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ABSTRACT

In this paper, influence of the bonded imperfectness on torsional wave dispersion in the finitely pre-strained
hollow compound circular cylinder made of highly-elastic material were investigated. The investigations are
carried out within the scope of the piecewise homogeneous body model with the use of the Three-dimensional
Linearized Theory of Elastic Waves in Initially Stresses Bodies (TLTEWISB). The mechanical relations of
the materials of the cylinders are described through the harmonic potential. Numerical results on the effects of
the imperfectness of the boundary condition on the influence of the initial stresses on the wave propagation
velocity are presented and discussed.

Keywords: Torsional wave dispersion, imperfect contact condition, initial stress, compounded cylinder.

1. INTRODUCTION

The problem of wave propagation in pre-strained (pre-stressed) piecewise homogeneous
elastic solid bodies is of interest in a number of physical and mechanical areas, such as
geophysics, electrical devices, earthquake engineering, composite materials, ultrasonic non-
destructive stress analysis of solids and others. Accordingly, a large number of investigations
have been made in this field.

In many cases the control of the adhesion quality in the layered materials is made through
measurement of the acoustic wave propagation velocity in these materials. Under these
measurement procedures it is necessary to have information on the corresponding theoretical
results related to the influence of the bonded imperfection on the dispersion of these waves. In
connection with this, the investigation carried out in the present paper which relate to the study of
the influence of the bonded imperfection on the torsional wave dispersion in the finitely pre-
strained hollow circular cylinder has significant not only in a theoretical sense but also in a
practical sense in the corresponding branches of modern engineering.

The subject of the papers [15] and [16] is the investigation of the dispersion relations of the
torsional waves in a pre-stressed compounded cylinder.
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The torsional wave propagation in the compounded cylinder (without initial stresses) with an
imperfect interface is studied in paper [7]. In [10] the investigations carried out in the papers [15]
and [17] are developed for the case where the contact condition on the interface surface is
imperfect. As in [7], the imperfectness of the contact condition is formulated according to the
model used in [9]. Mo reover, in the present paper, as in [15] and [17], the mathematical
formulations of the corresponding eigen-value problems are made within the scope of the
piecewise homogenous body model with the use of the equations and relations of the
TLTEWISB. It is assumed that the elasticity relations of the cylinders’ materials are given
through the Murnaghan Potential [14].

In these works it is assumed that the initial strains in the constituents are small and these
strains are calculated within the scope of the classical linear theory of elasticity. The results of the
investigations can be employed only for the compounded cylinders made from stiff materials. But
these results are not suitable for the compounded cylinders fabricated from the high elastic
materials such as elastomers, various type polymers and etc. Therefore in present paper attempt is
made for the development of the investigations carried out in the papers [15] and [17] for the
hollow compound cylinder made from high elastic materials, in other words for the case where
the initial strains in the components of the cylinder are finite ones and the magnitude of those are
not restricted. In this case, as in [17], it is assumed that in each component of the compounded
cylinder there exists only the homogenous normal stress acting on the areas which are
perpendicular to the lying direction of the cylinders. The mechanical relations of the materials of
the cylinders are described through the harmonic potential in the papers [4] and [5].

The influence of the imperfectness of the interface conditions on the dispersion of the
axisymmetric longitudinal waves in the pre-strained compound cylinder was investigated in [2]
and [3].

The influence of the imperfectness of the contact condition on the torsional wave propagation
in the initially stressed (stretched) hollow bi-material compound circular cylinder is investigated
in [6] and [11] using with harmonic potential for the mechanical relations of the materials of the
cylinders instead of the Murnaghan Potential as in papers [4] and [5].

The studies in this area have been collected in a book “Dynamics of Pre-Strained Bi-Material
Elastic Systems, Linearized Three- Dimensional Approach” by Akbarov [1].

2. FORMULATION OF THE PROBLEM

We consider the sandwich compound (composite) circular cylinder shown in Fig. 1 and
assume that in the initial state the radius of the internal circle of the inner hollow cylinder isR and
the thickness of the inner and outer cylinders are h®, h® and h®, respectively. In the initial
state we determine the position of the points of the cylinders by the Lagrangian coordinates in the
cylindrical system of coordinates Orgz .
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Figure 1. The geometry of the compound hollow cylinder.

Assume that the cylinders have infinite length in the direction of the Oz axis and the initial
stress state in each component of the considered body is axisymmetric with respect to this axis
and homogeneous. With the initial state of the cylinders we associate the Lagrangian cylindrical
system of coordinates Q'r'q'z'. The values related to the inner and external hollow cylinders will

be denoted by the upper indices 1 and 2, respectively. Furthermore, we denote the values related
to the initial state by an additional upper index, 0. Thus, the initial strain state in the inner and
external hollow cylinders can be determined as follows.

W00 (0 r, 000, 0= (M 1z, AW =AW, k=123 @

where y{)? is displacement and 2% is the elongation. We introduce the following notation:

=2z r=a0r R':)\il)R

k=1for R<r<R+h®

k=2 for R+h® <r <R+h® 4-h® @
k=3 for R+h® +h® <r<R+h® +h® {h®

The values related to the system of the coordinates associated with the initial state below, i.e.
with O'r'q’z" will be denoted by upper prime.

Within this framework, we investigate the axisymmetric torsional wave propagation along the
O'z’ axis in the considered body by the use of the following field equations.

The equation of motion is:

iQ- (k)+iQ' (k)+l(Q- (k)+Q- (k))_ -(k)a_zu- (k) 3
or < oz =% pree o aw I=P o2 ¢

The elasticity relations are:

au v (k) u v (k) au v (k)

vk g (k) 9 (K a vk (k) 9

Q rqg = @11 o ELEPIP) T Q g @zt 2 ()
v (k) v (K)

Q=g ® Mg o Y

qr 2121 ar. 2112 r'
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In Egs. (3)-(4) through the Q'r,q(k), Q'Z,q,(k) and Q'qr,(k) are the perturbation of the
components of Kirchhoff stress tensors. u'q‘k) is the perturbation of the components of the

displacement vector. @ ’s are the constants determined through the mechanical constants of the
cylinders materials and through the initial stress state. p'*) is the density.

Green’s strain tensors with the displacement vector U in the cylindrical coordinates system
are:

ou, 1fou ) 1{ou,) 1féu,)’
& =—+= + +=
or 2\ or or 2\ or

1ou, u 1 (au Y 1fou, Y 1 (oY
Eq=-"— t—+5 Uy | | = U | t75
rog r 2ro{oq 2re\ oq 2re{ oq

_au, 1(aurj2 [GU J 1(8uzj2
£, =—t+= += +=
oz 2\ oz 2\ oz 2\ oz 5)
) :1(6uz L ou,  ou, v, +8uqauq+auzzauzj
“ 2ler oz or oz or oz or oz

1(ou, 1lou 1 18u au, 1 0u, ( ou, ou, ou,
g, == —+=—L-=u —-u, [+=—2 —u_ |[+—2—=
“2lor rog r at r or aq r or aq ) or oq
1
ng

1lau, 5uq 1oy, (ou, 10y, ( ou, 1du, éu,
— —u, [+ 2y, [FE 2
r aq oz r o aq aq

Using the Egs. (1)-(5) we obtain the following initial strains:

r oz r oq oz

1 2 1 2

g000 _ (00 _ (k) (K).0 _ (k) (k) 0 (K),0 _ ()0 _

Err q - E((ﬂl ) _1) V&, = E((ﬂG ) - ) =&n qu =0 (6)
According to the Eq. (6), the following relations can be written:
o o0 1 0 o 1 0 )

W00~ 3,000 ~ 100 5300 300 100 510

Consider the definition of the stress and strain tensors in the large elastic deformation theory.
For this purpose we use the Lagrange coordinates r, q and z in the cylindrical system of
coordinates Orgz.

Consider the determination of the Kirchhoff stress tensor. The use of various types of stress
tensors in the large (finite) elastic deformation theory is connected with the reference of the
components of these tensors to the unit area of the relevant surface elements in the deformed or
un-deformed state. This is because, in contrast to the linear theory of elasticity, in the finite elastic
deformation theory, the difference between the areas of the surface elements taken before and
after deformation must be accounted for in the derivation of the equation of motion and under
satisfaction of the boundary conditions. According to the aim of the present investigation, we here

consider two types of stress tensors denoted by ﬁ and S the components of which refer to the
unit area of the relevant surface elements in the un-deformed state, but which act on the surface
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elements in the deformed state. The physical components Sij)of the stress tensor S are

determined through the strain energy potential @ =®d(g ng) by the use of the

rr? qq LR ’
following expression:

Sy = 1[ 0 + 9 J(I) (8)
Oty Ogj

Elasticity relationship of cylinders is expressed by the harmonic potential as in [20].

cp:%z(sl)zﬂ,sz ©)

S, =1+ 2& +/1+2¢, +[1+2¢, -3

= (Vi 26, -1f + (v 2z, -1f + (v 2e, -1f

In Egs. (8)-(9)-(10), A and 4 are material constants and ¢ are the principal values of

(10)

Green’s strain tensor.
Using the Egs. (9)-(10) we obtain the following expression for the strain energy potential in
the initial state:

1 2
@M == g0 (900 4 00 _3 (k)( 0 _1)" (20 _1 ) (11)
5 A0 (20 A0 =3) (240 1) (47 1)
Using Egs. (10)-(11) we obtain the following expressions for the stresses in the initial state:
(k)0 _ | 4(k) (k) (k) (k) k)
S0 = [49 (249 + A9 ~3)+ 20 (2 —1 )[4 ) W)

(k).0 _ g0 _ k)0 _ gk)0o _ g(k).0o _
S0 =50 g0 _glo g0 _q

The stress tensor { is called the Kirchhoff stress tensor. Using kirchhoff stress tensor in the
initial state we obtain:
()

k) _ k) _ M
Wigp = W15 = /13(” '
(k)
r(k) _ 2‘1 (k) _ g(k) (k) (k) _ (k).0 13
Dot =0 g\ 24 — A (247 + 3))+ 5 S (13)
A+ ﬁa

Torsional wave propagation in the compound hollow cylinder will be investigated by the use
of Egs. (3)-(4)-(13) as in [5].

The imperfectness of the contact conditions is identified by discontinuities of the
displacements and forces across the mentioned interface. A review of the mathematical modeling
of the various type incomplete contact conditions for elastodynamics problems has been detailed
in a paper [13]. It follows from this paper that for most models the discontinuity of the

displacement U* and force f* vectors on one side of the interface are assumed to be linearly

related to the displacement U_ and force f vectors on the other side of the interface. This
statement, as in the paper [19], can be presented as follows:
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[f]=Cu +Df", [u]=Gu +Ff" (14)

where C, D, G and F are three-dimensional (3 x 3) matrices and the square brackets indicate a
jump in the corresponding quantity across the interface. Consequently, if the interface is at

r=R+hl,then
[u]=u

It follows from Eq. (14) that we can write incomplete contact conditions for various particular
cases by the selection of the matrices C, D, G and F. One of such selections was made in the
paper [9], according to which, it is assumed that C = D = G = 0. In this case it is obtained from
Eq. (14) that;
[f]=0. [u]=Ff" (16)

where F is a constant diagonal matrix. The model Eq. (16) simplifies significantly the solution
procedure of the corresponding problems and is adequate sufficiently with many real cases.
Therefore, this model (i.e. the model Eq. (16)) has been used in many investigations carried out
[2], [71. [8], [9]., [10], [12] and [18]. According to this statement, we also use the model Eq. (16)

for the mathematical formulation of the incomplete contact conditions which can be written for
the problem under consideration as follows:

_RFY
r'= “’xR(h%) H

1(2)
_ RF'[rq

u f (15)

r=R+h-0 [f]: f

r=R+h+0 r=R+h+0" ! [r=R+h -0

u®@

—_yWw
M u

r'= (“KR[hﬁ) q
R

(©)
q

_u®
r'= (Z)KR(LFﬂ‘F&] Uq
R R

r'= (Z)KR(H%Jr%j Hy a7
_t'@

(1)
t r’=?q(1)xR[1+%] trq

e e
rq t

= =
r'= (1)KR(1+%j rq r’=ﬂél’xR(1+%] q

r'= ‘“xR(hﬂ] -
R

1(2)
rq

— /()

=t
r’:),Z(Z)KR[hﬂJrh—z] q
R R

1(3)

-t
r'= (Z)KR(1+l+h—2] q
R R

t!(Z)

=
r’:}vz(z)xR[lJrﬂJrh—z] q
R R

=0
r'= (z)xR(lJrEJrh—Z]
R R

1)
t

roAxR

1(3)
rq

r'=28%R 1-¢-ﬁ+h—2+h—3 -
R R R

The parameter F in Eq. (17) characterizes the shear-spring type imperfectness between the
cylinders under consideration. F =0 determines continuous contact condition and F >0
determines imperfect contact condition. In this paper, the influence of this parameter F on the

dispersion curves are investigated.

3. SOLUTION PROCEDURE AND OBTAINING THE DISPERSION RELATION

As we assume that the harmonic torsional wave propagates along the Oz axis, we can
accordingly represent the displacement uém)(r, z,t) as,

U2 = T2 a9
r
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where the function /(™ in Eq. (18) satisfies the equation written below.

o2 o' PE

AH(E™Y L= | w=0 (19)
|: ' (dj ) 62’2 a):leZl atz W

Where

, 0> 10 2 m3
A=—mt=— §n(m)2 =2 /L;m - (20)

or's r'or ,1?()(/12()_,_/13())
It follows from the problem statement that the presentation

y™(r, 2, ) = ™ (r)e e

holds. Thus, we obtain from Egs. (19)-(21) the following equation for unknown function
(m)
o™ (1)

dZ 1 d m (m) '(m) N
{dr,z s (M)t 4 L /N“) }o(r)e( “) -0 22)
Introducing the notation
(m) +(m)
() = (x4 B2 @)

(m)
U
The solution to the Eq. (22) can be written as follows.
s >0 = ¢ (r')= AP 3, (sxr')+BY Y, (sVxr)
s??50 = ¢@ (r') =A® Jo (S(Z)Kr’)+ B® Y, (S(Z)K‘r')

(24)

s9?<0 = g9 (r) =AY 1,(sWxr')+BY K, (sxr’)
s <0 = g (r)=A? 1,(sPxr')+ B® K, (sPxr)

(25)

Using the Eqgs. (4)-(18)-(21)-(24)-(25) we obtain the following dispersion equation from the
condition Eq. (17).
det|ey; (c/ kR, hy, by, y, A9, A0, 1 p®¥)| =0, ij=1,234,56 (26)

Where,
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L6 B )] 570
A3

[ - Il(s(l)xr')—%(s(”zc)lz(s“)z«') ] s®<o0
Y 3

YI(S(l)Kf')—RF(S(I)K‘)YZ(S(DKI"):| ,s8 >0

5%
$250 = ay,
Ay =
RF
(1) ot 1) D) 4t @)
Kl(s Kf) (1)(3 K‘)KZ(S Kf) s <0
3
L $°<0 = ay,
@
S
@)t () ©
_S(_l)‘]l(s Kr) ,5¢ >0 —S(—l)Yl(S(Z)KI") ,S(2)>0
O3 = =] 3
ﬁ| (S(Z)Kr’) @ <0 %4 = 5@
q@ : -2 K (s®xr) 5P <0
<@
o =0 a,,=0 a, =0 a,, =0
[J (s‘z)zcr’)—E(s(z’x)lz(s‘z)xf’) ] s9>0
1 @ '
}\’3
A3 =
RF
[ -1,(s@xr)- = (@), (sPwr’) ] ,s® <0
)\’(2)
3
I RF
(2) ot @) (2) , 41 @)
Yl(s Kf)—@(s K‘)YZ(S Kr) 8 >0
$250 = ay,
Qyy =
RF
@) ! @ (@) gt @
Kl(s Kf) W(S K‘)KZ(S Kf) , 8 <0
3
L $2<0 = ay,
3 3)
S @) oyt ® s @) ot ®
- 1(s Kr) ,87 >0 —S(—Z)Yl(s Kr) sV >0
Qs = s =
3) 3)
S @) oyt ® s 3) ot ®
ﬁll(s Kr) ,87 <0 S(—Z)Kls Kr) s <0
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@
S 1
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Q33 = o\
2
S 1
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H {J P’ @
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————11,(s"“kr") s9 <0
@, @ |2 '
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) 1 ((3) ) @
— | —=J,s%xr’) ,s¥ >0
@ | 282
Qs = 2
@
S 1
2 = L(s®%’) ,s® <0
[5(2)] 7»53) 2( )
@
—L(l) 3,(69.7) ,s® >0
aSl )
u @ pr @®
abwrlP) (s Kf) ,$° <0
}\‘3
A3 =0 @5, =0 a5 =0 a5 =0 o=
®
o) 500
3 —
Ogs = @ Xes
_i@) Ls@xr) s® <0

—é{ K, (s“’xr’)}
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u @ oy ()
0 (Y, Pr)} ¥ >0
Ay = H(l)
) ppr @)
(Z)X(l){K W)} 5P <0
3
@
S 1 ,) @
— ,$ >0
{s(l)] xgz)
@
S 1
— Kr') ,s@ <0
{s“’] 29
®
_n @ ®
o) (Y, sPr)}  s® >0
Ay = H(z)
@ @
‘3)k2’{K Pxr)} P <0
@) 1
S
> —Yz(s(s)xr') 5@ >0
5(2)] 29
Que = 2
®
s 1 @) <O
s(z)] WKz(s Kf) 87 <0
@
u @) g ®
_WY2<S Kf) ,sY >0
_ 3
o p ® @
1 ' 1
—WKZ(S Kf) ,$° <0
3
0 o,=0 ;=0 ¢,=0
_i{ Y, (s‘”xr’)} NON
25 (27)
s <0

Thus, the dispersion equation for the considered torsional wave propagation problem has been

derived in the form presented in Eq. (27).

4. NUMERICAL RESULTS AND DISCUSSIONS

We have found that the first lowest mode which is non-dispersive homogenous hollow
cylinder, becomes dispersive for a compound one. The limiting value of the torsional wave speed
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for the case considered is determined from dispersion Eqs. (26)-(27) by using power series
expansions of Bessel functions, retaining only the dominant termas kR — 0 :

4 4 4 4
o= (()\4(22) )4 424 — ()\'(21) )4 g14) , ﬁ — (()\‘(23)) 4/3 _()\«2_2)) 4’2 ) (28)
- 4 (.4
L)l —1) (0t -1)
1/2
H(l) ( ) ( @ ( (3)
@ - 0?2 <1>2
C, c c
@ @ ~2 @ L2
REHpT = ot — o B
CZ CZ
Where,
hl hi h2 hl h2 h3
=1+— =l+—=+— =1+ —+—+— (30)
& R ¢ R R & R R R
In the case where )\,gm) = ?»(m) =1.0, the Eq. (28)-(29) transforms to the following one.
(LT __n%+% @
e | c,®?
n® 4+ pu@g e

Moreover, the Eq. (29) is a generalization of the corresponding one attained in the paper [15]
for the finite initial strain state. Note that in the paper [15] this type expression was obtained for
the small initial strain state.

@
It follows from the Egs. (20)-(29) that the limit values of C/C , where ¢ =Ju® 1 p®

decrease with 4 /@ and increase with A = (A’ = A%) Consequently, the initial stretching

(compression) of the compound cylinder along the torsional wave propagation direction causes to
increase (to decrease) of the limit velocity of this wave as kR— 0. According to the known
physical-mechanical consideration, the other limit value of the velocity of the considered wave,

i.e. the limit velocity as kR — oo must be equal to mln{ O (AP),c? (,1%2))} i.e. the following
relation must be hold.

¢ — min{cf’ (%), ¢f? (47),¢{? (4%)} as kR— (32)

Accuracy of the algorithms used in the considered problem for a similar situation in [5] paper
had proven in paper [6] and [11]. Thereafter, C/Céz) and KR have been studied.

554



Influence of Imperfect Contact Conditionsonthe ... / Sigma J Eng & Nat Sci 38 (2), 545-561, 2020

cle®)
0.500

| 0.800
0.400

1 0.600
0.300

] 0.400
0.200 |

77— kR

0.00 200 4.00 6.00

(a) (b)

1.000

0.800

0.600

YR T TN BT T T T W TN W BN

0.400 — 71— "1 +——— kR
0.00 2.00 4.00 6.00
©
Figure 2. The influence of the parameter F on dispersion curves under varios values of stiffness.
h®/R=h®/R=01and h®/R=04. a) 2, =06, b) 4, =1.0, ¢c) 4, =1.4.

The parameter F, describes the imperfectness between the inner and middle layers. The
parameter F, describes the imperfectness between the middle and outher layers. The notation
F(=F =F,) is introduced and the influence of the parameter F which characterizes the

imperfectness in the layers of the cylinders on the dispersion curves obtained for various values of
the problem parameters is studied. Also, the notation A, (= A" = A® = 1?)is introduced

and the influence of the elongation parameter A, which characterizes the initial strains in the
cylinder on the dispersion curves is considered.
First, we consider the case where F, = F,, u® =p®@and p® = p® = p® . Fig. 2 shows

the influence of the parameter F on dispersion curves obtained for the first lowest mode in the
cases where A, =0.6 (Fig. 2a), A, =1.0 (Fig. 2b) and A, =1.4 (Fig. 2c) for various values
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of the parameter 1@ /@ under h® /R =h® /R =0.1 and h® /R =0.4. It follows from
Fig. 2 the increase in middle cylinder’s material stiffness, i.e. an increase in the values of

n® 7 u® causes to decrease in the value of C/Céz) )

If we look at the issue we are mainly interested in, with increasing of F, value of C/C(zz)
decreases. Moreover, we see that in Fig. 2b(there is no initial strain A, =1.0), with the
increasing stiffness of middle cylinder () /@, the influence of increasing F became more

obvious. Looking at the whole Fig. 2, increasing of 2, the influence of the parameter F
considerably increases and propagation velocity significantly decreases along with kR.

According to the mechanical consideration, the values of ¢/c{? must increase with the
thickness of the middle layer of the cylinder (h(? /R ). This prediction is confirmed by the
graphs given in Fig. 3, which are constructed in the cases where 4, = 0.6 (Fig. 3a), 4, =1.0
(Fig. 3b) and A, =1.4 (Fig. 3c) for various values of h® /R under h® /R =h® /R =0.1
and u(z) /u(l) =20.

As seen in Fig. 3 wave propagation velocity increases with the h® /R and in parallel with

the increase in the value of the contacting simulating F , wave propagation speed is relatively
decreases. Moreover, we see that in Fig. 3, with the increasing of A, the influence of the

parameter F considerably increases and propagation velocity decreases along with kR.
In all the considered cases, the limit velocity of the wave propagation as kR — 0 is the same

and independent of the parameter F . Effects of parameter F decreases with kR. Finally, we note
that the wave propagation velocity approch to the min{cé’")} as kR—oo, where
ci™(m=1,2,3)is a Rayleigh wave velocity of the m-th material. Consequently, the high

wavenumber limit value of the torsional wave propagation velocity also does not depend on the
parameter F .
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Figure 3. The influence of the parameter F on dispersion curves under varios values of h® /R
C hY/R=h®/R=0.1and u@ /(H(l) :H(3)):2-0' a) 4, =06, b 4 =10, 0
A, =1.4.

Assume that the imperfectness of the contact condition of cylinder layers are different. Now
we case where | #F,.
The influence of the parameters F and F, on dispersion curves under varios values of the

initial strains are presented in Fig. 4 in the cases where 1. =0.6 (Fig. 43), 4, =1.0 (Fig. 4b),
A =14 (Fig. 4c) under u® /(u(l) :u@)):zo, h/R=h®/rR=01and h® /R =04. We see
that with the growing of the initial strains value, the influence of the parameters F and F,

becomes more prominent. Meanwhile increasing of F2 is more efficient on dispersion curves than

that of the parameter F,.
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Figure 4. The influence of the parameter F(F,,F,) on dispersion curves under varios values of
Ay n®@/p® =20, h®/R=h®/R=0.1and h? /R=0.4.2) 4, =0.6, b)
A, =10, o) 4, =14.

Now we consider how the parameters F, and F, effect on the dispersion curves under
various values of ;(® /@ . Corresponding dispersion curves are given in Fig. 5. from which
again follows that the influence of the parameter F, on the wave propagation is more than that of
the parameter Fl. When F2 increases, the wave propagation speed further decreases. Considering

Fig. 5(b)-(c), for a high value of F,, it is observed that dispersion curves overlapping conflicts.
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Figure 5. The influence of the parameter F(F,,F,) on dispersion curves under various values of

stiffness. N /R =h® /R =01, h® /R =0.4 and 3, =1.2) u@ /(u® =p®)=2,b)

u@ /(H(l) —u® ) _5,0 u® /(u(l’ —u® ) -10

5. CONCLUSION

In the present paper, the influence of the bonded imperfectness on torsional wave dispersion
in a three-layered (sandwich) hollow circular cylinder with finite homogeneous axisymmetric
initial strains has been studied for the first lowest mode. The basic numerical investigations were
made for the case where the materials of the inner and external hollow cylinders were the same
and the materials of the middle hollow cylinder is more stiffer than that of the external hollow
cylinders. Concrete numerical results are presented basically for the case where the initial strains
in the cylinders are equal to each other. According to these results the following concrete
conclusions are indicated.

The case where F, = F, (= F);
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e The increase in middle cylinder’s material stiffness, i.e. an increase in the values of

n® 7 u® causes to decrease in the value of C/ng) and with the increasing of F , value of
C/Céz) further decreases.

e With the increasing of 7“3 the influence of the parameter F considerably increases and

propagation velocity decreases along with kR.
e With the increase in the value of the contacting simulating F , wave propagation speed is
relatively decreases.

The case where F, = F, ;

e With the growing of the initial strains and the middle cylinder stiffness value, the
influence of the parameters F, and F, becomes more prominent. Meanwhile increasing of F, is

more efficient on dispersion curves than that of the parameter F, .

e Low and high wavenumber limit values of the torsional wave propagation velocity do not
depend on the parameter F(F;, F,) and are determined through the Egs. (29)-(32).

According to the foregoing results, it can be concluded that the considered type imperfection
causes to decrease of the wave propagation velocity and the initial stretching acts significantly not
only the wave propagation velocity, but also the magnitude of the mentioned influence of the
imperfection of the contact on this velocity.

The results and the method of the present investigation can be used for determination and
control/minimizing of the noise of threelayered polymer pipes which are used to transfer various
types of liquids. At the same time, the results of these investigations can be used for
determination and control of the adhesion quality in the layered materials.
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