allx,y € [u,v],0 € [0, 1], we have

£ (lox? + (1= 7)) < A £ + 401 = ) £,
And
fr <[pr +a- Q)y”]%) <A@ ) +A0-0) [ ()

From inequality (2.8) and order relation <, we have

|1 (tex? + = @7 £ (1o + @ - 2971

<p [ f.() + AL =) L), A f*(x) + AOQ - 2) f* ()]

=20 [, fF ]+ AA =) [, f* )],
that is

1

£ (lex? + (1= @y"P) <, A(@) () + A0 = ) FO),
vV x,y € [u,v]0€[0,1]

Hence, f € LRSX([u, v], R}, (p, ).
Conversely, let f € LRSX([u, v], R}, (p, A)). Then for
allx,y € [u,v] and ¢ € [0, 1], we have

(lox + (1 = 007 <, 4(0) f () + A1 = 0 FO),

That is

|7 (1ex + 1 = @71). £ (fox? + (1 - 0297 <,
A [£00.F 0] + A0~ D) L0 F )]
= [A(0) /.00 + A1~ ©) £.0), Q) () + A~ ) )]

It follows that

£ (lox? + (1~ @y"P) < 4@ £ + 41— @) £O)
and

£ (lex? + (1 - )y ) < 4(@) /() + A1 = 0 (),

Hence, the result follows.

Remark2.13.If f,(x) = f*(x) then, LR-(p,#)-convex-
IVF becomes (p, #)-convex function, see [16].

If f,(x) = f(x) with A(g) = p* with s € (0, 1) then,
LR-(p, #)-convex-IVF becomes (p, s)-convex function in
the second sense, see [16].

If f.(x) = f*(x) with A(0) = o then LR-(p, £)-convex-
IVF becomes classical p-convex function, see [36]. If f,(x)
= f*(x) with p = 1 then, LR-(p, #)-convex-IVF becomes
Ai-convex function, see [22].

If f,(x) = f~(x) with 4(0) = 0%, s € (0,1) and p =1
then, LR-(p, /)-convex-IVF becomes s-convex function in
the second sense, see [6].

If f.(x) = f*(x) with 2(@) = 1andp = 1 then LR-(p,
#)-convex-IVF reduces to the P-convex function, see [15].
If f,(x) = f*(x) with 4(0) = p and p = 1 then LR-(p,
#)-convex-IVF becomes classical convex function.

Example 2.14. We consider £(p) = o for 0 >0, n
<1 and the IVF f:(0,00) - R} defined by f(x) =[3x,
5x? ], where p is an odd number. Since f,, f* € SX([u, v],
R*, (p,#)) and hence, f(x) is (p, #)-convex- IVE.

HERMITE-HADAMARD TYPE INEQUALITIES

In this section, we derive some new HH- and HH-Fejér
type inequalities for LR-(p, #)-convex-IVF by means
of pseudo order relation via the interval Riemann type
integrals.
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Theorem 3.1. Let £: [0, 1] > R* such that £ Z 0 and
andhe) # 0, and let f: [u, v] > R} be an IVF such that
) = [£.(x), £(0), for all x € [, ). If f € LRSX ([, v/,
R}, (p, #)) and f € IR then

u, v])

el ([“”;“’];) Sp st UR) [ X7 fCOdx <, [f () + f()] [} A (o) de.

(10)

If f€LRSX([u, v], R}, (p, /)), then

o) f([“”;”p]g) 2, 5l UR) [ 277 f(dx 2, [f () + f(@)]J A(0) de. (11

Proof. Let If f € LRSX([u, v], R}, (p, #)). Then, by
hypothesis, we have

@f <|:up:vp:|%> < f ([Qu’” +(1- Q)v”]%) +f ([(1 —oul + va]%)

Therefore, we have

pois ([#]%) < f. (low + (1 = )o?P) + £.((1 - u? + go?),

A3)

ol ([@]5) < (low? + (L= )07 ) + £((1 - yu? + go7).

T
2

Sl ([“";”” ?) do < [} 1. (low? + (1 - o?IP) do + [} £.((1 - @)u? +ow?)de,

1

—= I f ([“p:”p E) do < ) f* ([@u” +a- e)v”]i) do+ [ f'((1 - @)uP + evP)de.

It follows that

2/1,1(1)}‘:k <[ﬁ ;v ]p) s vl’ﬁul’ f:xp_lf*(x)dx,

Zhl(l)f* ([up-;—vp]g) < vpfup J‘: xp—lf*(x)dx .

up+4rp]E

f<[ - > <p 5oy UR) [, X7 f(¥)dx. (12)

In a similar way as above, we have

L UR) [ P i f()dx <, [F() + F()] [ A(0) do. (13)

P —uP

Combining (12) and (13), we have

el ([@ﬂ <p s UR) [ 2P f(0dx <, [f () + f(0)] f A (o) de.

T
2

Hence, the required result.
Remark 3.2. If /() = 0¥, then Theorem 3.1 reduces to
the result for LR-(p, s)-convex-IVF which is also new one:

21 f ([M]"’) Sp =2 UR) [P f@dx <, = [f(w) + f()].

2 s+1

If 2(p) = p, then Theorem 3.1 reduces to the result for
LR-p-convex-IVF which is also new one:

1
uP+vPlp — f)+ f(v)
! ([T]p> <p srgr (R [ 37 f(0dx < =27

If f,(x) = f*(x), then Theorem 3.1 reduces to the result
for classical (p, #)-convex function, see [16]:

o £ ([527]) = s ® S5 57 ar < ) + £ o) e

If f.(x) = f"(x) with A(p) = g°, then Theorem 3.1
reduces to the result for classical (p, s)-convex function, see
[16]:

251 f ([#ﬁ < R [T )dx < = [f () + f0)].

s+1

If f.(x) = f*(x) with A(0) = o, then Theorem 3.1
reduces to the result for classical p-convex function, see
[26]:

1
ul+ollo - f)+ f(v)
f<[ : ]p) = Upﬁup (R) f:xp 1f(x)dx < %

Example 3.3. Let p be an odd number and A(g) = o,
for o €[0,1], and the IVF f: [u,v] = [-1,1] - R; defined
by, f(x) = [x?, €], where p be an odd number. Since end
point functions f,(x) = x* and f*(x) = e? both are (p,
#)-convex functions. Hence f(x) is LR-(p, )-convex-IVE
We now computing the following

£ ([5)) £ 52 100 < [0 + £ 40 e

=0 <[“”j”'"];> = £.0) =0,

P [T xPf (x)dx = % fjl x?P7rdx =0,

wP—uP

[f.) + £.(0)] [, #(e) do = 0,

that means
0<o0<o.

Similarly, it can be easily show that
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=0 f*([#]) S [ dx < [F () + £ ()] A(o) do,

ol <[“p§”p]%) -F@=1

f xP1fr (x)dx——f xPlePdx = &5

vP— up

ete™!

[ () + £ ()] f, #(e) do =

From which, it follows that

<

that is

[0,1] <,

& =)

Hence,

2

Theorem 3.4. Let A: [0, 1] > R* such that 4 # 0 and

andhe) # 0, and let f: [u, v] > R} be an IVF such that
f(x) = [f.(x), f*(x)], forall x € [w, v]. If f € LRSX([w, v],
R}, (p, #)) and f € IR (,, ) then

e f([ i )< 0%, 5 UR) [2 377 f()dx <005, [Fw) + F)] 2+ A (2)] fy 4G de,

where

b= [f(u);f(v) +f<[u¥’:4yl’]§>] fol /ﬁ(g) do,

ezl (EH]) o ()

and =[O, & *], &= [&,, &,%].

Proof. Take [up, “p;”’p], we have

.
1 [ [ewrra-0t | a-guret i

o\ | s
G

Therefore, we have

Zﬂl(%)f ([MF) <y i (R) [ 2P () dx <, [f () + f()] [, Ae) do.

)+f ([(1 o)uP + Q“p ”p] )

1

ouP+(1- 9)“1’“’1] (1- g)u"w“m"p
3ﬂ 2

<f. <[W +(1 -0 p)+f <[<1 —ou? + o )

LS [Qu”+(1 Q)WWP (- 9)u”+g“p+”p
—
3) 2

([Q’up +(1-0) upwp] > <[(1 —o)u? + g“pwp]I) .

In consequence, we obtain

IA

1 1) f* <|:3/u,p4+4rp:|%) p f;# xp_lf*(x)dx ,

4h(5 oP—uP

Mbl(%)f* <[3u7’4+vp]5> £ f%xp—lf*(x)dx.

vP—yl

IA

That is

xp () dx|.

o [f- ([Lpf ”p]'l’)f [y )] < ﬁ[l e odx [

It follows that

1 wuP oD
4ﬁl(1)f ([3“":4’p]p> Sp M’iw fu : x”_lf(x)dx. (14)

In a similar way as above, we have

4/3(%)f ([up:myp]g) Sp vpfup L:;’%pxp_lf(x)dx. (15)

Combining (14) and (15), we have

wP+vP]p uP+30Pp v p—
gl (B ) (B ) i s
By using Theorem 3.1, we have

e /(1) - e (B2 o)

Therefore, we have

T <[]> o dd | ])
4["(1%)]2f* <[u":vp];> - 4[ﬁ(1§)]2f ) <E# + “m;—w]g)

N R
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iy [P O8 (B27 )+ a0 (22 )]
i PO (B2F) 4@ (f222P)

\h

Up-upf xP71f (x)dx,
SLLL xP7H(x)dx,

P —uP

< [f*(u)+f*(4f) n <[ﬂp+”p] >] I, #(0) do,

e (2o

:Dl*'
=>1*’

< [F 29 1 o) (1) + £.(0)] ) Ao de
< [ 4 pio) (1) + £ @))] [y Ao de,

G4, #@ de,
G4y @ de,

= [+ L[5 +4
= [f' @)+ f @] [;+4

that is

Wf([“’;” I )< 2%y 5o UR) [ 377 f(@)dx <015, [F60) + f@)] [+ 4 (3)] f; A de,

hence, the result follows.

Example 3.5. Let p be an odd number and £4(p) = o,
for o €[0,1], and the IVF f: [u,v] = [-1,1] = R; defined
by, f(x) = [x?, e¥], asin Example 3.3, then f(x) is (p,
#)-convex IVF and satisfying (4.1). We have f,(x) = x” and
f*(x) = e*. We now computing the following

[f.) + £.] E +h G)] J, #(0) do =0,
@) + £+ £ ()] fo Al do = 2,

b= [f*(u)+f*(19)+ P < uz’+av )]f A(0)do =

2

P p
be [f (u)+f(t9)+ ;- <u +9

S Hﬁ >+ P <[up+43ap]%>]=0
- @[f* (1 ) ()| ===

[up+6p]%> -0
2 )

Y

=
>
—
N =
—

N

Th
/

= flw)g(v) + f(v)g(u), and M(u, v) = [
M*((u, v))] and N (u, v) =

LRSX([u, v], R}, (p,

)]f A(o) do = 2,

’

Then we obtain that

0<0<0<0<0,
1
2

-1 -1 -1
e—e ete” " +2 ete
<

Hence, Theorem 3.4 is verified.

In Theorem 3.6 and theorem 3.7, we obtain some

interval integral inequalities for the product of two LR-(p,
#)-convex-IVFs.

Theorem 3.6. Let £, £,: [0, 1] > R* such that 4, A,

# 0, and let f, g: [u, v] > R} be two IVFs, respectively,
defined by f(x) = [£.,(x), f*(x)] and g(x) =
for all x € [u, v], respectively. If f € LRSX([u, v], R}, (p,
#1), g € LRSX([u,
then

[9.(x), g"(x)]

U]) R;) (p) /LZ)) and fg € jjz([u,f(y]) )

UR) [ xP" f () g()dx <, M(w, ) [} £y (@) (o) do + N (u,v) [ A (@) Az (1 - @) de,

»
oP—uP

= f(w)g(w) + f(v)g(v), N(u, v)
M. ((u, v)),
(V. (e, ), N*((w, v))].

Proof. Since f € LRSX([u, ], R}, (p, #,)) and g €

where M(u, 1)

#,))then, we have

£ (lowr + (1 = )7 < A @) + As(1 - DL @),
7 (lew? + 0 - 007P) < A(@F @) + 4. (1 - Of @),

And

. (low? + (1= 07P) < A9 () + h1 - 9. (0),

g (lew? + (1 = 0?P) < A, (009" ) + A1 - 09" (@),

From the definition of LR-(p, #)-convex-IVFs it follows
that f(x) >0 and gx) 2.0, s0

. (lew” + 1= 07P) g. (lew? + (1 - o)
- ( A (D)f.(w) )( #2(0)g,(w) )
T\ (1= f. () \+ A, (1 - 0)g.(v)
= £.(0)g.(W) 41 (@) h2(Q)] + £.(0) g. (1) [A: (1 = ) A2 (1 = 0)]
(W) g.(0) £1(0) A2 (1~ 0)
+H.(0)g.(w) £:(1 = 0) £2(0),

7 (lew? + 1 = o) 9" (Iew? + (1 - )o?])
<(, @r@ y( m@sw )
=lna-ore/\+aa-0gw@
= 109" @ A1) Ao @] + £ (0)g" @A (1 = @) By (1 = )]
g @) ha (@) A1 - )
@) @) Ay (1 - ) A2(0),

Integrating both sides of above inequality over [0, 1] we

get
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e [V 2P (20 9. (x) dx
< (f0)g.(0) + £ 9.() [} £1(0) #2(0) do
+(f(w)g.(0) + £.()g.(w)) f #1(e) £,(1 — 0) de,
I (low? + (1= 0007 g (lew? + (1 = @)07F) = 12 [ 0074 ()g" (o) d
< (g @) + £ (@)g" (@) ; £1(0) A2(e) de
+(f' W g" @) + () g () [, 1(0) A2 (1~ o) do.

1 £ (lowr + (1~ o7 ) g. (lewr + (1 — )7 = 2

It follows that,

I [P (0 9. () dx < ML((w, ) f, 1(0) #2(0) do
+IV.((w,)) [ A1(0) #2(1 - @) de,
=P [T (0 g () dx < M ((w,) [ 71 (0) £2(0) do
+ 3 ((w,) f, #1(0) A2 (1 — o) de,

that is

T Ly X700 g.(dx, [ 2P () g" (x) dx]
<p [M((w,0)), M (1, )] [} #1(0) £2(0) do
+HN (1, ), N7 (e, )] f, (@) A2 (1 — @) do.

P

Thus,

P UR) [ 2P () g () dx <,00 () [} () Ao (0) do + N, v) [} Ay (@) Ao (1 — @) de.

pr—

Hence, this concludes the proof.

Theorem 3.7. Let A,, £,: [0, 1] > R* such that A4, A,

Z0and A, (%) A, G) # 0, and let f, g: [u, v] > R} be two
IVFs, respectively, defined by f(x) = [f,(x), f*(x)] and g(x)
=[g.(x), g*(x)] for all x € [w, v]. If f € LRSX([u, v], R},
(p,#1), g € LRSX([u, v], R}, (p, #,)) and fg € IR, 1),
then

i (125)o (1278 = o2 0 o rcogtere
+M(u, ) f) #1(e) £,(1 - 0) do

+V (u, ) f, R (@) () do,

where M(u, v) = f(u)gu) + f(v)gv), N(u, v)
= flu)g(v) + f(v)g(u), and M(u, v) = [M,((u, v)),
M ((u, v))] and V' (uw, v) = [V, ((u, 1)), N*((w, v))]
Proof. By hypothesis, we have

(57 ) (1)
FET o (57

=i (5) % (3)

£ (lowr + (- 0007) g. (lowr + (1 - )o?1?)
+: (lowr + 1 = e?P) . (10 - ur + W]%)‘
(10 - 9wr + 007) g. (low? + (1 - 0?17
4 (10 - 9ur + 001 g, (10 - @ur + ewﬁ)‘

fr ([Qu” +A-0v?r)g ([Qu” +(1- Q)Up]%)
+f (low? + @ - o) g (161 - ) + Wﬁ)l
7 (10 - 0ur + eovP) g (fowr + @ - yovp) ‘

(10 - 0w +007) g (16— ) + 00717)

m@m)

’

SIS

<n(n()

NOING

ol” (fow? + (1 - 0)071?) g. (Iow? + (1 - )o?1p)
2\5 1 1
I (10 - 9w + 0P g. (11 - 9w +0Ip)
(11 (@) () + #1(1 = 0) £.()
1 1 * *
0, (1] (21— 0) 9. + £2(0) 9.(+))
()2 () (A1 (1~ 0) () + 1 (@) £.(0) |
(£2(0) 9.(10) + £,(1 = @) g. ()
£ (lewr + 1 = P ) 9" (lew? + (1 - @)0?P)
4 ([0 - 0w +007P) " (G - Du? + go?Dp)
(h1(0) f* () + A1 (1= @) f* ()
1y, (1] (R(1=0) g () + A5(0) g ()
+ ()2 3) +Hh (1= ) f* (@) + Ai(0) () |
(h2(0) 9" (W) + £2(1 =~ 0) 9" (1))

<n ()

=t (5)% ()

=) ()

f ([aup +0- e)v”]%) 9. ([eup +0- @)vp]%)
(10 - 9w + 0o71) . (11 - @)u? + 0071
0 [ #4100) A2(0) + A1 (1 = 0) Ao (1 = IN. ((u, )
2 G) o (E) +{1111(Q) /Lzz(l - Q)1+ #, (1 —29) Fr (@M. ((u, )]
WOV f: ([QW +01- Q)v”]i) g ([Qu” +01- Q)v”]*l’l)
© e (10 - 0w + eoml) gt (10 - @ur + 007)

1 1 [ {A1(0) #2(0) + A1(1 — @) A, (1 — @IV ((1, 1))
2 ()2 G) [+{h1 (@) Aa(1 — 0) + Ar(1 - @) Ax (I ((w, 0)))’

—

Integrating over [0, 1], we have

i (D)o (52 s 5t @ 0w g
+M.((w,)) f, 21(0) A2 (1 — @) do
+2V. (e, ) f, 21 (0) #2(0) de,

e (57 (12 ) st o Lo com s
+ M ((w,)) [ A1 (@) Ao (1 — @) do
+ (e, ) f, (@) #2(0) de,

that is

o () o ([22T) =0 5 o 1w g ias
+ M (1, v) [ hy(0) £2(1 @) do

+N (w, ) [ A1(0) A5(e) do,

Hence, the required result.
Example 3.8. Let p be an odd number and £,(p) =
0, #,(0) =1, for ¢ € [0,1], and the LR-(p, £,)-convex
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f:lu,9] = [2,3] = R} and LR-(p, A,)-convex IVFs g:
[u,9] = [2,3] = R} are, respectively defined by, f(x) =

[2 —xz 2(2 —xz)], and g(x) = [x?,2x? ]. Since f (x) = 2
—xz fx) = 2(2—x2) and g (x) = x, g'(x) =2,

then we computing the following

19,,””,, [2xP71f.(x) X g. (0 dx = 1,
1917 up f xP7HH(x) x g (x)dx =

M.(,9) f) h1(0) #2(0) do = (10 — 2V2 - 3V3) 3,
M (u,9) f, #1(0) R2(0) de = (10 — 242 — 3V3) 2,

N.(u,9) f) £1(0) A2 (1 — @) dg = (10 — 3vZ - 2v3) 1,

N, 9) f, A (@) h,(1 - @) do = (10 — 3vZ — 2v3) 3,

that means
1< (20 -5v2 - 5V3)5,
4 < (20 -5v2 - 5V3)7.

Hence, Theorem 3.6 has been demonstrated.
For Theorem 3.7, we have

20-5v

T (e ) xo (Véﬂp]%l) =2,
ey (2T <o ([57]) =20 v

2

M.(u,9) f, #1(0) #,(1 — ) do
M, 9) [ A1(0) A,(1 — @) do

=-(10 -2v2 - 3v3),
=2(10 - 2v2 - 3V3),

N.(,9) [ #1(e) #2(0) do =5 (10 — 3vZ — 2V/3),
N*(W,0) [} A1(0) A;(0) do =3 (10 - 3VZ - 2V3),
that means
20-5v10 20-5v2-5v3
4 = (1 + 2 ) !

’

20 — 5v10 < (4+2°‘5fﬂ)

hence, Theorem 3.7 is verified.
Next we derive HH-Fejér type inequality for LR-(p,
#M)-convex-IVE by means of pseudo order relation.

Theorem 3.9. (Second HH-Fejér type inequality for
LR-(p, #)-convex-IVF) Let £: [0, 1] > R* be a nonnegative
real valued function and f: [«, v] > R} be an IVF with «
< 1, such that f(x) = [f,(x), f*(x)] for all x € [u«, v] and f
€ IR (u])- If f € LRSX([u, v], R}, (p, #)), then W: [w,

1
v] - R, W(x) = 0, p-symmetric with respect to [u +0p]p

, then

S UR) [ W <, [ ) + £ 4@W (I - @ + 007 do. (16)
If f € LRSX([u, v], R}, (p, ) then, inequality (16) is
reversed.

Proof. Let f € LRSX([u, v], R}, (p, #)). Then we have

. (lew + @ = 3?1 ) w (g + (1~ yo?p)
< (A@.) + A0 - Q@)W ([ew? + (1 - o?P),
7 (tewr + @ = er 1) w (low? + 1 - o)

< (A@F (@) + 41 - OF @)W (low? + (1 - 7).

(17)

And

7. (10 - oywr + 00717 ) w (11 - yu? + 0077

< (AQ - Q) + AL @)W (0 - D + 007,
7 (10 - 0w + 0071w (101 - yu? + 00T

< (AGL - ) + A@F @)W (10— Oyu? + ¢e?Tp).

(18)

After adding (17) and (18), and integrating over [0, 1].
we get

f;ﬁ([gu”(l Qvrlr )W([Qu”(l @)v”])
11 (10 - 0w + 0077 ) w (6 - ) + 0071 ) do
[ f (AW ([ew? + (1 - o7F) + 4G - W ([ - u? + ¢071)} ]dg
TP @ {aa - ow (lew + 1 - e7F) + AW (0 - our + oo B}
1 £ (fewr + @ - o) w (fgwr + 1 - gW]) o
+ (10 - 0w + 0e?B) w ([0 - yu? + oo ) do
[ e {a@w (lewr + @ - 90r) + 40 - (10 - 9w + 00T}

T @ {aa - 0w (lew + (- e+ alew (G - O + gwﬁ)}} “

= 2£.60) ) 4@W (fow + (1 - o) do + 260 f; #@W ([ - )u? +007)7) de.

=2/ (w) f; AW ([Qup +(1- Q)vn]i) do + 2f*(v) fnl AW ([(1 —o)uP + gvv]%) do.
Since W is symmetric, then

= 21f. ) + £ )] [} AW ([(1 - u? + 0071 de,

L 1 (19)
= 20" + £ @) [y AW (11— P + ov7]? ) de

Since

1 £ (fewr + L= yer i) w (few? + (1 - )71 o
= [ (= 0wt o)W ([0 - yu? + 007 ) do = 52
17 (tewr + @ - o?P) w (lew + (1 - ye?p) o

= [ 7~ 0wt o)W (10— 0w + 0o?lp) do = 57

P

[y W Edx,
(20)

f;’x"*f‘(x)W(x)dx.

From (20), we have
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S [ OW @ < () + @) S AW (10— 0w +oorP)de. [ f(lew? + (1 - 00" ) W (fow? + (1 - )7 ) do
M—uv f P OW ) dx < [F () + £ (V)]f AW ([(1 ou? +va],,) do, = jlf ([(1 Q)up+94ﬂ’]5) ([(I—Q)ul’ +Q4rp]5) do
= [T W ()dx,
(24)

that is

[[ P £ OW@dx, [ xP~f* )W (x)dx]

wP— up

<, [.G0) + £.@) @) + 1 @] [} 4@W ([0 - 0w + 007 de,

bl
hence

S UR) [ f W@ <, ) + F@)] ;AW (G - yu? + 007 do

By the same technique used in the proof of Theorem 3.9
we get result following first HH-Fejér inequality for LR-(p,
#,)-convex-IVE

Theorem 3.10. (First HH-Fejér inequality for LR-(p,
#)-convex-IVF) Let A: [0, 1] > R* such that 4 G) % Oand
f:[u, v]-> R; bean IVF with « < v, such that f(x) = [f,(x),
f*(x)] for all x € [u, v] and f € IR, ,]). If f € LRSX([u,

v], R}, (p, ) and W: [u,/tr] - R, W(x) = 0, p-symmetric

with respect to [%] and [ xP7'W (x)dx > 0, then

zﬁl(g) f<[u”;w”] )Spj xP= 1‘W(x)dx (IR)f P OW () dx.

1)

If f € LRSX([u,
reversed.
Proof. Since f € LRSX([u, v], R}, (p, #)) then, we have

()

v], R}, (p, #)) then, inequality (21) is

IN

() (ﬂ (lewr + 1 = @07F) + £ (10 - ) + gv”]%)>.

£ ([—”]) <#() (f‘ (fowr + @ = o7) 4 £ (16 - ou? + gvvﬁ)). (22)
By multiplying (22) by
1 1
w ([Qu” +(1- Q)’Vp]z) =w ([(1 —ouf + QUP]E) and
integrate it by p over [0, 1], we obtain
( [E )I w ([ - yu? + o7 ) do
ca) LA (lewr+a —QW@W([W +a- gwﬁ? @)
£ (1a - 0w +orp) w (10 - yur + eo?P) de
(23)

f ([ ”*”’”]")I w(la- e)u”+av”]") de
( [gu” +@1- Q)VW]V) ([Qu‘” +@a- @)v”]i) de )

+ 17 (16 - 0w + 0071w (11 - oyu? + 0071 )do )

Since

17 (tewr + (@ = o) w(fow? + 1 - oI do

=01 (10 - 0w + 007 ) w (10 - )ur + 07 ) de
==t [ P W) dx,

From (24), we have

1
1 uP+vPlp 1 v
zﬁ(l)f* <[ 2 ] > = 17 xP=1W(x)dx f«u xP 1ﬁ(x)W(x)dx,

1
1 « [ [uP+0P]p 1 V1 o
zﬁ(l)f ([ 2 ] ) < T fu xPTH ()W (x)dx,

From which, we have

1

B7Te) [”' Q*]) r ([7])] < ot L L COWEdx, [ oW (dx],

that is

”Ll(l)f<[u ;W ]") Spf xP- 1W(x)dx (IR)J‘ xP7Hf O W (x)dx.

this completes the proof.

Remark 3.11. If in the Theorems 3.9 and 3.10 A (o)
= o° then, we obtain the appropriate theorems for LR-s-
convex-IVFs on the second sense which are also new one.

If in the Theorems 3.9 and 3.10 4(p) = o, then we
obtain the appropriate theorems for LR-convex-IVFs which
are also new one.

If f,(x) = f*(x) then Theorems 3.9 and 3.10 reduce to
classical first and second HH-Fejér inequality for £-convex
function, see [16].

If W(x) = 1 then by combining Theorems 3.9 and 3.10,
we get Theorem 3.1.

Example 3.12. We consider £(p) =
the IVF f: [1, 4] > R} defined by,

oforp€ [0,1],and

fo) = [e*",2¢*"]. (25)

Since end point functions f,(x), f*(x) both are (p,
#)-convex functions, then 7'(x) is LR-(p, #)-convex-IVE
If

B xP —1, ae[l,z],
W) = 4 — xP, 06(2,4], (26)

where p = 1. Then, we have
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o [P OW O dx = 5 [ 2P £ (W () dx

= iflg xP7LL(OW (x)dx + %f; XP7HL ()W (x)dx,

= %f?ex(x —1Ddx + §f§48x(4 —x)dx ~ 11,
: (27)

= iff xPH ()W (x)dx

= Lt oW + JERT W,

5
= gffe"(x — 1Ddx + §f§4e"(4 —x)dx = 22,
2

and

[/.0) + £ J; AW (101~ 0w + 09717 de
1@+ £ @1 [y 4w (11 - 007 + 08717 de
1 1 (28)
= le+e'] [[73¢%dx + i 03— 30)de| ~ 2

1
=2[e +e*] [f05392dx + o3 - 3Q)dg] ~ 43.
2

From (27) and (28), we have

[11,22] <, [,43]

Hence, Theorem 3.9 is verified.
For Theorem 3.10, we have

(52T ) ~ 2

1 (29)
1 f* [ul’w?’]p ~ 122
w2 )75

5
fuﬂ xXPTW(x)dx = [2xP7 (x — Ddx + fg xP1(4 — x)dx = Z,

1
f xP~1W(x)dx
%
f xP=1W(x)dx

u

f xP7HLOW (x)dx ~ =
146 ° (30)

f P OW(x)dx ~ —
From (29) and (30), we have

[61 122 [73 293

)

Hence, Theorem 3.10 is demonstrated.

DISCRETE JENSEN AND SCHUR-TYPE IN-
EQUALITIES

This section proposes the discrete Jensen and Schur
type inequalities for LR-(p, #)-convex-IVF and proves
some refinements of both inequalities. First of all, discrete

Jensen type inequality for LR-(p, #)-convex-IVF is proved
in the following result.

Theorem 4.1. (Discrete Jensen type inequality for
LR-(p, #)-convex-IVF) Let w; € R*, wu; € [w,v], (=
1,2,3 .k k =2)andlet f: [u, v] > Rj be an IVF
such that f(x) = [f,(x), f*(x)] for all x € [, v]. IfIf f €
LRSX([u, v], Rj and 4 is a nonnegative supermultiplica-
tive function on £ then

f ([WLRZ§(:1 w; uij) < Zfﬁ (%) f(uj), (31)

where Wy, = ¥¥_, w0}, If the a nonnegative function £ is
sub-multiplicative function and f € LRSX([u, v], R}, (p,
#) then, eq. (31) is reversed.

Proof. When k = 2 then, eq. (30) is true. Consider eq.
(2.8) is true for k = n — 1, then

1
(e mmtewl) = 5 GE
Now, let us prove that eq. (31) holds for k = n.

¢ (B )

1
— n-2 Wn-1+twWn Wn—1 Wy >
=f ([W—nz,-ﬂ wj P + ( e y? + | )

)f(u])

Wn Wn-1twWn

Therefore, we have

-
o

1
W1+ - Wn-y wn »
=f. wi P Up_1P u, "] B
f([wnzf 1wyt Wn (Wn»1+"4’7| n-t +wn—1+wn "

1
< ([ gn-2 p 4 Wnoatwn o wnog P wn >
= — Yt w;uP + Up_qP + w77,

f([wz,,l,] i - ity

Wn—q +107 Wp_g+10;

<2 A () Flu) + 4 (222 1 [ 4 )

A 7o)+ 4 (2525) [+ ] )
< 2t A () £ ) + A (2 [ A (G5 folwnon) + A () )]
<3t n (5D £ () + (222 )[n( ) ) + A () )
<A () £ Co) + [ (520) fulaeno) + 4 (52) fean)],
<A (D) £ () + [ (522) £ G + A (52) £ ()],
=3 () £w),

=Xk (w)f*(“j)-
From which, we have
[ (s ) (s )| (5708 () 200, 5708 () 1),

that is,

(i ) 2 23 () ),
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and the result follows.

Ifw1=w2=w3= ....................................... =wk=1,then
Theorem 4.1 reduces to the following result:

Corollary 4.2. Letu €lu,v], (=123,. Kk,
k > 2) and let f: [w, v] > R} be an IVF such that f(x)
[f.(x), f*(x)] for all x € [u, v]. If f € LRSX([u, v], R}, (p,
#)) and /A is a nonnegative super-multiplicative function

on L, then
(st ) < B n (Ot o

If function 4 is sub-multiplicative and f € LRSV([u,
v], R}, (p, #)) then, inequality (32) is reversed.

To obtain a refinement of Jensen inequality for LR-(p,
#)-convex-IVFs firstly, we prove the following the result:

Theorem4.3. Let /: L > R* be a nonnegative super-mul-
tiplicative function and f: [«, v] > R} be an IVF such that
fx) = [f.(x), f(x)] for all x € [u, v]. If f € LRSX([u,
v], R}, (p, #)), then for u , w,, u, € [, v], such that «,
< u, < 4, and 3P — P, us? — P, u?P —u P €L
, we have

Aluta? =P f(1) S Auta? = 10,) f (i) + AP = ,?) f(w2) (33)
If the function £ is a nonnegative sub-multiplicative
function and f € LRSV([u, v], R}, (p, #)) then, inequalit
(33) is reversed.
Proof. Let w, u,, u, € [w, v] and A(u3? — u,P) > 0.
Then by hypothesis, we have

Y (“3p—“2p) — AlusP-u,P) and £ (%2 —%117) _ AlugP—uq P)
uzP—u P #(uzP—uqP) uzP—uq,P A(uzP—usP)’
_ u3p_u2p

Consider =  usP-usP, then %2 = ou? + (1 —0)us?,
Since f € LRSX([u, v], R}, (p, #)) then, by hypothesis,
we have

filwn) < A (5220 Fwn) + A (S22 £ (ws),
friu) <A (% ”‘“Z)f(uaw( Z‘f,,)f( ), B9

uzP—u, P

_ AluzP-u,yP) A(uaP—uqP)
= Merbo) f ) 4 Bl ),
_ AluzP-u,P) AluP—uqP)

35
/L(u3p up)f( 1)+/L(up up)f( 3) ( )

From (35), we have

Alus? — wqP) filug) < AlusP — w,P) fi(ug) + Aluy? — wy?P) fi(ug),

A(uz? —u,P) fr(uz) < Alus? — w,P) f7(ug) + Alu? — uyP) f7(us),

That is

[A(us? —uqP) fi(uy), Alus? —uy?) £ (u,)]
<p (3P — wP) fi(ug) + A(u,? —wyP) fi(usg),
A(us? — urP) f(wy) + Alu? —uiP) f7(us)],

Hence

Alus? —unP) fuy ) Sp Alus? —u,P) fug) + AP —uyP) f ).
Following result find a refinement of Schur type
inequality for LR-(p, #)-convex-IVF such that:.
Theorem 4.4. Let w; € R*, u; € [w,v], (=123,
.. k, k = 2), £ be a nonnegative super-multiplicative
function on £ and let f: [«, ] > R} be an IVF such that
fx)=1[f.(x), f(x)] for all x € [w, v].. If f € LRSX([u, v],
R}, (p, #)) and u, u U € (L,U) € [u,v] then,

........

ferh (52) 1) % B (4 (520 4 () rw + 4 () 4 () 1), (36)
where Wy = Zle wj. If A is sub-multiplicative func-
tion and f € LRSV([u, v], R}, (p, #)) then, eq. (36) is
reversed.
Proof. Consider = u , u, = u,, G=123 ...
k), U= . Then, by hypothesis and eq. (36), we have

Uu]

) < A (G 10 + 4 (525) £ )

qu

f* () Sh(mﬂ Lp)f (L)+h(up LP)f ).

Above inequality can be written as,

A () 1.() = A () A () .0 + 4 (i) 2 () £,
() Fw) = A (G (D) @ + 4 (555) 2 (D) ).

Taking sum of all inequalities (37) forj = 1,2, 3, ... ..
.. k, we have

Up—uj u.]p—L

o (22 ) = 2 (1 ()1 (2) 100 2 (L0 1 (2) ).

B h (52) 7 () = 35 (A (5 4 () 1 0+ 4 (55) 4 () r ).

that is

Bieah (52 () =[S () £ () a8 (52) £ (o1)]
< 25 (A A (D 0+ A () A () 200 B (G 4 () 0+
A o))
uP u‘p

o Sha b (S 4 () 1), £ 0]+ 5o () 4 (S2) L), £ @)

=31 A () A () 10+ 3t () (2) 0

Thus,

fou (52) o) 2t (4 (5220) 4 (2 70 + 4 (550) 4 (20) )

this completes the proof.
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We now consider some special cases of Theorem 4.1
and 4.4.

If f,(x) = f.(x), then Theorem 4.1 and 4.4 reduce to the
following results :

Corollary 4.5. [16] (Jensen inequality for LR-(p,
#)-convex function) Let w; ERY, u; € [w,v], (=1,2,
3, e ki k= 2) and let f: [w, ] > R* be a non-negative
real-valued function. If f € SX([u, v], R}, (p, A)) and A is
a nonnegative supermultiplicative function on £ then

f ([WLkzyzle u,.v]E) <Tih () f(w).  Gs)

where W), = Z;?:l wj. If A is sub-multiplicative func-
tionand f € SV([u, v], R*, (p, A)) then, eq. (38) is reversed.

Corollary 4.6. 16] Let w; € R, u; € [w,v], G=1,
2,3, wu e k, k = 2) £ be a nonnegative super-multiplica-
tive function on £ and let f: [«, v] > R* be an non-nega-
tive real-valued function. If f € SX([u, v], R}, (p, ) and
Uy Uy oo oo U € (L,U) € [u,v] then,

UP-u w;P-LP

B (52) 1) < 2500 (4 (50 4 (G2 00+ 4 (550) 4 () @)),(39)

where W), = 25?:1 wj. If A is sub-multiplicative func-
tion and f € SV([u, v], R*, (p, #)) then, eq. (39) is
reversed.

CONCLUSION

We introduced the class of LR-(p, #)-convex inter-
val-valued functions by means of pseudo order relation and
investigated some properties. Some novel Inequalities for
LR-(p, #)-convex interval-valued functions were proved.
The results of this study can be applied in optimization,
uncertainty analysis and also different areas of applied and
pure sciences. We intend to use various types of LR-convex
interval-valued functions to construct interval inequalities of
interval-valued functions by means of pseudo order relation.
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