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MULTIFLUID DESCRIPTION OF RAREFIED GAS MIXTURE FLOWS
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ABSTRACT

In the present contribution attention is focused to extend the application of multifluid descriptions to
rarefied conditions for the first time. To this aim, a multifluid Maxwell model and a multifluid Smoluchowski model
are proposed for near wall behavior of the constituents of a rarefied gas mixture. Afterwards, multifluid balance
equations in conjunction with these boundary conditions are solved for some slip flows of binary gas mixtures
between parallel plates. The corresponding results are compared with those of a previously developed Navier—Stokes
solver. Inspection of the results indicates that while the Navier—Stokes equations may lose their accuracy under high
rarefaction, non—equilibrium features are properly captured by developed multifluid description. This successful
method is thereafter utilized to discuss the consequences of velocity—slip, the tangential-momentum-accommodation
coefficient, and mass disparity of the mixture constituents on the degree of non—equilibrium between the constituents
of the gas mixtures between parallel plates.
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INTRODUCTION

Rarefied gas flows are generally encountered in small geometries, such as micro—sized devices, and in low
pressure applications, such as high-altitude aerodynamics. Previous experimental and numerical evidences have
demonstrated that, fluid mechanics and heat transfer in such flows are distinct from the continuum counterparts that
is attributed to insufficient collision frequencies in the rarefied situations [1]. In spite of the fact that gas mixtures
appear in practice more often than a single gas, rarefied gas mixture flows have not been studied extensively in the
past.

Mixing of two parallel gas streams in a microchannel was investigated by Yan and Farouk [2], Wang and Li
[3], and Hosseinalipour et al. [4] adopting the DSMC method. A DSMC simulation of rarefied flows of binary gas
mixtures around five special nose cone shapes was also undertaken by Amini et al. [5]. Moreover, Vargas et al. [6]
employed the DSMC method for the simulation of transient behavior of rarefied binary gas mixtures confined
between two coaxial cylinders with sudden change of the surface temperatures. Meanwhile, Naris et al. [7,8] and
Kosuge and Takata [9] employed the McCormack kinetic model [10] for the analysis of rarefied binary gas mixture
flows between parallel plates driven by small pressure, temperature, and concentration gradients. A McCormack
simulation of gas mixture flows in triangular and trapezoidal microchannels was undertaken by Szalmas and
Valougeorgis [11]. Polikarpov et al. [12] adopted the McCormack model to discuss the transient heat transfer
occurring in a rarefied gas mixture confined between parallel plates due to sudden small change of the wall
temperatures. Furthermore, Ho et al. [13] examined the accuracy of the McCormack model by comparing its results
for the Couette and Fourier flows of gas mixtures with those obtained from the linearized Boltzmann equation.
Tantos and Valougeorgis [14] solved the Kosuge kinetic model [15] for the problem of heat transfer in rarefied gas
mixtures between two parallel plates. An extension of this work for the Couette flows was presented by Tantos [15].
More recently, Yamaguchi et al. [17] measured the conductive heat transfer through rarefied binary gas mixtures of
helium and argon.

Zahmatkesh et al. [18] have derived new velocity-slip and temperature—jump boundary conditions for a
whole rarefied gas mixture and solved the Navier—Stokes equations for a He—Ne flow in a microchannel. This
approach was thereafter adopted for the analysis of low pressure gas mixture flows in a converging—diverging
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nozzle, wall-cooling of a nozzle with blowing of a foreign gas under rarefied condition, and parallel mixing in a
microchannel [19].

In spite of previous advancements in the analysis of rarefied gas mixtures flows, multifluid models have not
been employed for the description of these flow fields yet. This approach has a wide range of application for the
simulation of gas—gas, gas—liquid, and solid—liquid mixture problems [20-24].

In the present contribution, a multifluid model with previous success in the simulation of monoatomic gases
in the continuum flow regime [25-28] is applied to some slip flows of binary gas mixtures between parallel plates.
This is attained by the application of separate velocity—slip and temperature—jump boundary conditions for each of
the constituents. In this regard, all of the boundary conditions for the single—component rarefied flows will be
applicable. Such an approach, however, leads to the loss of crucial physics in the simulation of near wall behavior
since it ignores the mutual influence of the constituents onto each other. Moreover, the effect of molecular interaction
model on the slipping species remains unexplored. To overcome the aforementioned shortcomings, in this
contribution, a multifluid Maxwell model and a multifluid Smoluchowski model are proposed as extensions of the
Maxwell [29] and Smoluchowski [30] boundary conditions for separate component species in multifluid
descriptions.

THE RAREFIED BOUNDARY CONDITIONS
The Multifluid Maxwell Model
The generalized version of the Maxwell’s slip condition takes the form of:

S w o u t,w 4 Y p qt,w

Here, ug and u,, are the slip and wall velocities, p is pressure, p and y are the fluid viscosity and specific
heat ratio, 4 is the mean—free—path, and Pr is the Prandtl number. Moreover, ¢ stands for the tangential-momentum—
accommodation coefficient. Meanwhile, z,,, and q.,, represent the tangential shear stress and heat flux at the wall,
respectively. It is worth noting that Maxwell [29] initially derived his slip law in this form and then simplified it in
terms of velocity and temperature gradients. However, due to the relative simplicity of the latter form, it is generally
remembered as the Maxwell’s main theoretical result.

After applying the above expression to the constituent @ of a gas mixture, one arrives at the following
expression as a multifluid Maxwell model:
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Here, n, is the viscosity coefficient of the component species « in the mixture with v constituents and can

be calculated as [25]:
v
Nag = Z Nay (3)
=1

Since no commitment was made to the form of shear stress tensor or heat flux vector, constitutive relations
for 5v—moment theory [25] is invoked here that leads to:

a . ou,
Tew = Z Nay % (4)
y=1 s
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Here, x and n are the streamwise and normal coordinates, respectively, while u and v are the corresponding
velocity components. Moreover, uy is the slip velocity of the component species v. Meanwhile, the coefficients 7,,,,
Ay, and M, are the transport coefficients associated with viscous, thermal, and thermal-diffusion effects and can be
described in terms of the Chapman—Cowling collision integrals [25].

Inspection of equations (2)—(5) indicates that in the proposed slip law, the mutual influence of the
constituents onto each other is calculated. Moreover, the effect of molecular interaction model is included therein
through the transport coefficients. Additionally, the proposed condition computes the contribution of mass diffusion
in energy transport within slipping species.

The Multifluid Smoluchowski Model
Using the same procedure as the slip condition, one may arrive at a multifluid Smoluchowski model for the

constituent a of the gas mixture as:

2—0714 2V Ao
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Here, T,, is the wall temperature, T4" is the gas temperature, c, , is the constant pressure specific heat, y, is
the ratio of the specific heats, 4, is the mean—free—path, and o7, is the thermal-accommodation coefficient, all for
the constituent . Meanwhile, q7 ,, represents the normal heat flux at the wall. Adopting the 5v—moment theory [25],
this flux can be expressed as:

. - aTg
9dnw = — z Aaﬁ % (7
B=1 s

MULTIFLUID BALANCE EQUATIONS
The employed multifluid model consists of the following balance equations for the constituent of a binary
gas mixture (i.e., « and S) [25]:
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Here, u, and v, are the components of the velocity vector (v,), g¢ and gy are the components of the heat
flux vector, 7.y, Tyy, Tyx, and 7,,, are the components of the viscous stress tensor, p, is density, and E, is the total

energy per unit volume, all for the constituent a. Moreover, v,z and vg, are the frequencies of cross—collision
between a and B which are obtained from:

— @1
Vas = 3 g e )
_Pamp 3
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Here, m, and mg are the molecular masses and Q%) denotes the Chapman—Cowling collision integrals.
The integrals for a Lennard—Jones 12—6 interaction can be found elsewhere [25].

The collision parameters in the balance equations are calculated from the following kinetic relations:

. . _ MgVe T MpgVp
\% =V e ———— 14
@ B mgy + mgp (14)
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with R, being the gas constant.
The constitutive relations for viscous stress tensor and heat flux vector are:

Z v avy 20v) 5, L
i) May 0x; axi "~ 30x 19)
ﬂ_z v +017 2617k(S 20
L= /2, ey dx;  0x; 30x (20)
v=1
ST
qlfx = —Z/laya—;—Maa(U{x —17;-8) (21)
y=1 '
S oT
af=-) T Mo (ve —vf) 22)
=1

The both sets of the balance equations in conjunction with the proposed velocity—slip and temperature—jump
boundary conditions are solved invoking explicit flux differencing of the Roe’s scheme [31]. In this method, the
inviscid terms are calculated based on the evaluation of eignvalues and eigenvectors of the Euler’s equations. The
viscous terms are also discretized using a central differencing. More details are presented in [26] and are not repeated
here for the sake of brevity. From the converged solution, the mass density, velocity, and temperature of the whole
mixture are obtained as:

P =pPat Pp (23)
Vo + PV

_ Pa¥a ™ PpVp (24)
Pa T Pp

Tapa/ma + Tﬁpﬂ/mﬁ
pa/ma + pﬁ/mﬁ

T = (25)

SIMULATION RESULTS

In this section, simulation results are presented for rarefied gas mixture flows between parallel plates.
Helium and xenon are firstly concerned as the mixture constituents. It must be noted that simultaneous use of the
proposed velocity—slip and temperature—jump boundary conditions for both sets of the balance equations is beyond
the current computational analysis. Consequently, during the present simulations, the walls are concerned adiabatic
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and thereby just the velocity—slip condition is applied with the balance equations. The computations are undertaken
for three cases of the gas rarefaction in the slip flow regime. Details of the Case I are:

Problem geometry
Distance between the plates: 2H = 1mm,
Aspect ratio of the channel:L/2H = 10.
Inlet conditions
Stagnation pressure: p,; = 12kPa,

Stagnation temperature: T, ; = 250K,

Mixture concentration: ¢; = —2#¢— = 0.5.

PHetPXxe

Exit condition
Pressure: p, = 6kPa.
Wall conditions
Thermal condition: Adiabatic,
Tangential-momentum-accommodation coefficient:oc = 0.85.

Here, the overall Knudsen number of the whole mixture [18] does not exceed 0.001 over the entire flow
field and thereby, the Case I corresponds to the lower limit of the gas rarefaction in the slip flow regime.

In the Case II, rarefaction is increased by prescribing 2H = 100um. Other details are, however, similar to
the case I. This makes the maximum value of the overall Knudsen number about 0.01. Nevertheless, the Case IlI
represents a flow in the upper limit of the gas rarefaction in slip flow regime (i.e.,Kn = 0.1). This is achieved by
assigning 2H = 10um.

The problems are solved employing 4500 (100 x 45) nodes based on a grid refinement study. Results
provide details of the flow fields for each component species separately. For instance, velocity contours of helium
and xenon for the three cases of the gas rarefaction are shown in Figures 1-3. Evidently, the flow is accelerated in
accordance with density drop brought about by the decrease in pressure in a way that is consistent with the mass
conservation principle. It must be mentioned that, due to the large aspect ratio of this flow problem, the cross—
streamwise direction in the corresponding contour plots is stretched by a factor of 2.

Inspection of the contour plots in Figures 1 and 2 indicates that, velocities of helium and xenon are almost
identical. This implies that for the cases | and Il, the components have relaxed toward a common thermodynamic
equilibrium. Discrepancies are, however, remarkable for case 111 (see Figure 3) in the sense that the constituents flow
with distinct velocities. This occurs since under such a rarefied condition, the frequency of molecular collision is too
low that prohibits a local thermodynamic equilibrium between the component species.

In what concerns the distribution of streamwise velocity, the multifluid results at about 4/5 of the channels’
length from the inlet are compared with those of the Navier—Stokes equations in Figure 4. The presented results
correspond to the three cases of the gas rarefaction and have been normalized with centerline velocities at that
section (i.e.,U,).

Inspection of Figure 4(a) indicates that, under low rarefaction, the multifluid results correspond well with
those of the Navier—Stokes equations. Obviously, the constituents of the mixture reach the same thermodynamic
equilibrium. Equilibrium also establishes between the walls and the mixture since velocity—slip is vanishing. Such a
behavior allows one to conclude that under low rarefaction, the current multifluid description automatically goes
back to the Navier—Stokes equations with no—slip/no—temperature jump boundary conditions.

It can be witnessed in Figure 4(b) that under moderate rarefaction (i.e., case Il) velocity—slip initiates to
appear. This implies that the mixture is not in complete equilibrium with the walls. Meanwhile, thermodynamic
equilibrium between the constituents ceases to establish in the vicinity of the walls since some discrepancies occur in
the helium and xenon velocities there. Consequently, it is not surprising to see that the results of the multifluid
description differ from those of the Navier—Stokes equations in near wall regions.
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X-velocity(m/s): 50 112 175 237 300 362 425 487 550

(@) Helium

X-velocity(m/s): 50 112 175 237 300 362 425 487 550

(b) Xenon

Figure 1. X-velocity contours for the mixture constituents in case | (Kn =~ 0.001) of the He—Xe mixture

X-velocity(m/s): 20 62 105 147 190 232 275 317 360

(@) Helium

X-velocity(m/s): 20 62 105 147 190 232 275 317 360

(b) Xenon

Figure 2. X—velocity contours for the mixture constituentsin case Il (Kn = 0.01) of the He—Xe mixture

X-velocity(m/s): 5.0 16.3 27.5 38.8 50.0 61.3 72.5 83.8 95.0

(@) Helium

X-velocity(m/s). 5.0 16.3 27.5 38.8 50.0 61.3 72.5 83.8 95.0

(b) Xenon

Figure 3. X—velocity contours for the mixture constituents in case Il (Kn =~ 0.1) of the He—Xe mixture
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(c) Caselll (Kn = 0.1)

Figure 4. Velocity profiles at about 4/5 of the channels’ length from the inlet in the He—Xe mixtures

Indeed, the Navier—Stokes equations are based on the concept of local equilibrium between the constituents
and thereby they cannot properly explain the non—equilibrium effects that appear between the mixture constituents
under rarefied conditions. Figure 4(c) illustrates that for the highly rarefied flow of case Ill, velocities of the
constituents are completely distinct and the mixture exhibits strong non—equilibrium effects over the entire flow
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region. Consequently, the Navier—Stokes equations lose their accuracy here and the flow field can only be described
by the developed multifluid model. Such a behavior strongly supports the superiority of the current multifluid
description for the study of non—equilibrium rarefied flows. Consequently, in what follows, the description will be
utilized for some analysis of the rarefied gas mixtures.

Variations of Slip Velocities Along the Plates

Variations of slip velocities of the mixtures constituents along the plates are analyzed in this section. For this
purpose, velocity distributions of helium and xenon in the vicinity of the plates are plotted in Figure 5. The presented
results correspond to the three cases of the gas rarefaction. It must be noted that, velocity magnitudes for each case
have been normalized with the inlet centerline velocity of the whole mixture (i.e., U;).

The figure demonstrates that, findings of Figure 4 can be easily generalized to the entire plates. Indeed, the
slip velocities are vanishingly small at Kn ~ 0.001 and the constituents relax towards a common thermodynamic
equilibrium at the walls. Such equilibrium, however, ceases to establish as the degree of gas rarefaction increases. A
closer scrutiny of the figure indicates that, slip velocity of the lighter species is always higher.

Under these circumstances, densities of the mixtures constituents are almost identical. Consequently, it is
not surprising to see that for each case, the whole mixture flows with a velocity that is nearly average of those of
helium and xenon. Note thatv = (pyeVye + PxeVxe)/ (Pre + Pxe)-

0.3

—/— Helium
—O— Xenon )
—— The whole mixture

U /Ui

X /L

(a) Casell (Kn = 0.01)

—7x— Helium
—O— Xenon )
—— The whole mixture

0 0.2 0.4 0.6 0.8 1
X/L

(b) Caselll (Kn = 0.1)

Figure 5. Velocity distribution in the vicinity of the platesfor the He—Xe mixtures
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Importance of Velocity-Slip

One reason accounting for the appearance of non—equilibrium features between component species of a
rarefied gas mixture is attributed to the use of separate velocity—slip and temperature—jump boundary conditions for
each of the constituents. To clarify how this effect may influence the degree of non—equilibrium in the current flow
problem, computations of case Il (namely, Kn = 0.1) are repeated here for an artificial case wherein the no-slip
condition is applied to the walls.

Figure 6 depicts x—velocity contours of the mixture constituents for such a simulation. It can be witnessed
that the discrepancies are not vanishing even in the absence of velocity—slip at the walls. This allows one to conclude
that, non—equilibrium features appearing between the mixtures constituents are not solely due to the application of
separate boundary conditions.

Comparing the contour plots in Figures 6 and 3 illustrates the influence of gas slip on the establishment of
the velocity fields. Evidently, by including velocity—slip, the constituents flow faster not only in the vicinity of the
walls but also in the core flow region. Such a behavior is more obviously explained in Figure 7 where the
distributions of streamwise velocities at about 4/5 of the channel’s length from the inlet are provided.

X-velocity(m/s): 5 11 16 22 27 33 39 44 50

(a) Helium

X-velocity(m/s): 5 11 16 22 27 33 39 44 50

(b) Xenon

Figure 6. X—velocity contours for the mixture constituents at Kn = 0.1in the absence of velocity—slip at the walls

—— With slip condition, Helium
—O— With slip condition, Xenon
=—x=With no-slip condition, Helium
—+=With no-slip condition, Xenon

Velocity (m/s)

Figure 7. Velocity profiles at about 4/5 of the channel’s lengthfrom the inlet in the He—Xe mixture at Kn = 0.1
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Effect of Tangential-Momentum—Accomodation Coefficient

This section is devoted to clarify the effect of tangential-momentum-accommodation coefficient (o) on the
degree of non—equilibrium between component species of a rarefied gas mixture. To this aim, computations at Kn ~
0.1 are repeated here for parallel plates with ¢ = 0.1, ¢ = 0.5, and ¢ = 1 and the corresponding results are
compared. The comparison is first made in Figures 8—10 where x—velocity contours of the mixtures constituents are
displayed. Notice that as the walls approach a specular reflector (i.e.,a — 0), velocity magnitudes increase over the
entire flow field. To demonstrate this effect further, Figure 11 plots the streamwise velocity profiles at about 4/5 of
the channel’s length from the inlet for the three accommodation coefficients. The figure indicates that with decrease
in the accommodation coefficient, non—equilibrium features between the mixtures constituents become more
pronounced especially in near wall regions.

Influence of Mass Disparity of the Mixture Constituents

Simulation results of the current flow problem led to the conclusion that as the overall Knudsen number
approaches 0.1, considerable discrepancies appear between the mixture constituents. This occurs since molecular
masses of helium and xenon are quite distinct. Note that my,/my, = 32.

To demonstrate how mass disparity of the mixture constituents may influence the degree of non-
equilibrium, multifluid computations at Kn ~ 0.1 are repeated here for He—Ne, He—Ar, and He—Kr mixtures and the
corresponding results are compared. The ratios of the molecular masses for these mixtures are my,/my, = 5,
my, /My, =10, andmy, /my, = 21, respectively. As a consequence, the mixtures exhibit distinct mass disparities.
Figures 12—14 plot x—velocity contours for the constituents of these mixtures.

In a general way notice that as the molecular mass ratio increases, velocities of the constituents become
more distinct. This indicates that, in addition to overall Knudsen number, the mass disparity of the mixture
constituents may influence the degree of non—equilibrium between component species of a rarefied gas mixture. A
closer scrutiny of the figures demonstrates that, in the circumstance of non—equilibrium, the lighter species flows
with higher velocities over the entire flow field. It is also noticed that velocities of the constituents and thereby the
mixture velocity is lower for heavier mixtures, as may be expected.

Inspection of the previously presented simulation results led to the conclusion that the Navier—Stokes
equations lose their accuracy under rarefied conditions. This occurred as a consequence of the existence of non—
equilibrium effects between component species of rarefied gas mixtures. In spite of this, it has been found that when
molecular masses of the constituents are not quite distinct, the appearance of non—equilibrium features will be
delayed. Concerning this, one may conclude that when the constituents are almost identical it is possible for the
Navier—Stokes equations to still remain true in rarefied circumstances.

CONCLUSION
In this study, multifluid balance equations in conjunction with proposed rarefied boundary conditions for
velocity-slip and temperature—jump were solved for some microchannel flow problems. Simulation results are
compared with those of a Navier—Stokes solver. Based on the presented results, the following conclusions may be
drawn:
e The proposed multifluid description offers an effective simulation method for the study of gas mixture
flows under rarefied conditions.
e When the degree of gas rarefaction is low, the current multifluid description automatically goes back to the
Navier—Stokes equations with no—slip/no—temperature jump boundary conditions.
e While the Navier-Stokes equations may lose their accuracy under high rarefaction, non—equilibrium
features are properly captured by the proposed multifluid description.
During the current simulations, arbitrary conditions were used. The developed solution procedure is,
however, applicable to a wide range of applications for monoatomic gas mixtures. It is noteworthy that since the
current multifluid model relies on 5v—moment theory, it is applicable to the slip flow regime (i.e., when 0.001 <
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Kn < 0.1). But, the model cannot be accurate in the transition flow regime (i.e., when Kn > 0.1) because
constitutive relations cease to be linear there.

X-velocity(m/s). 10 19 27 36 45 54 62 71 80

(@) Helium

X-velocity(m/s): 10 19 27 36 45 54 62 71 80

(b) Xenon

Figure 8. X—velocity contours of the mixture constituentsat Kn = 0.1 with ¢ = 1

X-velocity(m/s): 25 38 51 64 77 91 104 117 130

(@) Helium

X-velocity(m/s): 25 38 51 64 77 91 104 117 130

(b) Xenon

Figure 9. X—velocity contours of the mixture constituentsat Kn ~ 0.1 with ¢ = 0.5

X-velocity(m/s): 160 184 207 231 255 279 302 326 350

(@) Helium

X-velocity(m/s): 160 184 207 231 255 279 302 326 350

(b) Xenon

Figure 10. X—velocity contours of the mixture constituentsat Kn = 0.1 with ¢ = 0.1
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—/— Helium
—O— Xenon
—— The whole mixture

Velocity (m/s)

N

—7x— Helium

—O— Xenon
—— The whole mixture

Velocity (m/s)

(@)

N

—— Helium
—O— Xenon
—— The whole mixture

Velocity (m/s)

Q)

(c)o =01
Figure 11. Velocity profiles at about 4/5 of the channel’s length from the inlet in the He—Xe mixtures at Kn ~ 0.1
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X-velocity(m/s). 25 34 44 53 62 72 81 91 100

(&) Helium

X-velocity(m/s). 25 34 44 53 62 72 81 91 100

(b) Neon

Figure 12. X-velocity contours for the constituents of the He—Ne mixture at Kn = 0.1

X-velocity(m/s). 20 30 40 350 60 70 80 90 100

(@) Helium

X-velocity(m/s): 20 30 40 50 60 70 80 90 100

(b) Argon

Figure 13. X—velocity contours for the constituents of the He—Ar mixture at Kn = 0.1

X-velocity(m/s): 10 21 31 42 52 63 74 84 95

(@) Helium

X-velocity(m/s): 10 21 31 42 52 63 74 84 95

(d) Krypton

Figure 14. X—velocity contours for the constituents of the He—Kr mixture at Kn = 0.1
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NOMENCLATURE

Ci inlet mixture concentration

E total energy per unit volume

E collision parameter

H half of the distance between the plates

Kn overall Knudsen number of the whole mixture
L length of the channel

m molecular mass

Mg reduced mass of the gas mixture

Mg transport coefficient associated with thermal—diffusion effects
Mpgq transport coefficient associated with thermal—diffusion effects
n normal direction

p pressure

De exit pressure

Pt inlet stagnation pressure

Pr Prandtl number

q heat flux vector

L length of the channel

R gas constant

t time

T temperature

Te; inlet stagnation temperature

T collision parameter

u,v components of velocity vector

\% velocity vector

\% collision parameter

X,y Cartesian coordinates

Greek symbols

y ratio of the specific heats

Naa transport coefficient associated with viscous effects
Nap transport coefficient associated with viscous effects
Nga transport coefficient associated with viscous effects
Ngp transport coefficient associated with viscous effects
A overall mean—free—path of the whole mixture

Ag mean—free—path of the constituent « in the mixture
Ag mean—free—path of the constituent 8 in the mixture
Aaa transport coefficient associated with thermal effects
Aap transport coefficient associated with thermal effects
Aga transport coefficient associated with thermal effects
Agp transport coefficient associated with thermal effects
P mass density

o tangential-momentum-accommodation coefficient
oy thermal-accommodation coefficient

Tjj viscous stress tensor

Vag collision frequency for cross—collision between species a and 8 molecules
Va collision frequency for cross—collision between species £ and a molecules
Q%) Chapman-Cowling collision integrals

Subscripts

s slip

t tangential
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w wall
a,fB mixture constituents
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