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In this article, we study a plate equation with frictional damping, nonlinear source and time
delay. Firstly, we establish the local existence by using the semigroup theory. Then, under
suitable conditions, we prove the nonexistence of global solutions for positive initial energy.
Time delays often appear in many practical problems such as thermal, economic phenome-
na, biological, chemical, physical, electrical engineering systems, mechanical applications and
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INTRODUCTION
In this work, we deal with the following plate equation

with time delay

utt+Azu+u1ut(x,t)+,u2ut(x,t—z') :|u|1’_2 u, xef2 t>0,

_ ou(x,t) _

u(x,t) 5 0, x €00,
v

u(x,t—7) = fo(x,t —71), in (0,7),

u(x,0) = uy(x), u,(x,0) =u,(x), xeQ,

(1)

where p > 2, u is a positive constant, y, is a real number,
7 > 0 represents the time delay and the functions u, u,, f,
are the initial data to be specified later. v is the unit outward
normal vector.

Problems about the mathematical behavior of solutions
for PDEs with time delay effects have become interesting
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for many authors mainly because time delays often appear
in many practical problems such as thermal, economic
phenomena, biological, chemical, physical, electrical engi-
neering systems, mechanical applications and medicine.
Moreover, it is well known that delay effects may destroy
the stabilizing properties of a well-behaved system. In the
literature, there are several examples that illustrate how
time delays destabilize some internal or boundary control
system [6,7].

In 1986, Datko et al. [5] indicated that delay is a source of
instability. In [12], Nicaise and Pignotti considered the fol-
lowing wave equation with a linear damping and delay term.

u,— Au+ pu(xt) + pu(xt-7)=0. (2)

Published by Yildiz Technical University Press, Istanbul, Turkey

Copyright 2021, Yildiz Technical University. This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).


https://orcid.org/0000-0002-1863-2909
https://orcid.org/0000-0001-6587-4479

24 Sigma J Eng Nat Sci, Vol. 39, No. 5, Supp 22, ICOMAA 2021, pp. 23-32, December, 2021

They obtained some stability results in the case 0 < y, <
u,. In the absence of delay, Zuazua [27] looked into expo-
nentially for the equation (2).

In [8], Kafini and Messaoudi considered the wave equa-
tion with nonlinear source term and constant time delay as
follows

u, - Au+ pu(xt) + pou(xt - 1) = |ul?u. 3)

They established the local existence and blow up of
solution for positive initial energy of the equation (3).
In [11], Messaoudi studied the equation as follows

u, + Nu+ |u|m~u, = [ulr~u, (4)

and obtained the existence results and obtained that, if
m 2 p, the solution is globally and blows up in finite time
if m < p. Later, Chen and Zhou [4] extended this result. In
the presence of the strong damping term (-Au, ), Polat and
Pigkin [22] proved the global existence and decay of solu-
tions for the equation (4).

Xu et al. [23], studied the plate equation with nonlinear
damping and source term as follows

U, + Nu+ plu|u, + au = |ul~u, (5)

with 2 <g <p, >0, and they proved the well-posedness,
decay estimates and blow-up of solution at both subcriti-
cal (E(0) < d) and critical (E(0) = d) initial energy levels.
Furthermore, when p > 2, g = 2 and u > 0, they established
that the solution blows up in finite time at the supercritical
initial energy level (E(0) > d).

In [2], Al-Gharabli and Messaoudi concerned with the
plate equation with logarithmic term as follows

u, + Nu+u+ h(u) = kuln|ul. (6)

They established the existence results by the Galerkin
method and obtained the explicit and decay of solutions
utilizing the multiplier method for the equation (6). In
recent years, some other authors investigate hyperbolic type
equations (see [3, 14-20, 24-26]).

To our best knowledge, there is no research on the plate
equation with frictional damping, nonlinear source and
time delay. The aim of the present paper is to establish the
sufficient conditions for the local existence and nonexis-
tence of global solutions to the plate equation with time
delay.

The paper is organized as follows: In section 2, we give
some materials that will be used later. In section 3, we estab-
lish the local existence by using the semigroup theory sim-
ilar to the work of Kafini and Messaoudi [8]. In section 4,
we prove the nonexistence of global solutions for positive
initial energy.

PRELIMINARIES

In this part, we introduce some needed materials for
the proof of our result. As usual, the notation ||.||P denotes
L’ norm, and (.,.) is the L? inner product. In particular, we
write ||.|| instead of |||,

Let B > 0 be the constant satisfying [1, 21]

||Vv||p < Bp||Av||P, for v € H; (Q2.) (7)
Similar to the [12], we introduce the new function
zZ(x.p,t) = u(xt - 7p), x € Q, p € (0,1), £ > 0.
Hence, we have
7Z,(X,p5t) + zp(x,p,t) =0,x€Q,p€(0,1),t>0.

Thus, the problem (1) transforms into:

Uy, + Au+ i, (x,1) + 14, (2,1,8) =|u |"”2 u, inQx(0,00),
rzt(x,p,t)+zp(x,p,t)=0, inQx(0,1)x (0,0),
z(x,p,0) = fo(x,—p7), inQx(0,1),
u(x,t)= Oulx,t) =0, x €0Qx[0,1),t €[0,0),
v
u(x,0) = uy(x), u,(x,0) =u, (x), inQ.
(8)

The energy functional related to the problem (8) is

1
1 1 1
50 =2 + +§ i { le(e, o, dpdx _;||u||§, V20,
9)
where
z'|,u2|<§<r(2,ul—|,u2|), |,u2|<,u1. (10)
Now, we give the technical lemmas as follows:

Lemma 1. The solution of (8) satisfies
2 2
E'(t)g—COI[|ut| +|Z(x,1,t)| )deO, (11)
Q

for some C, > 0.
Proof. We multiply the first equation in (8) by u, and
integrating over Q, and use integration by parts, to get

d(1 1 1
b Sh -2

= _y1I|ut(t)|2 dx — ,uzjutz(x,l,t)dx.
Q Q

(12)
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Also, we multiply the second equation in (8) by (¢/7)z

and integrate over Q x (0,1), £ > 0, to have
£d
2
=—| | |z(x, p,t)| dpd
T I| (x,p,t)| dpdx
Qo

1
+=| |z(x, p,t)z _(x, p,t)dpdx =0.
TJ..(’:(Xp )p(xp )px

We note that

1
5

- > ’t 5 ’td d
Ti{Z(xp )2 ,(x, p,t)dpdx

1
I o
- 2‘[;[-([5/0z (x,p,t)dpdx

= Z_ig[ (2%(x,0,t) — 2%(x,1,))dx

:%{J‘ufdx—'[zz (x,l,t)dx}.

Q Q

By combining (12) and (13) and taking into consider-

ation (14), we obtain

: £ s
E'(t)= —[#1 _;J£|ut(x’t)|2 dx —Eyz(’“l’f)r dx

—,uZJ-u,z(x,l,t)dx,
Q

for t € (0,7).
Utilizing Young’s inequality, we estimate

Q

Therefore, by (15), we get
(05| -1l
E(t)S (/“1 P ]Q|ut| dx

Y7,
_(% _%Jyz(x,l, 1‘)|2 dx.

From (10), for some C, > 0, we have

E0) =G, [ (e 4]zt 1.0 | <o.
Q

Now, we introduce quantities as follows:

—r
— 1 1
a=B"? and Elz(g——jaz,

_#ZJ‘utz(x,l,t)dx < @£Uut|2 +|z(x,1,t)|2)dx. (16)

where B is the constant of the Sobolev embedding
HXQ) & 1(Q).

Lemma 2. Let u be a solution of (8), with initial data,

such that

(13)
1 2
E(0)< E,and [||Auo||2 +& _[ j| fole=po)f dpdx} >a, (20)
Qo
Then, there exists a constant } > a, so that
L 2
["Au"2 + fJ.J-|z(x,p,1,‘)|2 dpdx} >pB.NVt>0, (21)
Qo

(14) and

"u”P > B. (22)
Proof. By (9), we have
1 2 & 0 2 1
E(t) > E”Au" + Ei£|z(x,p,t)| dpdx —;"u”i

1
> %”Au"2 + gg‘;yz(x,p,tﬂ2 dpdx —%BP ||Au||§

(15) X : 1
2 2
Z[E"Au" +EE['(|:|z(x,p,t)| dpdx} (23)

|~

2

P 1
—B—["Au"2 + §II|Z(x,p,t)|2 dpde
P Q0

1 , B
=—¢’——c"=h(¢),
2 p

where
(17) . 2 g
o= I’ +&[ [Jz(xpt)f dpax | . )
Qo
We see that, h is increasing for 0 < ¢ < @, decreasing for
c>a
(18) h(g) > —cas¢ — + o
and
1 1),
19 h =l——a". 25
(19) (06) (2 p]a (25)
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Thus, since E(0) < E,, there exists # > a so that h(f) =
E(0). Setting

1
oy = ||Au0||2+§IJ|fO (x,—pz')|2dpdx 2

Q0

Then, from (23), we obtain
h(a,) < E(0) = h(p).

As aresult, a > f.
Establishing (21), we assume, by contradiction, there
exists ¢, > 0 such that

L 2
[aut) +&[ [|2(x.0t0 ) dpax | <p.
Qo
From continuity of,
1
“Auz“ + §Ij|z(x,p,t)|2 dpdx,
Qo
choosing ¢ such that, we have
1 2
{"u(to)”2 + (SJ‘J.|z(x,,o,t0)|2 dpdx} >a.
Qo

By using (23), we conclude that

! >
E(t,)>h {"Au(to )"2 + §J.J-|z(x,p,t0 )|2 dpdx]

Q0

> h(B) = E(0).

Since E(t) < E(0), this is impossible, for all t € [0,T).

Therefore, (21) is established.
To prove (22), we exploit (18) and (21) to get

1
1 2 & 2 Ty e
E"A”" +EE[-!:|z(x,p,t)| dpdeE(0)+E||u||p.
Hence,

1
1 1
el = e v i j l2(e, o, d et — E(0)

2L poy=L g onp = LB
2 2 p

from which (22) follows.
Similar to the work of [10] and by using Sobolev
Embedding theorem, we have the following lemma:

Lemma 3. Assume that 2< p <

2(n-2)
i n>5 and |u| < u,

hold. Then, there exists a positive constant C > 1 such that

*<cjaf +Jof)

foranyu € H; and2 < s < p.

(26)

u

Lemma 4. Let u be the solution of (8). Suppose that
2(n—2)

2<p<
P n—4

,nx5 and|,uZ|S,u1 hold.

Then, for any 2 < s < p, we obtain

1
Jly sc| -#0O-JuF £ [ [lece p0f dpac s b | 27
Qo0

Vte[0,T),

where

H(t)=E, - E(t),  t>0. (28)

Proof. From (9), noting that

1 1

Lo~
1

¢ 1
_E-|.J‘|z(x,p,t)|2 dpdx +E||u||§
Qo
=E—H@—%Wﬁ

£ 2 Lywe
_E£!|z(x,p,t)| dpdx-i—E”u”P.

By exploiting (19), (22) and reminding that f > a, we get
-2 -2 _
P25 =L -
-2 -
22w

_p-2 -
)

Therefore,

-2
1g<ip"4 (29)

and the result is obtained.
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LOCAL EXISTENCE Proof. For all ® € D(A), we obtain
In this part, we establish the local existence result
by using the semigroup theory. Assume that v = u, and <]1cp’q)> =—J.AvAudx+J.v[A2u+,ulv+,uzz(1,.)]dx
denote by nt o o
1
D = (u,,2)",(0) = D, = (14, 4, fo (,—p7))" +|“2|_Uzzpdxdp
po2 T 0Q
and](@):(0,|u| ”’0) : :MJ.|V|2 dx+y2'[vz(l,.)dx (32)

Hence, (8) can be written as an initial-value problem:
0,0+ Ad = J(d) (30)
D(0)=D,,

where the linear operator A:D(A)— H is defined by

—v
A2u+,u1v+,uzz(1,.) '
1
—z

z.P

Ad =

The state space of @ is the Hilbert space
H=H}(Q)x L*(Q)x I*(Q2x(0,1)),

equipped with the inner product
1
<<D,CTJH> = I(AuAft +v9)dx + z'|,uz|jjz£dxdp,
Q 00

for all @ = (u,v,z)" and @ = (&1, 7,%)" in H. The domain
of Ais

D(A):{CI)GH:ueH4(Q), veH\(Q), z(l,.)eLZ(Q),}

2.z, e X(Qx(0,1)), 2(0,.)=v

Now, we give the local existence theorem as follows:

Theorem 5. Suppose that p > |u,| and

2(n—2) "

2<p<
P n—4

> 5. (31)

Then, for any ®,eH, the problem (30) has a unique
weak solution ® € C(R*; H).

+@j|z(1,.)|2 dx—@ﬁ vP dx.
Q Q

Utilizing Young’s inequality, estimate (32) becomes
(A0, d,,)> ﬂIJ'| vl dx—%ﬁ VP dx-%ﬂ v dx
Q Q

2 (= ) [P dx 2.

Hence, A is a monotone operator.
To show that A is maximal, we prove that for each

F=(f.g.h)" €™,

there exists V = (u,v,2)" € D(4) so that (I + A)V = F.
Thus,

u—v=f

v+A2u+,ulv+,uzz(1,.):g (33)

rz+zp=z'h.

We note that v = u - f, from the third equation of (33),
we conclude that

P
z(p,)=(u—fle *" +re_p’J.h(7/,.)e”d7/. (34)
0

By substituting (34) in the second equation of (33), we
have

ku+ Au =G,

Where

1
k=14 + e " ,G=g+kf —Tyzefrj.h(y,.)e”dy e I}(Q).
0

(35)
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Now, we define, over H}(Q)), the bilinear and linear
forms:

B(u,w) = k'[uw +J-Aqu, Liw)= IGW.
Q Q Q

We see that B is coercive and continuous, and L is con-
tinuous on H; (Q). Then, Lax-Milgram theorem specifies
that the equation

B(u,w) = L(w), Yw € H} (Q), (36)
has a unique solution u € H; (Q2). Therefore, v=u - f€
H: (). As a result, by (34), we have z, z € L*(Q x (0,1)).

Hence, V e H.
By using (36), we obtain

kjuw+IAqu = IG(W), Ywe HS(Q).
Q Q Q

From the elliptic regularity theory, we have u € H*(Q)
and utilizing Green’s formula and the second equation of
(33) give

I[(1+,ul )u+A2u+uzz(1,.)—g]w =0, Vwe HS(Q).
Q

Thus,
(I +p)u+ Nu+p, 2(1,) = g € L(Q).
Hence,
V= (u,v,2)" € D(A).
Asaresult, I + A is surjective and then A is maximal.

Consequently, we denote that J:H—>H is locally
Lipschitz. Hence,

e@)-1@), = |(olul * u-tap o)

2
:”|u|p*2 u—|ﬁ|p72ﬁ ,
I

2
- j h ulP |2 a\ dx.
Q

From the mean value theorem, we obtain

Jre@)-1@)f} =(p-12 [16u+1-0)aP? 2 u-if dx,
Q

0<6<1.

As u, & € H} (Q) utilizing Sobolev embedding

L2
H2(Q) oI 26 =—"

get

7 Holder’s inequality and (31), we
n—

n—4

"](d))—](cf))";S(P—l){-ﬂu—ﬁnz—nzxde "
Q

4
x| | |Ou+ 1—9ﬁg(p72)dxn
flou+(-0)i

Q
~ _IR(p-2)
s(p_1)2||u—u iz. Ou+(1-0)i L;p—z)
<(p=1)’Ju=if Jou-(1-0)af )
~ ~ 2(p-2)
< C”u—u i]é(g) ("u (2 +||u L"(H)) ’
where, we used Ln(pfz)(Q) S Lg(p_z)(Q).
Therefore,
B 2(p-2) ~ 12
"]((D)—](CD)"; < C("u HX(Q) +||u Hg(Q)) "cD —d)"H,

Hence, ] is locally Lipschitz. Similar to the theorems in
Komornik [9] (See also Pazy [13], we completed the proof.)

NONEXISTENCE OF SOLUTIONS

In this part, we prove the nonexistence of global solu-
tions for positive initial energy of the problem (8).

2(n—2
(n 4),n25and|y2|ﬁ

Theorem 6. Suppose that2 < p <

|u,| hold. Then, the solution of (8), with initial data satisfying
(20), blows up in finite time.
Proof. From (9), (18) and (28), we get

0<H(0)< H(¢)
1 1 1
<E, _E["”tuz +A%u +§££|z(x,p)t)|2 d/?dx] +;”“”§ ‘

(37)

and, by (19) and (21), we deduce
1 2 & 0 2
EI_E[”L‘”t +A2u+gj'ﬂz(x,p,t)| dpdx]
Qo
L fL 1) L f1 e 14
<E~—p s{z pJ B s{z pJﬂ B

1
=——B*<0,Vt>0.
p
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Therefore,
0< H(0)< H(1) S%"u"i V20, (38)
We define
Lt)=H"°@t)+ 8qutdx,
Q
for small € to be chosen later and for
0<o<P2 (39)

2p

By taking a derivative of L(t) and utilizing (8) and (18),

we obtain

L(t)=(1-0)H (OH'(t)+ €j|ut|2 te j i, dx
Q Q

2 Cy1=IH ) [ + et |
(40)
J“{"”t "2 —"Au"2 + g,ulJ.uutdx}
Q

+gy2qu(x,1,t)dx + 5||u||§.
Q

By exploiting (37), we have
()= Cy(1- U)Hw(t)["u,"z ¥ "z(x,l,t)"z} ¥ g[||ut||2 _||Au||2}

1
+€[2H(t) —2E + ||ut||2 +||Au||2 + «fj“z(x,p,t)r dpdx]
Qo

+5(1 —EJ ||u||i + & J uu,dx + gyzj‘uz(x,l,t)dx
P Q Q

and (22), to get
102 Cy(1-0) B 0)| [ + e |+ 26
1
w2eH () +eelul + ¢ [ [ (x.put) dpdx D)
Q0

+eu J. uu,dx + gp, .[ uz(x,1,t)dx,
Q Q
where, thanks to (29), ¢ > 0.

Reminding Young’s inequality

52 52
XY STXZ +TY2, X,Y>0,V5>0,

we estimate the last two terms as follows

i e <+ fu

and

52 52
iuz(x,l,t)dx < 7"1,1"2 -i—T"z(x,l,l‘)”2 . (43)

Similar to [10], the estimates (42) and (43) remain valid
even if 6 is time dependent. Hence, taking § such that

52 = kH(t), (44)

for large k to be specified later, we obtain

k

57 -
T||z(x,1,t)||2 =~ H ()L

572 k. _
L
And
52 k71
Sl < mrolf

By using the inequality [[u||* < C||u[]’ and exploiting
(38), we reach

(45)
p

ne @ <[ L] el
Hence, (41) becomes
L) |:Co (1- o)—g“le}H-“(t)"u, I
{co(l ~0) —g“72"}5r"(t)||z(x,1,t)||2
+{ PH(1) (14 + 1t )"7[%] c||u||jj“f’] (46)
el + 8[1 +§j

+g%§jj|z(x,p,t)|2 dpdx.
Qo
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Since, from (39), s = 2 + op < p, then Lemma 4 satisfies

L'(t)> {Co (1 —0) - S’Hle}Hff(t)”ut”z

[c (1-0)-¢ 2} ()21

+e@-CR D[l +e(p+CkHHE)  (47)

+g[1+ s j||ut||

+5(C1k1 +P7‘fj | j |x. o, dpd,
Qo

o
C 1
where C, Z?(,ul +,uz)(;j .
For large enough and for any € > 0, (47) becomes
’ k| o 2
L'(t)>| C, (1—0)—5T H7(t) |

{c (1-0)-¢ Zk}H )|z 10f (48)
1
+}/[H(t)+||u"t2 +J-J.|z(x,p,t)|2 dpdx+||u||§}
Qo

where y > 0. Then, choosing ¢ small enough, such that
CO(I—G)—S'UITk> 0 and CO(I—O')—g'uTZk>0.

And

L(0)=H"°(0)+ 8J. Uyt dx,
Q

will make

1
L't)>y| H(t)+ ||ut||2 +J.I|z(x,p,t)|2 dpdx + "u"i} (49)
Qo

As a result, we conclude that
L(t) > L(0)>0,t>0.

Now, we get, from Holder’s inequality

[ <l e, <l ]
Q

and from Young’s inequality

1/(1—0‘) 4 0
Jumas| <l 0 ) | for%Jr%:l.

L 1Q

(50)

By Lemma 4, taking § = 2(1 - o) which satisfies
U

(1-o)

= < p. Hence, (50) becomes
(1-20)

1/(1-0)

<C(Jul +fiel2).

qutdx
Q

for s=

2
. From Lemma 4, we get
(1-20)
1/(1-0)
I uu,dx
Q

(51)

< C{H(t) +||u, ||2 +

1
§II|z(x,p,t)|2 dpdx + ||u||§}

Q0

As a result, we obtain

1/(1-0)
10 = [Hl_“(t) + gjuutdx]
Q

1

o =)
<209 | H(t)+ Juutdx (52)

Q

1
< C[H(t) + ||ut||2 +§£!|z(x,p’t)|2 dpdx + "”|d
t=>0.

By combining (49) and (52), we conclude that

1
)= AL (1)t >0, (53)

where A is a positive constant depending only on y and
C. Taking a simple integration of (53) over (0,t) satisfies

LO'/(l*(T)(t) >
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Thus, L(t) blows up in time

T<rr——17C

AcL'~9(0)
Hence, the proof is completed.

CONCLUSION

In recent years, there has been published much work
concerning the wave equations (Kirchhoft, Petrovsky,
Bessel,... etc.) with different state of delay time (constant
delay, time-varying delay,... etc.). However, to the best of
our knowledge, there were no local existence and nonex-
istence of global solutions for the plate equation with time
delay. Firstly, we have been obtained the local existence by
using the semigroup theory. Later, we have been proved the
nonexistence of global solutions for positive initial energy.
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