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ABSTRACT

In this paper, we prove some fixed point properties and demiclosedness principle for multivalued generalized
a-nonexpansive mappings in uniformly convex hyperbolic spaces. We also proposed a three steps iterative
scheme for approximating the common fixed points of generalized a-nonexpansive mapping and prove some
strong and A-convergence theorems for such operator in the setting of uniformly convex hyperbolic space. We
provide a numerical example to show that the three steps scheme proposed in this paper performs better than
the modified SP-iterative scheme. The results obtained in this paper extend and generalized the corresponding
results in uniformly convex Banach spaces, CAT(0) space and many other results in this direction.
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1. INTRODUCTION

The study of fixed point theory for nonexpansive mappings have found numerous applications
in differential equations, integral equations, signal processing, convex optimization and control
theory. The existence of fixed points for single-valued nonexpansive mappings was first studied
by Browder [4] in 1965 in a real Hilbert space. This was further extended to a uniformly convex
Banach space by Browder in [5] and Gohde in [11], and to a reflexive Banach space by Goebel
and Kirk [10, 18]. The study of fixed points of multivalued nonexpansive mappings was initiated
by Markin [24] and Nadler [26] using the concept of Hausdorff metric.

Let X be a metric space and K be a nonempty subset of X. The set K is called proximal if for
each x € X, there exists an element y € K such that

d(x,y) =d(x,K):= inf{d(x,z):z € K}.

It is well known that each weakly compact subset of a Banach space and each closed convex
subset of a uniformly convex Banach space are proximal. Let CB(X) be the collection of all
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nonempty closed and bounded subsets and P(X) be the collection of all nonempty proximal
bounded and closed subsets of X. The Hausdorff distance on CB(X) is defined by

H(A, B) = max {supd(x,B), supd(y,A)}, V A,B € CB(X).
X€EA YEB

Note that for all a € 4, d(a, B) < H(A, B).
A multivalued mapping T: X — CB(X) is said to be nonexpansive if

H(Tx,Ty) <d(x,y) Vx,y€X.

A point x € X is called a fixed point of T if x € Tx. We denote the set of fixed points of T by
F(T) and Pp(x) ={y € Tx:d(x,y) =d(x,Tx)}. If F(T)# @, then T is said to be quasi
nonexpansive if

H(Tx,p) <d(x,p) Vx€X,peF().

The theory of multivalued mapping is more difficult than the corresponding theory of single-
valued. Shimizo and Takahashi [35] showed the existence of fixed points for a multivalued
nonexpansive mapping in a convex metric space. Since then, many authors have studied the
approximation of fixed points of multivalued nonexpansive mappings using different iterative
schemes (see, [1, 25, 15, 17, 29, 32, 36, 37, 38]).

Beside the nonlinear mappings involved in the study of fixed point theory, the role played by
the ambient spaces involved in a fixed point problem is also very important. It is well known that
the Banach spaces with convex structures have been studied to a great extent in this regard. This
is mainly because the Banach spaces are vector space and so it is easier to introduce a convex
structure in them. However, the metric space does not naturally enjoy such structure. Hence, there
is need to introduce convex structure in the metric space. The notion of convex metric spaces was
first coined and introduced by Takahashi [41] for studying fixed point theory for nonexpansive
mappings in convex metric space. Several other attempts have been made to introduce different
convex structure on metric spaces. The hyperbolic space is an example of a metric space with
convex structure. In fact, different convex structures have been introduce to the hyperbolic space
which results in different definitions of hyperbolic space (see [8, 20, 31]).

We note that although, the class of hyperbolic spaces introduced by Kohlenbach [20] is
slightly restrictive than the class of hyperbolic spaces defined in [8], it is however, more general
than the class of hyperbolic spaces introduced in [31]. More so, the Banach space and CAT(0)
spaces are examples of hyperbolic spaces introduced in [20]. More examples of this class of
hyperbolic space includes Hadamard manifolds, Hilbert ball with hyperbolic metric, Cartesian
products of Hilbert balls and R-trees. For more examples and details on hyperbolic spaces, the
reader can see (for instance) [8, 9, 20, 31].

Throughout this paper, we consider the hyperbolic space which is defined by Kohlenbach [20]
as follows:

Definition 1.1 A hyperbolic space (X, d, W) is a metric space (X, d) together with a convexity
mapping W: X2 x [0,1] — X satisfying

Hdu, W,y a)) <ad(u,x)+ (1 —a)dw,y);

(i) dW(x,y, ), W(x,y,)) = |a — Bld(x,y);

(i wW,y,a) =W, x,1—a);

(iVydW(x,z,0), W(y,w,a) < (1 —a)d(x,y) + ad(z,w),

forall x,y,z,w € X and @, 8 € [0,1]. In the sequel, we shall use the term hyperbolic space
instead of Kohlenbach hyperbolic space for the sake of simplicity.

The normal Mann iteration scheme [23] have played a very helpful role in approximating the
fixed point of a nonexpansive mapping in a Banach space. In 1974, Ishikawa [14] introduced a
new iterative process which performs better than the Mann iteration for approximating the fixed
points of nonexpansive mapping as follows:
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Xo € K,
Yn = Bnxn + (1 = Bn)Txn, (1.1)
Xnt1 = AnXn + (1 — )Ty, n=0,

where {a,} and {8, } are sequences in [0,1], and K is a nonempty closed and convex subset of

a real Hilbert space. Sastry and Babu [32] further developed an analogue of the Ishikawa iteration
for multivalued nonexpansive mappings in Hilbert space as follows:

XOEK,

Yo = (1 = Bp)xn + Bnzn,
Xne1 = (1 —ap)x, + AnZp, N =0,

where «,B € 0,1], z, € Tx, such that ||z, —p|| =d(p,Tx,) and z; € Ty, such that
|1z, — p|| = d(p, Tyy), K is a nonempty closed and convex subset of a Hilbert space.

Phuengrattana and Suntai [30] also introduced the following algorithm called SP-iteration as a
generalization of the Mann, Ishikawa and Noor [27] iterations for approximating the fixed points
of a nonexpansive mapping T: K — K in a uniformly convex Banach space:

Xy € K,

X1 = (L — a)vp + anToy,
Yo = (1 = Bp)wn + BrTwy,
wp = (1= ¥a)xn + ¥ Txp,

{an}, {Bn}, {v} are real sequences in [0,1]. They also showed that the SP-iteration converges
faster than the Mann, Ishikawa and Noor iterations for the class of continuous and non-decreasing
function.

The following iteration process is a translation of the SP-iteration scheme from Banach space
to hyperbolic space (see [30]): For a given x, € K, {x,} is defined by

1.2)

Zn = W(xn, Txn, ¥n),
Yn = W(zyn, Tzy, Bn),
Xnt1 = WO Tyn, an),

where K is a nonempty, closed and convex subset of a complete uniformly convex hyperbolic
space X with monotone modulus of uniform convexity, T is a self mapping and {a,}, {8,} and
{vn} are sequences in (0,1).

Recently, Gunduz and Karahan [12] modified the SP-iteration for approximating the common
fixed points of three multivalued nonexpansive mappings in hyperbolic space:

Xne1 = W (U, Y, an),
Yn = W (Wn, Zp, Br), (1.3)
Zn = W Wy, X, V),

where u, € Pr(3,), vy € Ps(z,), w, € Pr(x,) and {a,},{B.}, {v.} are real sequences in
(0,1). It is well known that an iterative process that approximates the fixed points of nonlinear
mappings using fewer number of iteration is preferable to iterative process with more number of
iterations. The three steps iteration was shown by Glowonski and Le Tallec [7] to yield better
numerical results than the one or two steps iterations. Glowonski and Le Tallec [7] employed
three steps iterative process to approximate the solutions of the elastoviscoplasticity problem in
liquid crystal theory and eigenvalues computations. Haubruge et al. [13] further applied the
Glowinski and Le Tallec [7] iteration scheme to obtain a new splitting type algorithms for solving
variational inequalities, separable convex programming and minimizing the sum of convex
functions. They also showed that three steps iteration process lead to highly parallel iterations
under certain conditions. All these show the importance of studying three steps iteration process
for approximating solutions of real life problems.
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In this paper, we introduce a new three steps iteration for approximating the common fixed
point of three multivalued mappings in hyperbolic spaces. Our algorithm is defined as follows:

Let K be a nonempty convex subset of a hyperbolic space X. Let R,S,T: K — P(K) be three
multivalued mappings. Choose x, € K and define {x,,} as follow:

!(xnﬂ =W (un, w (xn, vn,lf—:(n) , an) )
Yo = W (V0 W (W Xn 1), b, (1.4)

LG = W(xnr Wn, an)r
where u, € Pr(¥n), Vn € Ps(z,), wy € Pr(x,) and ay,, by, cp, apn, By € (0,1) such that
O<ap,+B,<land0<b,+c, <1

It is easy to prove that algorithm (1.4) is well defined. Using algorithm (1.4), we study the
approximation of common fixed points of three generalized a-nonexpansive mappings. The
generalized a-nonexpansive mapping was recently introduced by Pant and Shukla [28] for single-
valued mapping in Banach space. Pant and Shukla [28] showed that the class of generalized a-
nonexpansive mappings is more general than the class of nonexpansive mappings, Suzuki’s
generalized nonexpansive mappings and a-nonexpansive mappings. It is worth mentioning that as
far as we know, no work has been done on generalized a-nonexpansive mapping in hyperbolic
space. Hence, it is necessary to extend the results on generalized a-nonexpansive mapping from
uniformly convex Banach spaces to hyperbolic space.

In this article, we introduce the notion of multivalued generalized a-nonexpansive mapping in
hyperbolic spaces. We also give some properties of the fixed points and demiclosedness principle
of such mapping. Further, using algorithm (1.4), we prove some strong and A- convergences for
approximating the common fixed points of the class of such maps. Hence, our results in this paper
improve and unify the corresponding results of Pant and Shukla [28], Gunduz and Karahan [12],
Suanoom et al [39], Mebawondu et al. [25], Khan et al. [15, 16, 17] and many other results in this
direction.

2. PRELIMINARIES

In this section, we give some preliminaries, definitions and results which will be used in the
sequel.

A hyperbolic space (X,d, W) is said to be uniformly convex if for any ¢ > 0 and € € (0,2],
there exists 6 € (0,1] such that for all x,y,z € X

d(W(x,y,%),Z) < (1-6)o,

provided that d(x,z) < g, d(y,z) < o and d(x,y) = ea. The mapping 7: (0, ) x (0,2] =
(0,1] which provides such a § = n(o,€) for given ¢ > 0 and € € (0,2] is called modulus of
uniform convexity. We call n monotone if it decreases with o (for a fixed €). Also, a subset K of a
hyperbolic space X is convex if W (x,y,a) € K forall x,y € K and « € [0,1].

Definition 2.1 [39] Let K be a nonempty subset of a metric space X and {x,,} be any bounded
sequence in K. For x € X, define a continuous functional r(:, {x,}): X — [0, o) by

r(x,{x,}) = limsupd(x, x,).
n—-oo
The asymptotic radius r (K, {x,}) of {x,,} with respect to K is given by
r(K,{x,}) = inf{r(x, {x,}):x € X}.

A point x € K is said to be an asymptotic center of the sequence {x,,} with respect to a subset
KcXif
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r(x, {(xn}) = inf{r(y, {x,}): y € K}.

The set of all asymptotic center of {x,,} is denoted by A(K, {x,}). If the asymptotic radius and
the asymptotic center are taken with respect to X, then we simply denote them by r({x,}) and
A({x,}) respectively.

Definition 2.2 [19] A sequence {x,,} in X is said to be A-convergence to x € X if x is the unique
asymptotic center of {x,, } for every subsequence {x,, } of {x,}.

It is well known that A-convergence coincides with weak convergence in Banach spaces with
Opial’s property (see [21]). We denote the strong convergence of {x,} 10 x € X by x,, - x.
The following lemmas will be used in the sequel.

Lemma 2.3 [22] Let (X,d, W) be a complete uniformly convex hyperbolic space with monotone
modulus of uniformly convexity n. Then every bounded sequence {x,} in X has a unique
asymptotic center with respect to any nonempty closed convex subset K of X.
Lemma 2.4 [6] Let X be a complete uniformly convex hyperbolic space with monotone modulus
of uniform convexity n and let {x,,} be a bounded sequence in X with A({x,,}) = {x}. Suppose that
{xn, } is any subsequence of {x,} with A({x,}) = {x1} and {d(x,, x1)} converges. Then x = x;.
Lemma 2.5 [16] Let (X,d, W) be a uniformly convex hyperbolic space with monotone modulus
of uniform convexity n. Let x € X and {a,} be a sequence in [a, b] for some a, b € (0,1). If {x,,}
and {y,} are sequence in X such that limsup, .d(x,, x) < ¢, limsup,d(¥p, x) < c and
limy, L eod (W (y, Y, @), x) = ¢ for some ¢ = 0, then lim,,_,.d (X, y) = 0.
Definition 2.6 Let K be a nonempty subset of a hyperbolic space X and {x,} be a sequence in X.
Then {x,} is called a Fejér monotone sequence with respect to K ifforall x €e Kandn € N
d(xps1,x) < d(xy, x).

Lemma 2.7 [3] Let K be a nonempty closed subset of a complete metric space X and {x,} be a
Féjer monotone sequence with respect to K. Then {x,} converges to some x* € K if and only if
limy,_d(x,, K) = 0.

Lemma 2.8 [3] Let {x,,} be a sequence in X and K be a nonempty subset of X. Suppose T: K — K
is any nonlinear mapping and the sequence {x,} is Fejér monotone with respect to K, then we
have the following: (i) {x,} is bounded, (ii) The sequence {d(x,,x*)} is decreasing and
converges for all x* € F(T), (iii) limy_d(xy, F(T)) exists.

Definition 2.9 A nonlinear mapping T: K — K is said to be
(i) Suzuki’s generalized nonexpansive (or satisfied condition C) [40] if for all x,y € K

%d(x, Tx) <d(x,y) = d(Tx,Ty) < d(x,y), (2.1)
(i) a-nonexpansive mapping [2] if for all x,y € K, « € (0,1) and

d(Tx,Ty)? < ad(Tx,y)? + ad(Ty,x)? + (1 — 2a)d(x,y)?, (2.2)
(iii) generalized a-nonexpansive mapping [28] if for all x,y € K, @ € (0,1) and

%d(x, Tx) <d(x,y) > d(Tx,Ty) < ad(Tx,y) + ad(Ty,x) + (1 — 2a)d(x,y).

Remark 2.10 It is worth mentioning that when a = 0, the class of generalized a-nonexpansive
mapping reduces to the class of mapping satisfying condition C. Pant and Shukla [28] gave the
following example of mapping which is generalized a-nonexpansive but not a-nonexpansive nor
satisfies condition C.
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Example 2.11 [28] Let X = {(0,0), (2,0), (0,4), (4,0), (4,5), (5,4)} be a subset of R2. Define a

norm [I-ll on X by Il (x1,x5) I= |x1| + |x2|. Then (X, 1I-1I) is a Banach space. Define a mapping

T:X = X by

T ((0,0), (2,0),(0,4), (4,0), (4,5), (5,4))
"\(0,0),(0,0),(0,0), (2,0), (4,0), (0,4)/"

1
Fora =,
5

(23)

ITx = Ty|| < al||Tx = y|| + a||Ty — x|| + (1 = 2)||x = yl|
if (x,y) # ((4,5), (54)). Inthe case x = (4,5) and y = (5,4), we have
1 1 5
lx=Tx|| =S lly =Tyl| =2>2 = |lx—yll.
Therefore T is generalized a-nonexpansive mapping.
However, for x = (4,5) and y = (5,4)
[|ITx — Ty||? = 64 > 42a + 4
=25a+25a+ (1 —2a)-4
= a||Tx = y||I> + al|Ty — x|I> + (1 — 2a)||x — ¥||*.
This shows that T is not an a-nonexpansive mapping for any a < 1. Further, for x = (4,0)
andy = (5,4)
1
SHx=Tx|| =1<5=|lx =yl
but
[ITx =Ty|| =6>5=[|x =yl

So, T is not a Suzuki’s generalized nonexpansive mapping.
Now, we give the definition of generalized alpha-nonexpansive mappings for the multivalued
mappings in hyperbolic spaces.

Definition 2.12 A multivalued mapping T: K — CB(K) is said to be generalized a-nonexpansive
mapping if for all x,y € K, and a € (0,1)

~d(x,Tx) <d(xy) =

H(Tx,Ty) < ad(x,Ty) + ad(y,Tx) + (1 — 2a)d(x,y). (2.4)

Remark 2.13 Let T:K — CB(K) be a multivalued mapping. If T is a nonexpansive mapping,
then it is clear that T is Suzuki’s generalized nonexpansive and thus, T is generalized a-
nonexpansive.

The following example shows that the converse of Remark 2.13 does not hold.
Example 2.14 Let T: [0,3] — CB([0,3]) be a mapping defined by

3 . _
Tx=gLﬂ' if x=3,
{0}, if x#3.
If x =3andy = 2, then
1 =3 — 13—
~d(3,T3)=-<1=[3-2|,
and
H(T3,T2)=>>1=[3-2]

Then T is neither nonexpansive nor Suzuki’s generalized nonexpansive. However T is
. . 1
generalized a-nonexpansive for a = ¥
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The following Lemma is useful for our results. It gives some properties of the P; mapping in
metric (hence hyperbolic) spaces (see [26, 36]).

Lemma 2.15 Let T:K — P(K) be a multivalued mapping and Prx = {u € Tx:d(x,u) =
d(x, Tx)}. Then the following are equivalent:

(i) F(T) = F(Pr),

(i) Prp = {p} for each p € F(T),

(iii) For each x € K, Pyx is a closed subset of Tx and so it is compact,

(iv) d(x,Tx) = d(x, Prx) for each x € K,

(v) Py is a multivalued mapping K to P(K).

3. MAIN RESULTS

In this section, we present our main results in this paper. First we give some properties of the
fixed points set of generalized a-nonexpansive mappings in a convex hyperbolic space.

3.1. Some fixed point properties of generalized a-nonexpansive mapping

Lemma 3.1 Let K be a nonempty closed and convex subset of a hyperbolic space X with
monotone modulus of convexity n and T: K —» CB(X) be a generalized a-nonexpansive mapping
such that F(T) # @ and Tp = {p} for each p € F(T). Then F(T) is closed and convex.

Proof. Let {x,,} be a sequence in F(T) which converges to some z € K. We will show that
z € F(T). Since Tp = {p} for each p € F(T), we have

(0, Txy) = 0 < d(xy, 2),

and
d(x,,Tz) < H(Tx,,Tz) < ad(z,x,) + ad(x,,Tz) + (1 — 2a)d(z,x,,)
=ad(x,,Tz) + (1 — a)d(z, x,)-
Hence
d(xp, Tz) < d(z,x,) (3.1)

Taking limit as n — oo, we have that
Tllim d(x,,Tz) < Tllim d(xp,z) =0.
Hence, by the uniqueness of the limit, we have that z € Tz.

Next, we show that F(T) is convex. Let x,y € F(T) and z € K, then by the definition of
generalized a-nonexpansive mapping, we have

d(x,Tz) < d(x,z) 3.2)
and
d(y,Tz) <d(y,2). (3.3)

Forz = W(x,y, 4), from (3.2) and (3.3), we have
d(x,y) <d(x,Tz) +d(Tzy)
<d(x,z)+d(z,y)
=dxWkx,y,1)+dW(x,y,A1),y)
<Ad(x,x)+ (A —=Dd(x,y) +Adx,y)+ (A =-Dd,y)
=d(x,y).
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Thus d(x,Tz) =d(x,z) and d(Tzy) =d(zy) because, if d(x,Tz) <d(x,z) or
d(Tz,y) < d(z,7), then we will have a contradiction that d(x,y) < d(x,y). So z € Tz. Thus,
W(x,y,A) € F(T). This implies that F(T) is convex.

Lemma 3.2 Let K be a nonempty closed and convex subset of a hyperbolic space X and T: K —
P(K) be a generalized a-nonexpansive mapping such that F(T) #= @ and Tp = {p} for each
p € F(T). Then T is quasi nonexpansive.

Proof. Let p € F(T) and x € K. Note that

1
;d(@,Tp) =0 < d(x,p).
Then

d(p,Tx) < H(Tp,Tx)
<ad(p,Tx) + ad(x,Tp) + (1 — 2a)d(x, p).

This implies that
(1-a)d(Tx,p) < (1 - a)d(x,p). (3.9)

Since (1 —a) >0, then we have H(Tx,Tp) <d(x,p) for all x €K and p € F(T).
Therefore, T is quasi nonexpansive.

We now establish the demiclosedness principle for multivalued generalized a-nonexpansive
mapping.
Lemma 3.3 Let X be a complete uniformly convex hyperbolic space with monotone modules of
uniform convexity n. Let K be a nonempty closed and convex subset of X and T: K —» P(K) be a
generalized a-nonexpansive mapping such that F(T) # @ and Tp = {p} for each p € F(T). If
{x,} is a bounded sequence in K such that 4-lim,,_,,x, = x* and lim,_,d(x,, Tx,) = 0, then
x* € F(T).
Proof. Since {x,,} is a bounded sequence in X, we have from Lemma 2.3 that {x,} has a unique
asymptotic center in K. Also, since A-lim,_,,,x, = x*, we have that A({x,}) = {x*}. Now note
that

d(xy, Tx*) < d(xy, Txy) + H(Tx,, Tx™)
< d(xp, Txy) + ad(x,, Tx™) + ad(x*, Tx,) + (1 — 2a)d(x,, x™)
< d(xp, Txy) + ad(x,, Tx™) + ad(x*, x,) + ad(xy, Txy) + (1 — 2a)d (x,, x¥).
This implies that
1+a

d(x,, Tx*) < Ed(xn, Txy) + d(x,, x™).

Taking limsup,,_,, from both sides, we have
r(Tx*, {x,}) = limsupd (x,, Tx") < i—Zlimsupd(xn, Txy,) + limsupd (x,, x*) <
n—oo n-oo

n—-oo

limsupd (x,, x*) = r(x*, {x,}). By the uniqueness of the asymptotic center of {x,}, we have

n—-co

x* € Tx* and hence, x* € F(T).
3.2. Strong and A- convergence theorems for generalized a-onexpansive mapping.

We state and prove the following lemmas which will be needed in the proof of our main
theorems.

Lemma 3.4 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X. Let R, S, T: K = P(K) be three multivalued mappings such that Py, Ps and Pr
are generalized a-nonexpansive mappings and F:= F(R) N F(S) N F(T) # @. For arbitrary
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Xo € K, let {x,,} be the sequence define by algorithm (1.4). Then {x,,} is bounded and the limit
limy,_,»d (x,, x*) exists for each x* € F.

Proof. Let x* € F, using Lemma 3.2, we have
A0 ") = d (W, W (w0 7)), )
—Un
< bud (U, x) + (1 = b)d (W (wy, 0 =2-), x7)

1-b,

< bpd (v, Ps(x")) + (1 = by) [125-d(w, x7) + (1 = 125 d o, x|

< byH(Ps(2y), Ps(x7)) + cnd(Wn, x) + (1 — by — cn)d (2n, x7)
< bpd(zn, x7) + cnd(Wy, Pr(x™)) + (1 — by — cp)d (xn, X7)
< bnd(W(xn:Wn' an)'X*) + CnH(PT(xn)rPT(X*)) + (1 - bn - Cn)d(xan*)

= bn[and(x‘mx*) + (1 - an)d(Wn'x*)] + Cnd(xn'x*) + (1 - bn - Cn)d(xn'x*)

< byland(xn, x™) + (1 — an)d(Wy, Pr(x™))] + (1 — bp)d (xn, x7)

< byland(xn, x™) + (1 — an)H(Pr(xn), Pr(x*))] + (1 — bp)d (xpn, x*)

< byland(xn, x*) + (1 — an)d(xp, x7)] + (1 — by)d (xn, x7)

=d(x,, x"). (3.5)

Also
d(Xps1,x*) =d (W (un, w (xn, Vp, %) s an) , x*)

< ad(uy, x*)+ (1 —ay)d (W (xn,vn, %) ,x*) (3.6)
< a, d(Uuy, PR(X)) + (1 —ay) [f;’[ d(xp, x*) + (1 — f;‘l )d(vn,x*)]

< anH(PR(Yn)!PR(X*)) + ﬁnd(xn!x*) + (1 —an — ﬂn)d(vn'X*)

< and(yn!X*) + ﬁnd(xn'x*) + (1 —Qan— ﬁn)d(vn! PSX*)

< and(xn!x*) + ﬁnd(xn'x*) + (1 —Qn — ﬁn)H(PS(Zn)fPS(X*))

< (an + ﬁn)d(xn'x*) + (1 —Qn — ﬂn)d(zn!x*)

= (an + Br)d(xn, x*) + (1 — an — B)d(W (xp, Wy, ay), X7)

< (an + Bn)d(xn'X*) + (1 —Qn — Bn)[and(anX*) + (1 - an)d(Wan*)]

< (an + ﬁn)d(xn'X*) + (1 —Qn - .Bn)[and(anX*) + (1 - an)d(Wn: PTX*)]

< (an + ﬁn)d(xn'X*) + (1 —Qn - .Bn)[and(anX*) + (1 - an)H(PTxanTx*)]

< (an + ﬁn)d(xn'X*) + (1 —Qn — .Bn)[and(anX*) + (1 - an)d(xnrx*)]

=d(xp, x*).

This shows that the sequence {x,} is a Fejér monotone sequence, and hence it is bounded.
Consequently, lim,,_,,,d (x,, x*) exists.
Lemma 3.5 Let K be a nonempty closed and convex subset of a complete uniformly convex
hyperbolic space X. Let R, S, T: K — P(K) be three multivalued mappings such that Pg, Ps and Py
are generalized a-nonexpansive mappings and F:= F(R) N F(S) N F(T) # @. Let {x,} be the
sequence defined by (1.4), then we have
Tlli_r}god(xn' Prxy) = ylli_IBod(x"’ Prxn) = T{i_r}god(xn: Psxn) = 0.
Proof. By Lemma 3.4, lim,,_, o, d (x,,, x*) exists for each x* € F. Assume that lim,,_,,,d (X, x*) =
¢ for some ¢ = 0. If ¢ = 0, the results is trivial. So we suppose that ¢ > 0. Using Lemma 3.2, we
have
d(wy, x*) < d(wy, Prx™)
< H(Prxy, Prx*)
< d(xy, x*).

Hence
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limsupd (w,, x*) < c.

n—-oo
Also we get
d(Vy, x*) < d(vy, Psx™)
< H(Pszy, Psx™)
< d(zy,x*)
= d(W (xpn, W, an), x*)
< ap,d(xp, x*) + (1 —ay)d(wy, x™)
< a,d(x,,x™) + (1 —ay,)H(Prx,, Prx™)
< ap,d(xp,x*)+ (1 —a)d(x,,x™)
< d(xp, x"). 3.7)
Then, we deduce that
limsupd (v, x*) < c. (3.8)
n—oo
More so from (3.5), we get
d(up, x*) = d(u,, Rx™)
< H(Ry,, Rx™)
< d(nx")
< d(xn, x"),
hence
limsupd (u,,p) < c.
n—oo

On the other hand, it follows from (3.6) that
ﬁTL *
a (W (o v g2) % )

x)+(1— )

b d(xn,x)+(1— n )d(vn,Sx)
(1-2)
(
(1-

n
1-ay,

< 1_; d(xp, x*) + H(Sz,,5x")

< P, x) + (1 - 22) d(za x)
< P d( x") + (1= 22) d o )
=d(xp,x").
This implies that
limsupd (W (xn, vn,ﬁ) , x*) <c. (3.9)

n—-oo

Also we can rewrite (3.6) as

(1 —ap)dni,x™) < apd(uy, x*) + (1 — ay)d (W (xn, vn,lf—;'[n),x*) —apd(xpyq,x*)
< (1 - a)d (W (v, ﬁ) )+ i [d (X, X7) = d (e, X))

Thus

d(xpse1,x7) <d (W (xn, VUp, fzn),x*) +
and hence
¢ < liminfd (W (xn, Vn, f—zn) ,x*). (3.10)

n—-oo

e CICIE DR [CRIE) )

Therefore from (3.9) and (3.10), we have
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timd (1 (o 25). ) = @)
Since limsup,, o d (v, x*) < ¢, using Lemma 2.5, we have
lim d(x,, v,) = 0. (3.12)
n—oo
Similarly, we can show that
lim d(x,, wy) =0, (3.13)
n—oo
that is

iilgod(xn, Prx,) = 0.
Clearly
d(zp, Xp) S @nd(Xn, Xp) + (1 = an)d(Wn, Xp),
then from (3.13), we have
711_1)130 d(zp, x,) = 0. (3.14)
Therefore
lim d(vn, ) < lim [d (vn, Xn) + d(xn, Zn)] = 0.
This implies that

7li_r)'rolod(zn, Psz,) =0, (3.15)
and

lim d(x, Pszy) < lim [d(xn, 2n) + d(2n, Pszn)] = 0. (3.16)
More so

d(xp, Psxp) < d(xp, zn) + d (24, Psxy)
< d(xp, zn) + d(2n, Pszy) + H(Pszy, Psxy)
< d(xp, zyn) + d(z,, Pszy) + ad(zy, Psx,) + ad(x,, Psz,) + (1 — 2a)d(x,, 2,,)
< d(xp, zn) + d(zy,, Pszy) + ad(z,, x,) + ad(xy,, Psxy,)
+ad(x,, Pszy) + (1 — 2a)d(xy,, 2,)-

This implies that
d(n, Psitn) < E22 d (o, 20) + = d(Zn, Pszn) + 7= d(n, Pszs). (3.17)
Sincea € (0,1), it follows from (3.14), (3.15), (3.16) and (3.17) that
rlli_r)r.}od(xn, Psx,) = 0.

Also observe that limsup,, . d(y,, x*) < c. From (3.6), we have
c= ylli_lgd(x"“'x*) < T{glgo [and(un,x*) +(1- an)d( (xn, Un, 7 bn ) x*)]
< T{I_IBO [and(yn,x*) +(1—-ay)d (W (xn, VUn, f—zn),x*)].

It follows from (3.11) that ¢ < liminf,,_,,d(yy, x*), hence lim,, o, d (¥, x*) = c.
Now, let z,, = W(xn.Wn ) then, y,, = W (v, z5, by). Clearly

d(zy) < d(xy, X"),

then limsup,,_.d(z;) < c. Since limsup,, . d(vy, x*) < ¢, using Lemma 2.5, we have that
lim d(vy,, z;,) = 0.
n—oo
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Therefore
lim d(yn, vn) < lim [bpd(vp, vn) + (1 = bp)d(zn, vn)] = 0,
and
lim d(yn, xn) < lim [d(yn, vn) + d(Vn, Xn)] = 0.

(3.18)

Also, let y, = W(y,, vn,lf—"), then x,.1 = WUy, Yn, @n)- Since lim,_d(x,41,p0) = ¢,

an

limsup,,_,d(uy, p) < ¢ and from (3.9) limsup,,_,cd (¥n, p) < ¢, using Lemma 2.5, we have

lim d(un, yn) = 0.
Also, since 0 < a,, + B, < 1, we have
dxn) = d (W (0, v 122) 20
< L, ) + (1= 22 ) d (v, x).

T l-ay 1-ay

Hence, from (3.12), we have
Jim (v, %,) = 0.
Therefore, using (3.19) and (3.20), we get
lim d(un, xn) < lim [d(un, yn) + d(¥n, ¥n)] = 0.
and from (3.18), we have
Jim d(utn, ) < 1im [d (i, 20) + d 1)) = 0.
Therefore we obtain
lim d(yn, Pryn) =0,
and from (3.18), we get
lim d(tn, Pry) < lim [d(, Y) + d O, Pryn)] = 0.
Also

d(xanRxn) =< d(xn! Yn) + d(Yn'PRxn)
= d(xn’Yn) + d(Yn' PR.Vn) + H(PRYnl PRxn)
< d(Xn Yn) + d(n) PryYn) + ad (X, Pryy) + ad (Y, Prxy) + (1 —
2a)d(xn, yn)
< d(Xn, Yn) + A, Pryn) + ad (xn, Pryn) + ad (O, x5)
+ad(x,, Prxy) + (1 — 2a)d (%4, Yn)-

Hence
2— 1
d(x, Prxn) < 7= dCn, ¥n) + 7= O, Pryn) + 1= d (X, PrYn)-
Since a € (0,1), it follows from (3.18), (3.21), (3.22) and (3.23) that

Tllim d(xp, Prxy) = 0.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Theorem 3.6 Let K be a nonempty closed and convex subset of a complete hyperbolic space X
with a monotone modulus of uniform convexity n. Let R,S,T:K — P(K) be three multivalued
mappings such that Py, Ps and Pr are generalized a-nonexpansive mappings and F:= F(R) n
F(S) N F(T) # @.If {x,,} is the sequence defined by (1.4), then {x,} 4-converges to a pointin F.
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Proof. Let p € F. By Lemma 3.4, {x,} is bounded and lim,,_,,d(x,, p) exists. Thus {x,} has a
unique asymptotic center, that is, A({x,}) = {p}. Let {x,, } be a subsequence of {x,} such that
A({xn, }) = {q}. From Lemma 3.5, we get limy_,,,d (xp,, Tx,,) = 0. We claim that g € F(T).
To prove this, we take another sequence {v,,} in T(q). Then
(U, {xnk}) = liinsupd(vm'xnk)
< ]lingo[d(vm,Txnk) + d(Txp,, Xn, )]
< llingo[H(Tq, Txp,) + d(Txp,, xp, )]
< lim [d(q, %) + d(Txp,, %,)]
< limsupd(q, x,,)
k—o0

=r(p, {xn,})-

This implies that |r(vp, {xy,}) —7(q,{xn,})| > 0 for k > oo, By Lemma 2.4, we get
lim,,, Uy = q. Hence T(q) is either closed or bounded. Consequently, lim,;, v, = q € F(T).
Similarly, we can show that g € F(S) and g € F(R). Hence q € F. From the uniqueness of the
asymptotic center, we have

limsupd (xy,, q) < limsupd(xy,,p)
k—oo k—oo

< limsupd (x,, p)
n—oo

< limsupd (x,, q)
n-oo

= limsupd (xp,, @)
k—oo

This is a contradiction, and hence, p = q. Thus A({x,, }) = {q} for every subsequence {x, }
of {x,}. This proves that {x,,} A-converges to a common fixed pointin F.
Theorem 3.7 Let K be a nonempty closed and convex subset of a complete hyperbolic space X
with a monotone modulus of uniform convexity n. Let R,S,T:K — P(K) be three multivalued
mappings such that Pg, P and P are generalized a-nonexpansive mappings and F:= F(R) n
F(S) N F(T) # @. Let {x,} be the sequence defined in (1.4), then {x,} converges strongly to a
common fixed point p € F if and only if liminf, ,,,d(x,, F) = 0.
Proof. Suppose that {x,} converges to a fixed point p € F. Then lim,_,,d(x,, p) = 0 and since
0 < d(x, F) <d(x,,p), it follows that liminf,_.d(x,, F) = 0. Conversely, suppose that
liminf,,_,,d(x,, F) = 0. From Lemma 3.4 we have that

d(¥n+1,p) < d(xy, F),
which implies that
d(xps1, F) < d(xy, F).
This means lim,_,d(x,, F) exists. Therefore by the hypothesis of our theorem,
liminf,,_,,d(x,, F) = 0. Thus, we have lim,_.d(x,, F) = 0. Now, we show that {x,} is a

Cauchy sequence in K. Let m,n € N and suppose m > n. Then, it follows that d(x,,,p) <
d(xy,p) forall p € F. Hence, we get

d (X, %n) < (X, p) + d(xn, p) < 2d(Xy, p).
Taking inf on the set F, we have d(x,, x,) < d(x,, F). On letting m,n — oo in the inequality
d(xm, x,) < d(xn, F), we have that it converges to a point g € K. Next, we show that q € F.

Clearly d(xp, F(T)) = infyeperyd(xy, x™). So for each € > 0, there exists p,(f) € F(T) such that
d(n, o) < A, F(T)) +5.
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This implies that limyed(x,pi”) <5 From d(p?,q) < d(xe, py?) + d(xn, @), it
follows that

limsupd(p,(f), q) < %
n—-oo
Hence, we obtain

d(T(q),q) < d(@,py)) + d(py”, T(9))
< d(qp) +HT @), T(@))
< 2d(p”, q)

which shows that d(T(q),q) < €. So d(T(q),q) = 0 since € is arbitrary chosen. Similarly,
we can show that d(5(q),q) =0 and d(R(q),q) = 0. Since F is closed, then q € F. This
complete the proof.

We now give the definition of condition (1) of Senter Dotson [33] for three mappings and also
the definition of semi-compactness.

Definition 3.8 The multivalued mappings S, R, T: K — P(K), where K is a subset of X are said to
satisfy condition (I) if there exists a nondcreasing function f:[0,00) = [0,0) with f(0) = 0,
f(r) > 0forall r € (0, ) such that

g[d(x, Sx) + d(x,Tx) + d(x,Rx)] = f(d(x,F)) forall x€K.

Definition 3.9 A mapping T: K — P(K) is called semi-compact if any bounded sequence {x,}
satisfying d(x,,, Tx,) — 0 asn — oo has a convergent subsequence.

We now state the following application of our above Theorem 3.7.

Theorem 3.10 Let K be a nonempty, closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n and let R, S, T, Py, Ps, Py and
F be as defined in Lemma 3.5. Suppose Ps, Pr and Py satisfy condition (), then the iterative
process defined in (1.4) converges strongly to p € F.

Proof. For all p € F, lim,,_,,,d (x,,, p) exists. Let us put lim,,_,.d (x,, p) = ¢ for some ¢ = 0.

If ¢ =0, then the result follows directly. So suppose that ¢ > 0. Now d(x,41,0) < d(x,, p)
gives that

pelp(fT)d(an,p) < pé}:}{nd(xnr p),

which means that d(x,,1, F) < d(xy, F). Hence lim,,_,,,d (x,, F) exists. By using condition
(I) and Lemma 3.5, we get
Tim f(d(xn, F)) < lim 2[d (%, Psxp) + d(tn, Prn) + d(xp, Paxp)] = 0.
Thus
lim £(d(xn, F)) = 0.

By the properties of f, we get that lim,,_,,d(x,, F) = 0. Using Theorem 3.7, we obtain the
desired result.
The following can be obtain as corollaries of our result.

Corollary 3.11 Let K be a nonempty closed and convex subset of a complete hyperbolic space X
with a monotone modulus of uniform convexity n. Let R,S,T:K — P(K) be three multivalued
mappings such that Py, Ps and Py be multivalued mappings satisfying condition (C) and F:=
F(R)YNF(S)NF(T) # @. If {x,,} is the sequence defined by (1.4), then {x,} A-converges to a
point in F.
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Corollary 3.12 Let K be a nonempty closed and convex subset of a complete hyperbolic space X
with a monotone modulus of uniform convexity n. Let R,S,T:K — P(K) be three multivalued
mappings such that Pz, Ps and P; are a-nonexpansive mappings and F:=F(R)NF(S) N
F(T) # @. If {x,,} is the sequence defined by (1.4), then {x,,} A-converges to a point in F.

Corollary 3.13 Let K be a nonempty closed and convex subset of a complete hyperbolic space X
with a monotone modulus of uniform convexity 5. Let T: K — P(K) be a multivalued mapping
such that Pr is generalized a-nonexpansive mappings and F(T) # @. Let {x,} be defined as

!(xnﬂ =W (un,W (xn,vn, fan) an)

Yo = W (V0 W (W X0 1), b, (3.24)
LG = W(xp, Wy, ay),

where u, € Pr(), vn € Pr(2,), wy € Pr(x,) and ap, by, ¢, an, Br € (0,1) such that
0<ap,+p,<1land0 < b, +c, < 1.then {x,} A-converges to a point in F(T).

4. NUMERICAL EXAMPLE

In this section, we present a numerical example to show that our proposed algorithm (1.4)
converges faster than Ishikawa lIteration and SP iteration.
Let (X,d) = Rwith d(x,y) = |x —y| and K = [0,3]. Denote by
Wk, y,a)i=ax+(1—a)y, Vx,y€X and ac€][01],
then (X,d, W) is a complete uniformly convex hyperbolic space with a monotone modulus of

uniform convexity and K is a nonempty closed and convex subset of X. Let R,S,T: K — CB(K)
be defined by

pe .
Ty = {[O'E]’ if x#3,

{13, if x=3,
3 1 —

G — {[1,5], if x=3,

{0}, if x#3,

and

X .
Ry = {[0,5] if x#2,
{1}, if x=2.
It is easy to prove that R, S, T are generalized a-nonexpansive for ¢ € (0,1) and the convex

value 0 € K which is the unique flxed point in K and F(T) NFS)N F(R) = {0}. Let {a,} bea

_ 3n+1
constant sequence such that a,, = and by, oY ey = L0y = — and Bn =— for alln >

T s’ T s
0. Then algorithm (1.4) becomes:

3n+1v (1 3n+1)(w,l +n+3x )
In = 4n+5 n an+5/ \n+4  n+4" "

1 1 x 4n-3
x =—u +—(1——)(—”+ v).
n+1 nTy 2n) \2n-1 ' 2n-1 7"

We make different choices of x, with stopping criterion M < 107*. Using Mathlab
X2—Xq

version 2016(b), we plot the graph of x,,,; against the number of iteration for algorithm 1.4 and
modified SP-iteration (1.3) using the following initial values. Case 1: Choose x, = 0.5, Case 2:
Choose x, = 1, Case 3: Choose x, = 2.25. Case 4: Choose x, = 3.

J(Zn =2 (xn +wy),
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See Figure 1, Figure 2, Figure 3 and Figure 4 for the graphs. We deduce from this example
that algorithm 1.4 performs better than the modified SP-iteration (1.3) in terms of number of
iterations and cpu time taken for computation.

0.5 T T T
== Algorithm 1.4

== Modified SP
0.45F B

0.4F 1

0.35F 1

0.3 -

0.25F B

X values
n+1

0.2 b

01 -

0.05F -

0 5 10 15
Iteration number (n)

Figure 1. Case 1, x; = 0.5 (cpu time: Algorithm (1.4): 0.0014 sec, Modified SP: 0.0028sec).
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1 T T T
‘\ == Algorithm 1.4
—#—Maodified SP

0.9 1
0.8 1
0.7F 1

0.6 b

0.5 1

1 values

n+

0.4f -

0.3 1

0.2 1

0.1 1

i & PO P Y

0 5 10 15 20
Iteration number (n)

Figure 2. Case 2, x; = 1 (cpu time: Algorithm (1.4): 0.0035 sec, Modified SP: 0.0101sec).

2.5 T T T T
=il Algorithm 1.4
—¥— Modified SP
2k -
1.5F b
(4]
[}
=]
©
>
T
=
x
1 = -
L
0.5 1
0 e A W W W W W W
0 5 10 15 20 25

Iteration number (n)

Figure 3. Case 3, x; = 2.25 (cpu time: Algorithm (1.4): 0.0015 sec, Modified SP: 0.0132sec).
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3 L] n T L]
== Algorithm 1.4
=== Modified SP

2.5F .

X values
n+1

0 5 10 15 20 25
Iteration number (n)

Figure 4. Case 4, x; = 3 (cpu time: Algorithm (1.4): 0.0019 sec, Modified SP: 0.0111sec).
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