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ABSTRACT

Takagi-Sugeno (T-S) fuzzy modeling is a useful tool to represent complex nonlinear systems into a class of
linear subsystems with fuzzy sets and reasoning. Presented is an extension of the T-S fuzzy modeling
approach for uncertain nonlinear systems with state time-varying delay to derive robust delay-dependent H,,
control methodology. To this end, we investigate the stability and performance conditions for uncertain T-S
fuzzy systems with time-varying delay by the Lyapunov-Krasovskii functional. Then, the stabilization is
fulfilled through a fuzzy state-feedback controller. For the synthesis condition, one of the recently developed
methods is utilized, and that the solution is dependent on the size and change rate of the delay. The
formulations are performed based on the solution of linear matrix inequalities (LMIs). Finally, two numerical
examples are presented to validate the effectiveness of the proposed design.

Keywords: Robust control, time-delay systems, Takagi-Sugeno fuzzy systems.

1. INTRODUCTION

Time-delays exist in many real-world systems due to the lags in transmission and transport, in
general, they have a negative effect on the stability and control design. The stability and
stabilization of these systems have been extensively studied in control literature [1-3]. To this
end, stabilization and control results are categorized into two main parts: delay-independent [4]
and delay-dependent [5] stabilizations. In the first case, the delay is not dependent on the delay
size and holds for all positive time delays. In this case, the designed controller remains stable
against all variations of the delay. However, the delay-dependent case holds for all magnitude of
the delay smaller than a given bound. There are two main approaches to the stability of a delay-
dependent system. The first is Razumikhin's theory, which is known as a way of solving
continuous uniformly bounded delays. The second is Lyapunov-Krasovskii functionals (LKFs)
that can tackle both differentiable uniformly bounded delays with delay derivatives bounded, and
continuous uniformly bounded delays. In this work, the latter approach is used.

Since stability is the main consideration for any dynamical system, how to establish a less
conservative stability condition is vital. To this end, the synthesis involves selecting an
appropriate LKF based upon the Lyapunov stability theory. In [6], stabilization of T-S fuzzy
systems with time-varying delay is investigated with augmented LKFs. In [7], delay-partitioning
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LKF is studied for the stability of T-S fuzzy systems with time-varying delays. Improvement in
conservativeness is achieved in both cases with the price of heavy computation. In [8-9], delay-
product-type functional approaches are proposed in the construction of LKFs. The main idea is to
multiple delay terms with nonintegral terms, which presents some advantages. The crucial step in
the analysis is not only the selection of LKFs but also to use accurate integral bounding
techniques to obtain linear matrix inequalities. Last decades witness many efforts to derive tighter
inequalities by various integral bounding techniques with the goal of finding a better way to deal
with integral terms appearing in the derivatives of LKFs. Jensen’s inequality [10] approach is a
commonly used integral bounding method because it requires fewer decision variables than
existing ones as well as offering good performance behavior. In [11], Wirtinger-based inequality
conditions are proposed to handle single integral terms of quadratic functions. Most recently,
Bessel inequality with Legendre polynomials bounding technique is investigated to reduce
conservatism of the stability of the systems with time-varying delays [12]. Although conservatism
is substantially reduced with derived LMIs, the computational complexity may need further
analysis. In [13], a class of integral inequalities for quadratic functions via auxiliary functions is
proposed. They investigate the stability analysis of time-varying delay systems using their
proposed method. It is noted that these aforementioned researches mainly consist of deriving
extended-like Jensen inequalities by introducing additional quadratic terms.

The T-S fuzzy control technique has offered a tool for modeling of nonlinear systems via a set
of local linear models [14-15]. With this in mind for Takagi-Sugeno fuzzy modeling, a local
linear controller in a specific operation region is designed, and then fuzzy interpolation
incorporates the nonlinear system, defined for each sub-model by weighting functions. This
modeling is simple and the system dynamics is characterized in the state-space. In this paper, the
linear controller for each local sub-system that includes delay is designed. The parallel distributed
compensation (PDC) scheme facilities the control design. The resulting controller is nonlinear via
the fuzzy blending operation of linear controllers. This feature enables researchers to apply the
well-established modern control methods [16-17]. These control methods have been utilized for
linear and nonlinear systems successfully. For instance, state-feedback control [18] and output-
feedback control [19] are designed for nonlinear systems without time delays. Moreover, several
successful application results have been reported in the literature. In [20], a T-S approach is
utilized to capture the nonlinear behavior of an electronic power steering system. Constrained and
saturated control input cases are studied based on the LMI solution. Reference [21] proposes
Takagi-Sugeno-Kang models to model a nonlinear anti-lock braking system (ABS) by the idea of
nature-inspired optimal tuning of the membership functions. In [22], the authors investigate a
hierarchical identification and robust control via the T-S fuzzy-neural model of the ABS with an
active suspension system. [23] models nonlinear tire forces with membership functions, and a
fuzzy state-feedback controller is computed in terms of LMIs solution for delay-free vehicle
lateral dynamics. Since uncertainties exist in different application areas, robust control design is
introduced for both delayed and delay-free systems in [24-25]. Moreover, designs in [26-27]
investigate robust stabilization and control for uncertain fuzzy systems with time-varying delay
by LKFs. The work [28] addresses the design method of delay-dependent robust control for
uncertain fuzzy systems with a constant time delay. In [29], robust delay-dependent control of
uncertain T-S systems with interval time-varying delay is studied. In [30], robust control problem
for uncertain T-S fuzzy systems with time-varying delay in a range is studied by introducing
integral inequalities. In [31], a robust control method is proposed with an LKF involving triple
integral terms for interval time-varying delays. Based on the mentioned literature, research in
robust control for uncertain T-S fuzzy systems with time-varying delay presents a gap to reduce
the conservatism as well as the number of the decision variables in the analysis.

In the presented study, we investigate the stability, performance, and control design
challenges for uncertain nonlinear time-varying delay systems. The main contribution of this
work is to design a less conservative delay-dependent H,, fuzzy state-feedback controllers for
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uncertain nonlinear time-delay systems by the selection of Lyapunov-Krasovskii functional,
which ensures reduced conservativeness by avoiding any model transformation or bounding of
cross terms, and a relaxation method using slack variables on the basis of the work presented in
[32]. Unlike the aforementioned methods, this paper deal with fast time-varying delay meaning
that the upper bound of delay variation rate is greater than one. Formulations are performed based
on the solution of a set of linear matrix inequalities. The proposed LMIs are solved numerically
using available convex programming toolbox cvx route [33] to obtain the gains of fuzzy state-
feedback controllers. The structure of this paper is presented as follows. Section 2 introduces the
background information on T-S fuzzy modeling, Section 3 illustrates the main results and the
final LMIs for controller computation, and Section 4 introduces two numerical examples to
validate the findings. Lastly, conclusions are drawn in Section 5.

2. PRELIMINARIES AND BACKGROUND
2.1. Preliminaries and Notations

We use standard notations throughout the paper as follows. R is for the set of real numbers,
R™*" denotes the real set of matrices with dimension of m x n. Real symmetric and positive real
symmetric of n X n matrices are denoted by $™*", §%*" respectively. Transpose of an element
(i,j) is denoted by the star *, corresponds to (j, i) in a symmetric matrix.

O Schur complement formula is defined for a given any symmetric matrix,
M= [;T g] then the following conditions are equivalent, M > 0,C > 0,A— BC~'B > 0.

O For a positive definite symmetric matrix P > 0 and a differentiable signal x in [a, b] =
R", the following is defined in the context of Jensen’s inequality:

T (e(B) — x(@)TP(x(b) ~ x(a),

b
J FPi() >

2.2. Problem Statement

In this article, we study a nonlinear system with a time-varying delay, which is represented by
the following T-S fuzzy model that is composed of r plant rules:

¢ Plant rule i:
IF pi(t) is M;; and.... and p;(t) is M;; THEN
x(6) = Apx(£) + Ayx(t — 7(6)) + Byw(t) + Byu(t) @

z(t) = Cyx(t) + Crx(t —7(0)) + Dyw(t) + Dpyu(e),

x(8) = ¢(), Vt € [~Tpqx 0],

where x(t) € R™ is the system vector, w(t) € R™ is the exogenous disturbance with
finite energy in the space [,[0 o), u(t) € R™ is the control input vector, z(t) = R"z is the
controlled outputs, ¢(-) denotes the initial system condition, and t(t) is a differentiable scalar
function representing time-delay with bounded variation. Initial condition function ¢ is a given
function in & ([—Tpax 0], R™), r is the number of IF-THEN rules; A; ,A;;, Bii, Bai, Cii, Cui,
D;;, and D,; are real-valued constant matrices with appropriate dimensions, the premise variables
and the fuzzy membership function grades are p;(t) and My (j=1,.... JLi=1,....,7),
respectively.
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Given a pair of x(t), u(t)), the global model outputs are expressed:
o1 0i(p(®) [Aix(D) + Agx(t — () + Byw(t) + Byu(D)] O]
Z{=1 wi(p(t)) '

= > (PO A(O) + Agx(t = T(©) + Buw(©) + Bu(®)],
i=1

x(t) =

_ 1w (p@®)[Crix(®) + Cux(t —T(t)) + Dyyw(t) + Dyu(t)]
Z{=1 wi(p(t))

= ) h(pO)Cx® + Cax(e = (D) + Dyw(®) + Dyu(®)],

i=1
x(9) = ¢() ) vt € [_TmaX! 0]
The truth value for the i-th rule is defined as

!
wi(p(®) = l_[ M;; (Pj(t))-
j=1

z(t)

)

r

wi(p®) 20, i=12, ... Zwi(p(t)) >0.

i=1

where M;; (pj(t)) is the grade of membership and the weighting function for the i-th rule is
wi(p(©))

hi(p@®)) =G—F—"=-

L( ) =1 wi(P(t))

Moreover, the fuzzy weighting functions h;(p(t)) satisfy

Y h(p®) =1, h(p©) 2 0.
i=1

All membership functions are continuous as well as the deffuzification method is.
3. STABILITY AND PERFORMANCE OF T-S FUZZY TIME-DELAY SYSTEMS
3.1. Stability Analysis

The analysis is initiated by defining an unforced model below:

: @)
£(6) = ) hP() Ax(©) + Aux(t = (1)
i=1

The following theorem construct the sufficient condition for asymptotic stability of the
unforced model.

Theorem 1: The time-delay fuzzy system presented in (3) is asymptotically stable for all 0< t(t)
< Tmax if there exist constant matrices P,Q, R € S*™ such that the following LMI is feasible for
i=1...,7,

21,1 PA‘L'i + R TmaxA’irR
* —(1=t(E)Q R TmaxAr R|< O “)
* * —R
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with ¥, =ATP+PA; + Q- R.
Proof: We consider the following Lyapunov-Kasovskii functional
V() = Vi(x(0) + V2 (x(0) + Va(x(1)), ()

Vi (x(®) = xT(©)Px(0),
t

Vy(x()) = f X7 (£)Qx(E) de,

t—7(t)
V3(x(t)) - f fH_g T(E)TmaxRx(f)dfde

It is clear to see that V (x(t)) is positive definite with infinitesimal upper bound functional. In
order (3) to be asymptotically stable, it is necessary and sufficient the time derivative of (5) is
negative definite along the system trajectory. Then we have
Vi(x(t)) = 27 (£)Px(t) + xT ()P (1),

Va(x () = x"(0)Qx(®) - (1 - r'gt))xT(t - 7(8))Qx(t — (1)),

Va(x() = Tyt (ORA(E) — f 37 (0)TmaxRE(6)d 6,
t

~Tmax

Since t(t) < Tpax then

— [, iT(O)tmaRY()dE < %7 (0)TyaxRX(6)d 6.

t
- ft—r(t)
Using Jensen’s inequality, we can bound the integral term in V;(x(t))

t t T t
2T (0) Ty RX(6)d 6 _ Imax xT(6)do | R 7 (0)do | =
Jt—‘L'(lt) ( )T x( ) = (t) (-I;—‘r(t)x ( ) ) <-£—'r(t)x ( ) >

_ T"Eg [x(0) = x(t = 7] Rx(t) — x(t — T())].

Bounding the — T"Z“)" < -1, the expression for V5 (x(t))
V3(x(£)) < ThaxkT (OR%(E) — [x() — x(t — T()]"R[x(£) — x(t — ()],
Substituting the derivative term gives
V(x(@®) < 2T@©Px(t) +xT(©Px() + xT(®)Qx(®) — (1 — ¢()xT(t — (£) (6)
Qx(t = Tmax) + Thax¥T (ORX(t) — [x(t) — x(t — 7)) R[x(t) — x(t — ()] .

This inequality provides the stability condition for (3). To derive the matrix form of the
equation, we replace x term in (6). The stability condition for each sub-system is

V(x@®) <X, hi(p(t) [ T()(ATP + PA; + Q — R + AT 12,5, RA;)x(t) + xT()(PA, + R +
ATT2, 0 RAL)x(t — T(0) + xT(t — 7(£) (ALP + R + ATyt2, 0, RA;) x(£) + 27 (¢ —
() (~(1 = H(©))Q = R + ALyThaxRAL)x(t = 1(1))]

This leads to

x(t) ]T [AiTP +PA;+Q—-R PA; +R N

x(t —7(t) * -1-#®)Q—R
x(t)
AT ThaxR [AL] x(t—r(t))
This  equation turns to (4) by applying Schur complement formula.
|

VE©) < I ©)|

<O.
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3.2. Performance Analysis

Theorem 2: The time-delay fuzzy system (1) is asymptotically stable for all 0 < 7(t) < Timax
and satisfies the condition [|z]|, < y|lwl|, if there exist constant matrices P,Q,R € S?*" and a
scalar y>0 such that the following LMI holds

foralli =12, ..... ,7,
[21,1 PA;+ R PBy; Ciri TmaxA’irR]
* _(1 - T(t))Q -R 0 C‘LTL TmaxA:iR
| * * -yl Diri TmaxBiriR| <o. ™
ll *  * * w 0 Jl
* * —R
Proof: Applying the Schur complement formula on (7) results in
IrZLl PA‘[L' + R PBli CITL—! 7TmaxA R]
—(1—1 — T
I BN T |( “R) # [TmaxRA; TmacRAn TmaxRBy 0],
*ox -vI Dli maxBlTl
|_ * ok * —yIJ L0 J
and
D PA,+ R PBy CL] (A7) AT
—(1 — 7 _ T T T
* A-t®NQ—-R 0 C;L + |Au 2 R Al <o,
*xox -yl Dy {L Biri
*ox * =yl 0 L0
Applying the second schur complement again leads us to the compact form of
_ T - . T
Y11 PA;+ R PBy] [Ch ch; Af AT
*  —(1-t@t)NQ-R 0 |+|Ch|y? C,T, + AT [2..R AL | <oO.
| * * —)/1 Dll. Dll -Biri- Bfi

Further arrangements on the matrix inequality gives the final expression

V(x(t) <

x(t) Y1 PA,;+ R PBy;| [Ch cr
T-1hi(p(t) x(t—T(t))] [ —1-#t)NQ-R 0 |+|Ch|y'|Cch| +
() -yl Dj; Dj;
AT A x®
A?L:i TrznaxR Ari x(t_T(t)) <0.
BI, BT, w(t)

It is important to note that this expression is equivalent to

V(x(t)) < xTPx+xTPx + x(t)TQx(t) — (1 — t(t))xT (t — T())Qx(t — 7(t))
+ ThaxXT(ORX () — [x(t) — x(t — ()] R[x(t) — x(t — 7(t))]

T 1
yw (®Ow(t) + yz ®)z(t) < 0.

In the above equation, integrating the both sides from 0 to oo leads to H, performance
index ||zll,, < ylwll, [34].
|
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3.3. Employing Slack Variable Approach

The standard LMI characterization approach may cause bilinear matrix inequality due to the
multiplication of the terms PA; and RA; unknown matrix functions are not suitable for the
synthesis of finding the feasible solutions. One way of dealing with this problem is Projection
Lemma. This approach does not only provide a flexible way in the synthesis, but also introduce a
far less conservative condition.

Lemma 1: The time-delayed fuzzy system presented by (1) is asymptotically stable for all
0 < 7(t) < Tmax and satisfies the condition ||z||, < y|lw|l, if there exist constant matrices
P,Q,R,Vy,V,, V5 € S, and a scalar y>0 such that the following LMI holds

foralli=1,2,..... T,

[—Vl —VI  P—V]+VA V] + VA, VB 0 Vit TR (8)
* Wy, + ATV +V,4, R+ ATVI+1,4,, V2Bu  Cii -p |
| i i cT v |
| * * W33 + ALVI+V3A, V3B Cu 3 | <0.
| * * * -yl DlTi 8 |
[ * * * * —yi J
* * * * « (1-=27,,)R

with W,, = Q —Rand W33 = —(1 — (t))Q — R.
Proof. The proof is inspired from [35]. First, we write the definition of Projection Lemma

defining the following linear matrix inequality with a symmetric matrix ® and appropriately
dimensioned two matrices A and I':

@+ ATOTT +TTOA < 0. 9)
has a feasible solution in terms of © if and only if

NydN, < 0,and (10)

MNFdN: <0, (1)

where V, and Nt are any basis of the null spaces of A and T, respectively. Writing (8) in the
format (9), we have

o P 0 0 O TmaxR
* Y,, R 0 crL -P
T
o= |* * Y 0 Cu 0 |,A =[-1 A Ay By 0 1,
* x x -yl DI 0
* * * =yl 0
Lx * * *  (-1- Zrmax)RJ
[l 0 0 0 0 O
r=10 1 000 0],®=[V1TV2TV3T]T.
0 0 I 0 0 O
and the null spaces of A and T are shown as;
[4i Au By 0 I 0 0 0
0 0 0 [0 0 0]
0 1 0 0 O
NA= 0 0 I 0 O,andN[‘:I(I) 8 8'
0 0 I 0 llO I OJI

lo
0o 0 0 0 I 0 0 I

The first solvability condition in (10) leads to the LMI (7) and the following is obtained by
the second solvability condition (11).
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-yl DI 0
* =yl 0 <0. (12)
* * (=1 = 2T3pax)R

3.4. State-Feedback H,, Synthesis

The design of a fuzzy controller is sought in this section. The designed controller not only
provides the asymptotic stability but also possesses an energy-to-energy norm, L,, less than y.
The control law is given for each i-th rule as

- (13)
w(®) = ) hOKx(®).
i=1

Substituting (13) into (2), we obtain the corresponding closed-loop system
%) = Xioy RE@(O){Giyx(8) + Ayx(t — 7(t)) + Byw(t) + 2 Di<j hi(P(t))hj(P(t))

Gij + Gj; Apx(t —t(t)) + Agjx(t — ©(t)) N Byiw(t) + By jw(t)

2 2 2 ’

2q(t) = Xy hF (p(©)Jux(t) + Crx(t — () + Dyw(t) +2 Xic i () (p(1))

Jij +1ji Crix(t — (1)) + Crjx(t — (1)) N Dyw(t) + Dy w(t)

2 2 2 ’

Whel’e G” bl AL' + B2i1<j and ]U = Cli + DZil{j'

Theorem 2: Consider the fuzzy time-delay system (1), there exist a state-feedback controller of
the form (13) such that the closed-loop system is asymptotically stable for all 0 < 7(t) < Tmax,
and satisfies the condition ||z]l, < yllwl|l, if there exist constant matrices P,Q,Rand U €

§#*™ | two given scalars A, and A5, matrix ¥; € $™*" and a scalar y>0 such that the following
LMIs hold

x(t) +

x(t) +

foralli=1,2,..... T,
—2U P—U+AU+ ByY;, —A3U+AuU Bui 0 U+ TmaxR
* ¥, @, A,By; UCL +YTDL AL U—P
* * \TJ33 A3By; UCZ; AU <0, (14)
| * * —yl DT, 0 |
[ * * * M i 0 J
* * * * « (=1 = 2Tpq)R

where @, = Wy, + 4,(A;U + ByY; + UAT +Y'BY), W3 = R+ A,4,U + A3(UAT +
YPBL,) and a3 = Wiz + A3(A,U + UAL). W, and Was as defined earlier hold.
foralll<i<j<r,

—2U P—MU+®; —A,U+ 2 Aul

* ¥22 ¥23

* * %33 (15)
| * * *
[ * * *

* * *
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@ 0 U+ TaxR
B1i+B1j - ~
12 (Tj) :'ij AZU - P
Byi+By; ch+c
A3 ( 2 ) u ( 2 AU <0.
pT+pT.
—yI ( 11';' 11) 0
* -yl 0
* * (=1 = 2Tax)R]

where

UcCy; + Y Dj; + UC]; + Y DJ;
N 2

W,
=

7]

AU +BZL-Y]- +AjU +szYL-
ij = 2 ’

y

)

¥ =¥y +12<

AU + AU
2

¥23:§+Az(

AU + ByY; + UAT + Y BJ;+A;U + By;Y; + UA] + Y BJ;
2
) i UA] +Y{Bj; + UAT + Y B},
3 2 )
- AyU+UAT + Ay U+ UAT,
¥yy = Way +/13< ki = > o ”).
Then the corresponding control law is given by K; = Y; U™

Proof. First we substitute the closed-loop matrices into (8) to derive the synthesis condition.
Three different slack variable matrices are chosen to analyse the condition in (8) as V; =V, V, =
A,V and V3 = A3V where A, and A5 are given scalars. Note that the above LMI is an inequality
only with fixed A, and A;. Defining the new variables U = V™1 and Y; = K;U by applying the
congruence transformation using matrix diagram (U,U,U,1,1,U ) to LMI (8) gives the result of
(14) with P = UTPU, R= UTRU, Q= UTQU,¥,, = UTW,,U and P33 = UTW,5U for
1 <i<r,and the result of (15) with ¥,, = UTW,,U and %33 = UTWU for1<i<j<r.
This completes the proof. [
Remark 1: We have two LMIs conditions to be addressed to reach a feasible solution. The
condition (14) seeks a feasible solution for each-subsequent rules, and the condition (15) for the
cross terms. To capture the nonlinear behavior of a given system, the derived LMIs have to be
solved simultaneously for each rule. Then fuzzy blending control law is employed to the
nonlinear model to achieve the prescribed performance requirements.

3.5. Robust H,, Controller Synthesis for Uncertain T-S Fuzzy Systems with Time-Delay

A T-S fuzzy time-delay model with norm-bounded uncertainties in the state and control that is
composed of r plant rules:

¢ Plant rule i:
IF py(t) is M, and..... and p;(t) is M;; THEN

x(t) = (4; + AA)Dx() + (A + AA)x(t — ©(t)) + Byyw(t) + (By; + ABy)u(t)
z(t) = Cyx(t) + Crx(t — () + Dyw(t) + Dyu(t),

(16)

X(@) = d’(): vVt € [_Tmaxr 0]

1359



S.Coskun  /Sigma J Eng & Nat Sci 38 (3), 1351-1368, 2020

where the matrices A4;, AA,;, and AB,; denote the uncertainties in the system in the form of
[AA;, AAg;, ABy] = HA(OE;, Exi, Exil, (7)

where H;, E;, E;, E,; are known constant matrices and A(t) is an unknown time-varying
matrix function satisfying

ATAR) < 1. (18)
The following condition provides necessary and sufficient condition for the synthesis of a
state-feedback H,, controller, which guarantees the asymptotic stability, and provides a prescribed

disturbance attenuation level in the sense of £, energy norm of the uncertain T-S fuzzy system,
presented in (16).

Theorem 3: Consider the uncertain fuzzy time-delay system in (16), there exist a state-feedback
controller of the form (13) with all admissible uncertainties of the form (17) and satisfying (18)
such that the closed-loop system is asymptotically stable for all 0 < 7(t) < 7,44, and satisfies
the condition ||z]l, < yllwll, if there exist constant matrices P,Q,R and U € S$™", two given
scalars A, and A3, matrix ¥; € $™*" and a scalar y>0 such that the following LMIs hold

foralli=1,2,..... T,

[—2U P —A,U+ AU+ ByY;, —A3U+ AU By
* ¥y W3 AzBy;
* * P33 A3By;
* * * -yl (19)
* * * *
* * * *
* * * *
* * * *
0 U+ TaxR H; 0
ucy; + v nl, 2, U—P A,H; UET +YTEL
Uck AU AsH; UEL
DT, 0 0 0 <0,
—ylI 0 0 0
* (—1=2Tpa)R O 0
* * _Eiil 0
* * * —aj;l

where a;; = €;71,and ¥,, , ¥,5, and P55 as defined earlier hold. And
foralll<i<j<r,

r - AU+ AU By; + By; 20
—2 P-dU+®y AU+~ — (20)
- - By + By
* ¥22 ¥23 Az(%)
o By + By
. - Yo, 1 (=5)
* * * —vI
* * * *
* * * *
* * * *
* * * *

1360



Robust Delay-Dependent H,,, Control Design for .../ SigmaJ Eng & Nat Sci 38 (3), 1351-1368, 2020

0 U+ thaxR H; 0
~ UVEF+vTEL+UET+YTEL,
8 ALU—P AH; LT
U (cﬁ;cﬁ) AU A UETTi;LUETTj
DlTi:D;rj 0 0 0 <0.
-yl 0 0 0
* (-1=27p0 )R 0 0
* * —ey1 0
* * * —aijl

where a;; = €;;7%, and @;;, %5, %23, ¥33, E;; as defined earlier hold.

Proof. We first substitute the norm-bounded uncertainties into the LMI conditions (14-15) of
Theorem 2, a new set of LMI conditions is obtained by summation of initial LMIs (14-15) and
corresponding uncertain part as shown below,

foralli=1,2,..... T,
0 AAU+AByY, AMzU 0 0 0
[* (2,2) 23); 0 0 0
(21)= (14)+ [* * B3 00 01
* * * 0 0 O
[* * * * 0 0
* * * * x 0

where (2,2);; = A,(AA;U + ABy Y, + UAAT + YT ABY),

(2,3)ii = 2,04,U + 23(UAAT + YT ABY),

(3.3)i = A3(AA;U + UAAL). And
foralll<i<j<r,

(22)= (15)+
I 2 2 I
* (2,2);5 (2,3); 0 0 0
* * (3,3)11 O 0 0 < 01
* * * 0 0 O
* * * * 0 0
* * * * * 0
where
@2 = 22(AAU + AByY; + UAAT + Y AB]; + AA;U + ABy;Y; + UAAT + Y AB])
) ij - 2 )
23 = 22 (DAU + DALU) + A3(UDAT + Y"ABY; + UAAT + Y[ AB];)
9)ij = 2 )
(3.3 = 23(AALU + UAAT; + AAL;U + UAAT,
9)ij = D) .
These conditions are equivalent to
foralli =1,2,..... ,T,
(21)= (14)+
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H;
A,H;

He(’lfi AD[O0 EU+EyY, ExU 0 0 0])<0,

0
0

foralll<i<j<r,
(22)= (15)+
H;
,H;
A3H;
He(|s ¥ |A@ o
0
0
where He(G) Hermitian operator is defined as He(G) = G + GT. Finally, the following
inequality is employed [36]
QAF + FTA)TAQT < ;71007 + ¢, FTF.
which holds for all scalars ¢;;, i = j, and ¢;;, { <j, and all constant matrices Q and ¥ of
appropriate dimension. Schur complement formula is employed to (14-15) to finally compute the
LMIs in (19-20). [ ]

E{U+EYj+E;U+E,;Y; EqU+E U
2 2

0 0 o]<o.

4. NUMERICAL EXAMPLES

Example 1: The following is adopted and modified from [26]. Uncertain T-S fuzzy time-delay
model is:

Rule 1: IF x,(t) is M; THEN

x(t) = (Ay + HA@QE)x(t) + (A;1 + HA)E)x(t — t(t)) + Byw(t) + (By + HA®)E)u(t),
z(t) = C11x(t) + Dyyu(t),

Rule 2: IF x,(t) is M, THEN

x(t) = (A, + HAQ)E)x(t) + (Apy + HAWE)x(t — 7(t)) + Biow(t) + (Byy + HA(DE)u(t),
Z(t) = Clzx(t) + Dzzu(t)

where
A= [0(333 8:;(]Js:r1 = [0_; 8;}} By, = [(1) 0] By = [0 1 04] Ciy = [0 1 ﬂ.
=l oo b
I EE A PRl L] Gl
. coS
= [ -0. 1] 0.1 —0.1]’ - [ 0 0.1]’A(t) - [ 0 Sint]

To present a comparison study, the disturbance attenuation level is chosen as y = 2.
According to the Theorem 3 in this paper, Table 1 provides maximum allowable time delay
bounds for different delay variation rates below
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Table 1. Comparison of maximum allowable time delay

7 0.1 0.5 0.9 1.1 5%10°

Tynax [26] 0.9103 0.8763 0.7832 0.7454 0.7454
Tmax [27] 0.9450 0.8997 0.7941 0.7480 Not reported

Tymax Of Theorem 3 | 0.9667 0.9238 0.8322 0.7959 0.7959

LMIs (19-20) are simultaneously solved to compute the maximum time-delay allowing for
controller synthesis with respect to different delay variation rates
7 using cvx route semidefinite programming mode. The solution is sensitive to the selections of
the A, and A;. After an 2-D search, 1,=2.72 and 15=-0.5 are obtained. As observed from the
upper bounds on the allowable delay in Table 1, the method proposed in this paper exhibits
improved performance.

Example 2: This example is to control of a truck trailer [2]. The uncertain time-delay state-space
model is given as

%, (t) = (L+AL(mt ——x,(t) - (1 - )mh(f () + w(t) + —u(t)
% (t) = mh(t) +(1- )m’ﬁ (t —z(®),

5 vt

X3 (t) = ESIH [.X'Z(t) + amxl(t) + (1 )mxl(t - T(t))]

The values are stated as a=0.7, [ = 2.8,
< AL(t) <0.2895 same as [28].

The following fuzzy rules describe the behavior of the local dynamics of the fuzzy uncertain
system

L=55 v=-10, £=20, ty,=0.5,and—0.2619

Rule 1: IFO(t) = x,(¢t) + aZ—Z_xl(t) + (1 — a)x,(t — (t)) is about 0,
Rule 2: IFO(t) = xz(t) + a xl(t) + (1 — a)x,(t — 7(t)) is about 7 or —

where

vt r vt
ot ] ~(-a); 0 o] ) o
Ay = aLv_t:t0 0 0|4y = (1_a)v_t 0 0f,Byy =|0[,By = l(t)o.
S 0
a2t OJ a-aZC 0 o0 0
2Lty to 2Lt
r vt
—ag- 0] [—(1 - a)E 0] . o
= | g2 - _a) Xt = = [Ho
A, = ar- 0 0[,4,=| Q1 a)LtO 0],By, = 8 "B, 1ol
av’t> vt 0 (1 - dv?t? 0
2Lty to 2Lt,
AA; = Ay = A, = A, = HA(t)E with H = [0.255 0.255 0.255]7, E = [0.100],and

A(t) = sin(t).

The value for d = 10 * t,/m and the following is the membership functions

ha(00) = (1~

1

1+exp(—3(6 (t)—O.Srr))) (1+exp (—3(6(t)+0.5m))

) h2(6@®)) = 1= hy (6(2).
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Figure 1. Disturbance profile.
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Figure 2. Initial condition response for (z(t) = 0.5sin(t)).
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Figure 3. Initial condition response for (z(t) = sin(t)).
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Figure 4. Initial condition response for (z(t) = 5sin(t)).

The simulation are performed for an initial condition ¢(-) =[0.2 -0.4 -1.2], and time-varying
delays: 7 €[-0.50], 7 €[-10], and 7 €[-50]. The fuzzy control law u(t) =
2 hiK;x(t) is applied to the system. The controller gains are computed using cvx route. The
regulated output is set z; (t) = z,(t) = [1 0 0]x(t), and Figure 1 shows the applied disturbance
profile to analyze the performance of the presented system. It is noted that the designed robust
fuzzy H,, state-feedback control law seeks to minimize the induced £, norm, i.e., the energy-to-
energy norm from disturbance d(t) to output z(t). Figures 2-4 depict state responses of the truck
trailer system under the designed fuzzy controller for three different levels of upper delay bound.
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For the first case, the delay is bounded within 0-0.5 seconds with the highest value (7,,4,) 0of 0.5
seconds. The induced £, (y disturbance attenuation level) performance level is obtained as
+0.0454709, which guarantees the internal stability of the system with time-varying delay. In the
second case, the delay is varied within 0-1 second with the highest value (7,,4,) of 1 second and
the induced £, performance level is obtained as +0.103349. One should note that the appropriate
selection of A, and A5 is vital, and the assigned values are 15 and 0.35, respectively. The initial
condition plots in Figures 2-3 ensure that output of the states converges to zero within a short
period of time, as well as the fuzzy controller possesses an improved disturbance rejection. As
observed in Figure 2, a better disturbance rejection and better state convergence are achieved for
7(t) = 0.5sin(t). In addition, it is interpreted that the negative impacts of time-varying delay on
the regulated output are less than that of the case in Figure 3. Generally speaking, delay bound
degenerate the closed-loop stability and performance at high values. To this end, the case of
T(t) = 5sin(t) is also plotted in Figure 4, which results in larger overshot on the state outputs
along with a significant deterioration of the disturbance rejection. The induced £, performance
level is obtained as +1.59838. The system states converge to zero value after a reasonable time
period. It is proven that the proposed design can even handle high delay bound, wherein the
presented system is internally stabilized with improved disturbance rejection. The simulation
results show that the uncertain systems with time-varying delays are effectively controlled using
the proposed robust control strategy.

5. CONCLUSION

Delay-dependent stabilization and robust H,, control design for uncertain Takagi-Sugeno
fuzzy systems with time-varying delay are studied in this paper. The nonlinear models are
reformulated within the Takagi-Sugeno framework, and resulting individual sub-models are
blended by the fuzzy operation of weighting functions. Lyapunov-Krasovskii functionals are
employed to accommodate different types of delay in size and bound. Both the stability and
performance conditions are realized through a set of linear matrix inequalities to derive a robust
fuzzy controller. In the sequel, two numerical examples are provided. In the first example, we
compute the maximum time-delay allowing for controller synthesis with respect to different delay
variation rates. In the second example, we plot the time histories of the initial condition
stabilization of an uncertain T-S fuzzy system for different delay ranges and bounds.
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