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EFFECT OF MAGNETIC FIELD ORIENTATION ON NANOFLUID FREE
CONVECTION IN A POROUS CAVITY: A HEAT VISUALIZATION STUDY
Iman Zahmatkesh1,*, Razieh Akhlaghi Ardekani1

ABSTRACT
Effect of magnetic field orientation on free convection of several water–based nanofluids in a square porous
cavity is analyzed in this study. To this aim, the heatline visualization technique is implemented for the first time.
Moreover, streamlines and isotherms are employed to present fluid flow and temperature distribution. The governing
equations are transformed into a dimensionless form and then solved using the finite–volume method. Computations
are undertaken for different orientations and magnitudes of the imposed magnetic field in circumstances with distinct
Rayleigh numbers and the nanoparticles types and volume fractions. The corresponding results are presented in
terms of dimensionless distributions of streamlines, isotherms, and heatlines as well as numerical values of the flow
strength and the average Nusselt number. Inspection of the results demonstrates that increase in the magnetic field
strength deteriorates the heat transfer rate. This effect, however, diminishes with rise in the magnetic field inclination
angle.
Keywords: Magnetohydrodynamics, Heatline, Porous Media, Nanofluid, Cavity
INTRODUCTION
Magnetohydrodynamic (MHD) free convection of electrically conducting fluids in cavities has attracted the
interest of researchers in the past due to possible applications in many industrial and technological fields such as
metal casting, fusion reactors, and crystal growth. It was found that, as a result of the imposed magnetic field, the
moving fluid experiences the Lorentz force that tends to suppress the flow velocities. This in turn reduces the heat
transfer rate. Some authors have considered MHD flows in porous cavities. Examples are as follow:
Alchaar and his colleagues [1] studied free convection heat transfer of an electrically conducting fluid in a
tilted porous cavity under the influence of a magnetic field. Bian et al. further extended this work to a shallow cavity
[2] as well as an inclined one [3]. MHD free convection of a heat generation fluid in an inclined porous cavity was
analyzed by Khanafer and Chamkha [4]. The generation of entropy during MHD free convection in a porous cavity
was discussed by Mahmud and Fraser [5]. The combined effects of magnetic field orientation and heat generation on
free convection in a porous cavity were noticed by Grosan et al. [6]. Pekmen and Tezer–Sezgin [7] simulated free
convection in porous cavities with different cross–sections subjected to an oriented magnetic field. More recently,
MHD free convection in a thermal and mass stratified porous cavity was investigated by Kumar et al. [8].
Additionally, MHD free convection in a porous cavity filled with Fe3O4–water nanofluid was pointed out by
Geridönmez [9].
Recent years have witnessed an extensive study on heat transfer of nanofluids as a consequence of their
appropriate thermophysical properties (eg., Mahfoud and Bendjaghloli [10]; Singh et al. [11]; Zahmatkesh and
Naghedifar [12]; Zahmatkesh and Torshizi [13]; Zahmatkesh and Habibi [14]). Although a significant number of
investigations on MHD free convection of nanofluids in cavities are available in the literature (e.g., Koopaee et al.
[15,16], Akinshilo and Ilegbusi [17]), only a few recent studies have considered this problem in porous media.
MHD free convection and entropy generation of Cu–water nanofluid in a porous cavity with time periodic
heating on the mid portion of the left wall were discussed by Malik and Nayak [18]. Mansour et al. [19] studied the
effect of viscous dissipation on entropy generation due to MHD free convection of Cu–water nanofluid in a porous
cavity with active parts. Sheikholeslami and Rokni [20] considered the problem of MHD free convection of CuO–
water nanofluid in a porous complex–shaped cavity. Rashad et al. [21] extended the study of Grosan et al. [6] to
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MHD free convection of a Cu–water nanofluid in a porous cavity. In a recent attempt, they discussed entropy
generation in MHD free convection of a nanofluid in an inclined porous cavity [22]. Effect of inclination angle of a
porous square cavity on MHD free convection of several water–based nanofluids was investigated by Balla et al.
[23]. More recently, Zahmatkesh and Shandiz [24] found optimum combination of nanoparticles, solid matrix, and
base fluid for MHD heat transfer of nanofluids in porous cavities.
The aforesaid investigations are based on streamlines and isotherms. While streamlines can properly depict
fluid flow, isotherms may not be suitable for heat transfer analysis since the heat flux lines are not perpendicular to
isotherms in a convection–dominated problem. An accurate way to visualize heat transfer goes back to the use of
heatlines [25]. The heatline visualization technique explains not only the heat trajectory but also the intensity of the
heat flux inside the flow field of a convection heat transfer problem. So, free convection in a cavity can be best
studied with the help of heatlines.
Saleh and Hashim [26] employed the heatline visualization technique to show heat transfer path in free
convection within an inclined porous cavity with sinusoidal boundary conditions. They also undertook a numerical
work to visualize conjugate heat transfer in square porous cavities [27]. A heatline visualization study for free
convection of Cu–water, Al2O3–water, and TiO2–water nanofluids in a porous cavity was presented by Zahmatkesh
[28]. Alsabery et al. [29] used the heatline concept to analyze free convection in a trapezoidal cavity filled with a
nanofluid porous layer and a non–Newtonian fluid layer. Heatlines and entropy generation during MHD free
convection in a tilted sinusoidal corrugated porous cavity were discussed by Hussain [30]. Bondareva et al. [31]
reported heatline patterns for MHD free convection of nanofluid in an inclined wavy open porous cavity with a local
heater.
In light of the above discussion, the objective of the present study is to apply the heatline visualization
technique to MHD free convection of nanofluid in a porous cavity. Attention is focused to examine how the
orientation and magnitude of the imposed magnetic field may affect the flow strength and the resulting heat transfer
for different Rayleigh numbers as well as the nanoparticles types and volume fractions. Most of the previous
investigations have imposed a magnetic field in a direction parallel or perpendicular to the gravity vector while the
case with an arbitrary orientation has not been fully explored. When the applied magnetic field is oblique, both the
horizontal and vertical components of the Lorentz force will be present. This makes the consequences of the imposed
magnetic field more complex.
PROBLEM DEFINITION AND MATHEMATICAL FORMULATION
MHD free convection of several water–based nanofluids in a square porous cavity subjected to an inclined
magnetic field is considered in the present study. A schematic representation of this cavity is displayed in Figure 1.

Figure 1. Schematic of the porous cavity subjected to an inclined magnetic field
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Table 1. Thermophysical properties of the nanoparticles and the base fluid in 300K [24].
Material
𝜎𝜎 (𝛺𝛺 −1 𝑚𝑚−1 )
𝛽𝛽 × 10−5 (𝐾𝐾 −1 ) 𝑘𝑘 (𝑊𝑊𝑚𝑚−1 𝐾𝐾 −1 )
𝜌𝜌 (𝑘𝑘𝑘𝑘𝑚𝑚−3 )
𝐶𝐶 (𝐽𝐽𝑘𝑘𝑘𝑘 −1 𝐾𝐾 −1 )
Pure water
0.05
21
0.613
997.1
4179
Cu
59.6×106
1.67
401
8933
385
Ag
6.3×106
1.89
429
10500
235
Fe3O4
25000
1.3
6
5200
670
Here, the left wall is heated and the right wall is cooled. Meanwhile, the horizontal walls are thermally
insulated. The direction of the gravity is downward while the orientation of the magnetic field forms an angle 𝛾𝛾 with
the horizontal axis. Under this circumstance, the fluid inside the cavity experiences both the buoyancy force resulting
from heat transfer through the side walls and the Lorentz force due to the fluid motion within the magnetic field. The
current study is based on the following assumptions:
1. The porous media is isotropic and homogenous.
2. The established flow is steady, incompressible, Newtonian, and laminar.
3. The Darcy model is adequate for the momentum equation.
4. Local thermal equilibrium (LTE) establishes between the nanofluid and the porous medium.
5. LTE exists between the nanoparticles and the base fluid.
6. The Boussinesq approximation is true to determine the variations of density in the body force term within the
momentum equation, whereas, other thermophysical properties of the nanoparticles and the base fluid are constant
with the numerical values presented in Table 1.
7. Viscous dissipation, the work done by the pressure change, radiation heat transfer, Joule heating effect, and
induced magnetic field are negligible.
Within the framework of these assumptions, the continuity, momentum, and energy equations are:

𝑢𝑢 = −

𝑣𝑣 = −

𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕
+
=0
𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕

𝐾𝐾 𝜕𝜕𝜕𝜕 𝜎𝜎𝑛𝑛𝑛𝑛 𝐾𝐾𝐵𝐵2
+
(𝑣𝑣 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 − 𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠 2 𝛾𝛾)
𝜇𝜇𝑛𝑛𝑛𝑛 𝜕𝜕𝜕𝜕
𝜇𝜇𝑛𝑛𝑛𝑛

𝜎𝜎𝑛𝑛𝑛𝑛 𝐾𝐾𝐵𝐵2
𝐾𝐾 𝜕𝜕𝜕𝜕
𝐾𝐾𝐾𝐾
+
𝜌𝜌𝑛𝑛𝑛𝑛 𝛽𝛽𝑛𝑛𝑛𝑛 (𝑇𝑇 − 𝑇𝑇𝐶𝐶 ) +
(𝑢𝑢 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 − 𝑣𝑣𝑐𝑐𝑐𝑐𝑐𝑐 2 𝛾𝛾)
𝜇𝜇𝑛𝑛𝑛𝑛 𝜕𝜕𝜕𝜕 𝜇𝜇𝑛𝑛𝑛𝑛
𝜇𝜇𝑛𝑛𝑛𝑛
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕 2 𝑇𝑇 𝜕𝜕 2 𝑇𝑇
𝑢𝑢
+ 𝑣𝑣
= 𝛼𝛼𝑛𝑛𝑛𝑛 � 2 + 2 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
𝜕𝜕𝑦𝑦

(1)

(2)

(3)

(4)

Effective thermophysical properties of the nanofluid are determined as follows:
Effective heat capacitance:

𝜌𝜌𝑛𝑛𝑛𝑛 𝐶𝐶𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)𝜌𝜌𝑓𝑓 𝐶𝐶𝑓𝑓 + 𝜙𝜙𝜌𝜌𝑝𝑝 𝐶𝐶𝑝𝑝

(5)

Effective electrical conductivity [32]:

Dynamic viscosity [33]:

𝜎𝜎𝑝𝑝
3 � 𝜎𝜎 − 1� 𝜙𝜙
𝜎𝜎𝑛𝑛𝑛𝑛
𝑓𝑓
= 1 + 𝜎𝜎
𝜎𝜎𝑝𝑝
𝑝𝑝
𝜎𝜎𝑓𝑓
� 𝜎𝜎 + 2� − � 𝜎𝜎 − 1� 𝜙𝜙
𝑓𝑓
𝑓𝑓
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𝜇𝜇𝑛𝑛𝑛𝑛 =
Effective thermal conductivity [32]:

Effective thermal diffusivity:

𝜇𝜇𝑓𝑓
(1 − 𝜙𝜙)2.5

(7)

𝑘𝑘𝑛𝑛𝑛𝑛 �𝑘𝑘𝑝𝑝 + 2𝑘𝑘𝑓𝑓 � − 2𝜙𝜙�𝑘𝑘𝑓𝑓 − 𝑘𝑘𝑝𝑝 �
=
𝑘𝑘𝑓𝑓
�𝑘𝑘𝑝𝑝 + 2𝑘𝑘𝑓𝑓 � + 𝜙𝜙�𝑘𝑘𝑓𝑓 − 𝑘𝑘𝑝𝑝 �
𝛼𝛼𝑛𝑛𝑛𝑛 =

Effective thermal expansion coefficient [34]:

(8)

𝑘𝑘𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛 𝐶𝐶𝑛𝑛𝑛𝑛

(9)

𝜌𝜌𝑛𝑛𝑛𝑛 𝛽𝛽𝑛𝑛𝑛𝑛 = 𝜙𝜙𝜌𝜌𝑝𝑝 𝛽𝛽𝑃𝑃 + (1 − 𝜙𝜙)𝜌𝜌𝑓𝑓 𝛽𝛽𝑝𝑝 − 𝜙𝜙(1 − 𝜙𝜙)�𝜌𝜌𝑝𝑝 – 𝜌𝜌𝑓𝑓 ��𝛽𝛽𝑝𝑝 − 𝛽𝛽𝑓𝑓 �

(10)

The last term in the bracket in the RHS of Equation 10 originates from the natural dependence of density on
temperature. It has been neglected in most of the previous investigations that leads to a simple volume–averaging
approximation for 𝛽𝛽𝑛𝑛𝑛𝑛 . Analysis of Zahmatkesh [35] demonstrates that such an approximation may introduce up to
���� predictions.
30% error in 𝑁𝑁𝑁𝑁
The momentum equations are cross–differentiated and then subtracted. So that the pressure terms are
removed. After introducing stream function, the continuity equation will be satisfied and one arrives at the following
governing equations:
𝜕𝜕 2 𝜓𝜓
𝜕𝜕𝑥𝑥 2

and

𝜕𝜕 2𝜓𝜓

𝐾𝐾 𝑔𝑔

+ 𝜕𝜕𝑦𝑦 2 = − 𝜇𝜇

𝑛𝑛𝑛𝑛

𝜕𝜕𝜕𝜕

𝜌𝜌𝑛𝑛𝑛𝑛 𝛽𝛽𝑛𝑛𝑛𝑛 𝜕𝜕𝜕𝜕 −

𝜎𝜎𝑛𝑛𝑛𝑛 𝐾𝐾𝐵𝐵 2 𝜕𝜕 2𝜓𝜓
𝜇𝜇𝑛𝑛𝑛𝑛

𝜕𝜕 2 𝜓𝜓

𝜕𝜕 2𝜓𝜓

( 𝜕𝜕𝑥𝑥 2 𝑐𝑐𝑐𝑐𝑐𝑐 2 𝛾𝛾 + 𝜕𝜕𝑦𝑦 2 𝑠𝑠𝑠𝑠𝑠𝑠2 𝛾𝛾 + 2 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾)

𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝜕𝜕𝜓𝜓 𝜕𝜕𝜕𝜕
𝜕𝜕 2 𝑇𝑇 𝜕𝜕 2 𝑇𝑇
−
= 𝛼𝛼𝑛𝑛𝑛𝑛 � 2 +
�
𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥
𝜕𝜕𝑦𝑦 2

(11)

(12)

The following parameters are used to make the above equations dimensionless:

𝑥𝑥
𝑦𝑦
𝜓𝜓
𝑇𝑇 − 𝑇𝑇𝐶𝐶
𝑋𝑋 = , 𝑌𝑌 = , 𝛹𝛹 = , 𝛩𝛩 =
,
𝐿𝐿
𝐿𝐿
𝛼𝛼𝑓𝑓
𝑇𝑇𝐻𝐻 − 𝑇𝑇𝐶𝐶
𝐾𝐾𝐾𝐾𝜌𝜌𝑓𝑓 𝛽𝛽𝑓𝑓 (𝑇𝑇𝐻𝐻 − 𝑇𝑇𝐶𝐶 )𝐿𝐿
𝜎𝜎𝑓𝑓 𝐵𝐵0 2 𝐾𝐾
2
𝑅𝑅𝑅𝑅 =
, 𝐻𝐻𝐻𝐻 =
𝜇𝜇𝑓𝑓 𝛼𝛼𝑓𝑓
𝜇𝜇𝑓𝑓

Here, Ra is the Rayleigh number and 𝐻𝐻𝐻𝐻 is the Hartmann number.
Substituting the dimensionless parameters into the governing equations yields:
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𝜌𝜌𝑝𝑝 𝛽𝛽𝑝𝑝
𝜌𝜌𝑝𝑝
𝛽𝛽𝑝𝑝
𝜕𝜕 2 𝛹𝛹 𝜕𝜕 2 𝛹𝛹
𝜕𝜕𝜕𝜕
+
= −𝑅𝑅𝑅𝑅(1 − 𝜙𝜙)2.5 �(1 − 𝜙𝜙) + 𝜙𝜙 � � � � − 𝜙𝜙(1 − 𝜙𝜙) � − 1� � − 1��
2
2
𝜕𝜕𝑋𝑋
𝜕𝜕𝑌𝑌
𝜌𝜌𝑓𝑓 𝛽𝛽𝑓𝑓
𝜌𝜌𝑓𝑓
𝛽𝛽𝑓𝑓
𝜕𝜕𝜕𝜕
− 𝐻𝐻𝐻𝐻2 (1 − 𝜙𝜙)2.5 �

𝜕𝜕 2 𝛹𝛹
𝜕𝜕 2 𝛹𝛹
𝜕𝜕 2 𝛹𝛹
𝑐𝑐𝑐𝑐𝑐𝑐 2 𝛾𝛾 + 2
𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 +
𝑠𝑠𝑠𝑠𝑠𝑠2 𝛾𝛾� �1
2
𝜕𝜕𝑋𝑋
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌 2

(14)

𝜎𝜎𝑝𝑝
3 � 𝜎𝜎 − 1� 𝜙𝜙
𝑓𝑓

�
+ 𝜎𝜎
𝜎𝜎𝑝𝑝
𝑝𝑝
� + 2� − � − 1� 𝜙𝜙
𝜎𝜎𝑓𝑓
𝜎𝜎𝑓𝑓

and

𝜕𝜕Ψ 𝜕𝜕𝜕𝜕 𝜕𝜕Ψ 𝜕𝜕𝜕𝜕
−
=
𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕 2 𝛩𝛩 𝜕𝜕 2 𝛩𝛩 𝑘𝑘𝑝𝑝 + 2𝑘𝑘𝑓𝑓 − 2𝜙𝜙�𝑘𝑘𝑓𝑓 − 𝑘𝑘𝑝𝑝 �
�
��
�
+
𝜌𝜌𝑝𝑝 𝐶𝐶𝑝𝑝 𝜕𝜕𝑋𝑋 2 𝜕𝜕𝑌𝑌 2 𝑘𝑘𝑝𝑝 + 2𝑘𝑘𝑓𝑓 + 𝜙𝜙�𝑘𝑘𝑓𝑓 − 𝑘𝑘𝑝𝑝 �
1 − 𝜙𝜙 + 𝜙𝜙 𝜌𝜌 𝐶𝐶
𝑓𝑓 𝑓𝑓
1

(15)

The associated boundary conditions are:

𝑋𝑋 = 0, 0 < 𝑌𝑌 < 1:

𝛹𝛹 = 0, 𝛩𝛩 = 1

0 < 𝑋𝑋 < 1, 𝑌𝑌 = 0:

𝛹𝛹 = 0, 𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕 = 0

𝑋𝑋 = 1, 0 < 𝑌𝑌 < 1:
0 < 𝑋𝑋 < 1, 𝑌𝑌 = 1:

(16a)

𝛹𝛹 = 0, 𝛩𝛩 = 0

(16b)

𝛹𝛹 = 0, 𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕 = 0

(16d)

(16c)

The heat function, ℎ, applied to a nanofluid problem is governed by [28]:

−

𝜕𝜕ℎ
𝜕𝜕𝜕𝜕
= 𝜌𝜌𝑛𝑛𝑛𝑛 𝐶𝐶𝑛𝑛𝑛𝑛 𝑣𝑣 (𝑇𝑇 − 𝑇𝑇𝐶𝐶 ) − 𝑘𝑘𝑛𝑛𝑛𝑛
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕ℎ
𝜕𝜕𝜕𝜕
= 𝜌𝜌𝑛𝑛𝑛𝑛 𝐶𝐶𝑛𝑛𝑛𝑛 𝑢𝑢(𝑇𝑇 − 𝑇𝑇𝐶𝐶 ) − 𝑘𝑘𝑛𝑛𝑛𝑛
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(17)

(18)

If one introduces the dimensionless heat function as:

𝛱𝛱 =

ℎ
𝑘𝑘𝑓𝑓 (𝑇𝑇𝐻𝐻 − 𝑇𝑇𝐶𝐶 )

(19)

these relations are converted to the following dimensionless form:

𝜕𝜕𝜕𝜕 𝜌𝜌𝑛𝑛𝑛𝑛 𝐶𝐶𝑛𝑛𝑛𝑛 𝜕𝜕𝜕𝜕 𝑘𝑘𝑛𝑛𝑛𝑛 𝜕𝜕𝜕𝜕
=
𝜃𝜃
+
𝜕𝜕𝜕𝜕
𝜌𝜌𝑓𝑓 𝑐𝑐𝑓𝑓
𝜕𝜕𝜕𝜕
𝑘𝑘𝑓𝑓 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 𝜌𝜌𝑛𝑛𝑛𝑛 𝐶𝐶𝑛𝑛𝑓𝑓 𝜕𝜕𝜕𝜕 𝑘𝑘𝑛𝑛𝑛𝑛 𝜕𝜕𝜕𝜕
=
𝜃𝜃
−
𝜕𝜕𝜕𝜕
𝜌𝜌𝑓𝑓 𝑐𝑐𝑓𝑓
𝜕𝜕𝜕𝜕
𝑘𝑘𝑓𝑓 𝜕𝜕𝜕𝜕
Table 2. Comparison of the average Nusselt number for a Cu–water nanofluid in a triangular cavity
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(20)

(21)
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Sun and Pop [36]
Chamkha and Ismael [37]
Current work

with those of previous works
𝑅𝑅𝑅𝑅 = 500
𝜙𝜙 = 0
𝜙𝜙 = 0.2
9.66
9.42
9.52
9.44
9.53
9.41

𝜙𝜙 = 0
13.9
13.60
13.67

𝑅𝑅𝑅𝑅 = 1000
𝜙𝜙 = 0.2
12.85
12.82
12.81

We now assume that ℎ is a continuous function to its second–order derivatives. So, the above equations lead
to a partial differential equation as:

𝜌𝜌𝑝𝑝 𝐶𝐶𝑝𝑝 𝜕𝜕
𝜕𝜕 2 𝛱𝛱 𝜕𝜕 2 𝛱𝛱
𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕
�1
� � �𝛩𝛩
+
=
−
𝜙𝜙
+
𝜙𝜙
�+
�𝛩𝛩
��
2
2
𝜕𝜕𝑋𝑋
𝜕𝜕𝑌𝑌
𝜌𝜌𝑓𝑓 𝐶𝐶𝑓𝑓 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(22)

Solution of this equation yields the 𝛱𝛱 values for the inside nodes. So, drawing of the iso–lines of the heat
function sketches the heatlines.
If we take the heat function value at the origin point to be zero, the boundary conditions for Equation 22
become [28]:

0 < 𝑋𝑋 < 1, 𝑌𝑌 = 0:

𝛱𝛱(𝑋𝑋, 0) = 𝛱𝛱(0,0) = 0

𝑋𝑋 = 0, 0 < 𝑌𝑌 < 1:

𝛱𝛱(0, 𝑌𝑌) = 𝛱𝛱(0,0) + � 𝑁𝑁𝑁𝑁 𝑑𝑑𝑑𝑑

(23c)

𝑋𝑋 = 1, 0 < 𝑌𝑌 < 1:

𝛱𝛱(1, 𝑌𝑌) = 𝛱𝛱(1,0) + � 𝑁𝑁𝑁𝑁 𝑑𝑑𝑑𝑑

(23d)

𝛱𝛱(𝑋𝑋, 1) = 𝛱𝛱(0,1)

0 < 𝑋𝑋 < 1, 𝑌𝑌 = 1:

1

(23a)
(23b)

0

1

0

COMPUTATIONAL METHOD
The computations are performed adopting the finite–volume method. The system of dimensionless
governing equations (Equation 14, 15 and 22) is integrated over the control volumes that leads to a system of
algebraic equations. The resulting equations in conjunction with the aforesaid boundary conditions are thereafter
solved by a line–by–line iterative method. The method sweeps the domain of integration along the x and y axes and
uses Tri–Diagonal Matrix Algorithm (TDMA) to solve the system of equations. The numerical method was
implemented in a FORTRAN software.
The following convergence criterion is employed throughout the computations:
𝑛𝑛+1
𝑛𝑛
�𝜀𝜀𝑖𝑖,𝑗𝑗
� < 10−5
− 𝜀𝜀𝑖𝑖,𝑗𝑗

(24)

Here, 𝜀𝜀 denotes for 𝛹𝛹, 𝜃𝜃, or 𝛱𝛱. 𝑛𝑛 is the time level while 𝑖𝑖 and 𝑗𝑗 are the cell index.
As the successive iterations lead to a converged solution, the local and the average Nusselt numbers at the
left wall are obtained as:

𝑁𝑁𝑁𝑁 =

𝑘𝑘𝑛𝑛𝑛𝑛 𝜕𝜕𝜕𝜕
ℎ𝐿𝐿
=−
� �
𝑘𝑘𝑓𝑓
𝑘𝑘𝑓𝑓 𝜕𝜕𝜕𝜕 𝑋𝑋=0
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1

���� = � 𝑁𝑁𝑁𝑁 𝑑𝑑𝑑𝑑
𝑁𝑁𝑁𝑁
0

(26)

In order to achieve a suitable grid for our calculations, a grid independence study is performed. We observed
that refinement of the grid from 200 × 200 to 300 × 300 may not change the ����
𝑁𝑁𝑁𝑁 values more than 1%. So, a
200 × 200 grid is chosen for further computations.
Prior to presenting the results associated with the objectives of this study, the FORTRAN code is validated.
Two different tests are considered to this aim. In the first test, in the absence of external magnetic field, free
convection of Cu–water nanofluid in a triangular cavity is studied, as reported in Table 2. In the second, free
convection of pure fluid (𝜙𝜙 = 0) in a square porous cavity with differentially–heated vertical walls and insulated
horizontal walls in the presence of a downward magnetic field is concerned, as depicted in Figure 2. Notice that the
results of the current model bear a strong resemblance with those of the previous works. These favorable
comparisons lend confidence in the numerical results to be reported subsequently.

Figure 2. Comparison of the current values of the average Nusselt number with those of Mahmud and Fraser [5]
(𝑅𝑅𝑅𝑅 = 1000, 𝛾𝛾 = −𝜋𝜋/2, 𝜙𝜙 = 0)

SIMULATION RESULTS
In what concerns the distributions of streamlines (left), isotherms (middle), and heatlines (right), simulation
results for an Ag–water nanofluid with 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0, and 𝜙𝜙 = 4% under different Rayleigh numbers are plotted in
Figure 3. Here, results in the absence of magnetic field are also depicted by dashed lines for comparison.
𝑁𝑁𝑁𝑁 for each case are provided with |𝛹𝛹𝑚𝑚𝑚𝑚𝑚𝑚 | being a measure of the convection
Additionally, values of |𝛹𝛹𝑚𝑚𝑚𝑚𝑚𝑚 | and ����
vigor.
Notice in the streamlines and the isotherms that the fluid becomes heated and rises up near the left wall; it
changes its direction when reaching the top wall, then, it loses heat at the right wall and moves downward. As a
result, one may find a unicellular flow circulating within the cavity.
Heat flow template inside the cavity is explained by the heatlines that depict the trajectory and magnitude of
the heat energy. Notice that the heatlines start from the left wall and stop at the right wall. This indicates that heat is
absorbed from the left surface and released to the right surface.
Inspection of the results at different Rayleigh numbers in Figure 3 demonstrates that when 𝑅𝑅𝑅𝑅 = 10, the
established flow is very weak, the isotherms are almost parallel to the vertical walls, and the heat function values are
very low. Moreover, the heatlines are approximately perpendicular to the isotherms. This is not surprising since
thermal conduction is the dominant heat transfer mechanism there. Notice, however, that increase in 𝑅𝑅𝑅𝑅 intensifies
the fluid motion and deforms the isotherms. This results in heat transfer enhancement as indicated by the increased
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����
𝑁𝑁𝑁𝑁 and |𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | values. Moreover, expansion appears in the passive heat transfer zone within the cavity with
negative heat function values wherein heat is rotated without affecting the walls heat exchange.
𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.578
���� = 1.163
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.161

𝚿𝚿

𝛉𝛉

𝝅𝝅

Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.865
���� = 1.215
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.213

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 4.176
���� = 2.654
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 2.842
Dashded lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 5.597
���� = 3.566
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 3.562

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 17.524
���� = 10.785
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 13.641
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 24.050
���� = 15.254
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 15.230

Figure 3. Distributions of streamlines, isotherms, and heatlines for an Ag–water nanofluid
(𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0, 𝜙𝜙 = 4%); dashed lines correspond to 𝐻𝐻𝐻𝐻 = 0

Notice also that the heatlines are no longer perpendicular to the isotherms and pattern of the heatlines takes
the shape of the streamlines. These observations are attributed to the domination of the convection heat transfer. The
presence of significant convection is also exhibited in the enhanced value of |𝛹𝛹𝑚𝑚𝑚𝑚𝑚𝑚 |. The dense heatlines that appear
near the middle portion of the side walls at 𝑅𝑅𝑎𝑎 = 1000 indicate higher heat transfer rates there.
Comparing the contour maps in the solid lines with those in the dashed lines in Figure 3 shows that the
imposition of the magnetic field is not so influential at 𝑅𝑅𝑅𝑅 = 10. Notice, however, that with rise in the Rayleigh
number, the role of the imposed magnetic field increases since discrepancies that appear between the results in the
presence of the magnetic field and those without it become pronounced.
𝑁𝑁𝑢𝑢, and |𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | for the current cases demonstrates that with the
Scrutiny of the numerical values of |𝛹𝛹𝑚𝑚𝑚𝑚𝑚𝑚 |, ����
imposition of the magnetic field, the flow strength becomes weakened and the resulting heat transfer is suppressed.
Notice that the retarding effect is more remarkable at higher Rayleigh numbers. This behavior is expected since the
Lorentz force is directly proportional to the flow velocity. Heat transfer deteriorations as a result of the magnetic
field imposition are about 4, 26, and 29 percents for the Rayleigh numbers of 10, 100, and 1000, respectively.
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Results presented in Figure 3 correspond to a horizontal magnetic field. To analyze how orientation of the
imposed magnetic field may be influential, simulation results for oblique (𝛾𝛾 = 𝜋𝜋/4) and vertical magnetic fields are
presented in Figure 4 and Figure 5, respectively.
𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.572
���� = 1.162
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.159

𝚿𝚿

𝛉𝛉

𝝅𝝅

Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.865
���� = 1.215
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑥𝑥 | = 1.213
𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 4.131
���� = 2.695
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 2.831
Dashded lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 5.597
���� = 3.566
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 3.562
𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 18.844
���� = 11.960
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 13.473
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 24.050
���� = 15.254
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 15.230

Figure 4. Distributions of streamlines, isotherms, and heatlines for an Ag–water nanofluid
(𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 𝜋𝜋/4, 𝜙𝜙 = 4%); dashed lines correspond to 𝐻𝐻𝐻𝐻 = 0

Comparing the streamlines, isotherms, and heatlines of Figure 4 and Figure 5 with those of Figure 3
demonstrates that suppression effect of the horizontal magnetic field is more remarkable than the vertical or inclined
ones. Specifically, for an Ag–water nanofluid with 𝐻𝐻𝐻𝐻 = 1 and 𝜙𝜙 = 4%, when the magnetic field inclination angle
changes form vertical to horizontal, the flow strength diminishes up to about 17% and the resulting heat transfer
deteriorates up to about 23%. This occurs since temperature gradients and the buoyancy force are strong near the
side walls. So, the vertical component of velocity is much higher than the horizontal one, as indicated in the dense
streamlines near the right/left walls. This leads the Lorentz force to be greater in a horizontal magnetic field. The
observed trend is in accord with previous findings of Grosan et al. [6] and Rashad et al. [21].
The overall effects of the orientation and magnitude of the imposed magnetic field on the heat transfer rate
in a range of the Rayleigh number are demonstrated in Figure 6. The presented results correspond to an Ag–water
nanofluid with 𝜙𝜙 = 4%. In a general way notice that increment in the magnetic field strength deteriorates the heat
transfer rate. This effect, however, diminishes with rise in the magnetic field inclination angle. It is also obvious that
with increase in the Rayleigh number, the role of the imposed magnetic field on the suppression of the heat transfer
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enhances. These behaviors are expected and were discussed previously. Notice that as the Hartmann number passes
from 0 to 1 at 𝑅𝑅𝑅𝑅 = 1000, the heat transfer deteriorates to about 29, 22, and 8 percents for 𝛾𝛾 = 0, 𝜋𝜋/4, and 𝜋𝜋/2,
respectively.
𝚿𝚿
𝛉𝛉
𝝅𝝅
𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.577
���� = 1.164
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.161
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.865
���� = 1.215
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.213

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 4.164
���� = 2.829
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 2.926
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 5.597
���� = 3.566
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 3.562

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 21.230
���� = 13.989
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 15.241
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 24.050
���� = 15.254
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 15.230

Figure 5. Distributions of streamlines, isotherms, and heatlines for an Ag–water nanofluid
(𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 𝜋𝜋/2, 𝜙𝜙 = 4%); dashed lines correspond to 𝐻𝐻𝐻𝐻 = 0

Now, the consequences of the nanoparticles fraction on the establishment of the flow and thermal fields as
well as the heat transfer characteristics are discussed. To this aim, the streamlines, isotherms, and heatlines at
different Rayleigh numbers for 𝜙𝜙 = 4% and 8% are plotted in Figure 7 and Figure 8, respectively. The results owe
to 𝐻𝐻𝐻𝐻 = 1 and 𝛾𝛾 = 0 with the dashed lines belonging to the base fluid (i.e., pure water). Inspection of the results
demonstrates that the presence of the nanoparticles is more influential at higher Rayleigh numbers. Notice that with a
4% particles addition, the strength of the induced flow improves up to about 19 percent. One may also find up to
about 15 percent elevation in ����
𝑁𝑁𝑁𝑁 with this particles addition. The corresponding values for a 8% particles addition
are 32 and 27 percents, respectively. The intensified buoyancy–driven flow and the enhanced heat transfer are in
agreement with the observations of Bourantas et al. [34] but in conflict with the evidences of Rashad et al. [21].
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(𝑎𝑎) 𝛾𝛾 = 0

(𝑏𝑏) 𝛾𝛾 = 𝜋𝜋/4

(𝑐𝑐) 𝛾𝛾 = 𝜋𝜋/2
Figure 6. The average Nusselt number vs. the Rayleigh number for different orientations
and magnitudes of the magnetic field (Ag–water nanofluid with 𝜙𝜙 = 4%)

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.578
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Dashed lines:
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���� = 1.032
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.029

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 4.176
���� = 2.654
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 2.842
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 3.538
���� = 2.297
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 2.389

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 17.524
���� = 10.785
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 13.641
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 14.962
���� = 9.357
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 11.516

Figure 7. Distributions of streamlines, isotherms, and heatlines for an Ag–water nanofluid
(𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0, 𝜙𝜙 = 4%); dashed lines correspond to pure water
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The contradiction is attributed to the method they employed for the determination of the effective thermal
expansion coefficient. Indeed, the study of Rashad and his coworkers relays on a simple volume–averaging
approximation for 𝜌𝜌𝑛𝑛𝑛𝑛 𝛽𝛽𝑛𝑛𝑛𝑛 while Bourantas et al. employed a more elaborate model to this aim, i.e., Equation 10. To
demonstrate this effect, results of the two approaches in terms of flow intensity and the average Nusselt number at
different nanoparticles fractions and Rayleigh numbers are provided in Table 3. The presented results correspond to
an Ag–water nanofluid in the absence of magnetic field. In a general way notice that with the Bourantas correlation,
����, that
both inclusion of the nanoparticles and increasing their volume fraction lead to enhancement in |𝛹𝛹𝑚𝑚𝑚𝑚𝑚𝑚 | and 𝑁𝑁𝑁𝑁
is in accord with Bourantas et al. [34]. In contrast to this and similar to Rashad et al. [21] notice that the flow
intensity and the average Nusselt number are decreasing functions of the nanoparticles fractions during the volume���� with 𝜙𝜙 that appears in 𝑅𝑅𝑅𝑅 = 10 goes back to the enhanced
averaging approximation. The direct relation of 𝑁𝑁𝑁𝑁
thermal conductivity in this conduction dominant regime.
𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.637
���� = 1.300
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.297

𝚿𝚿

𝛉𝛉

𝝅𝝅

Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 0.484
���� = 1.032
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 1.029

𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 4.643
���� = 2.912
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 3.170
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 3.538
���� = 2.297
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 2.389
𝑹𝑹𝑹𝑹 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 19.580
���� = 11.843
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 15.247
Dashed lines:
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 14.962
���� = 9.357
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 11.516

Figure 8. Distributions of streamlines, isotherms, and heatlines for an Ag–water nanofluid
(𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0, 𝜙𝜙 = 8%); dashed lines correspond to pure water

Figure 9 is constructed to show the effect of the nanoparticles fraction on the average Nusselt number for a
range of the Rayleigh number. The presented results correspond to 𝛾𝛾 = 0, 𝜋𝜋/4, and 𝜋𝜋/2 with 𝐻𝐻𝐻𝐻 = 1. Here, results
in the absence of the magnetic field are also provided. Notice that in all of the current cases, heat transfer improves
as a result of increase in the nanoparticles fraction. Numerical results show that, in the current range of 𝑅𝑅𝑅𝑅, the ����
𝑁𝑁𝑁𝑁
augmentation due to increase in 𝜙𝜙 from 0 to 8 percent is about 27 percent both in the presence and the absence of
the magnetic field.
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Table 3. Comparison of the results of the volume–averaging approximation and those of the Bourantas correlation
in different conditions (Ag–water nanofluid without magnetic field)

𝑅𝑅𝑅𝑅 = 10
𝑅𝑅𝑅𝑅 = 100
𝑅𝑅𝑅𝑅 = 1000

𝜙𝜙

0
0.04
0.08
0
0.04
0.08
0
0.04
0.08

Volume–averaging
����
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 |
𝑁𝑁𝑁𝑁
0.722
1.073
0.656
1.175
0.592
1.293
4.728
3.066
4.568
2.945
4.377
2.827
20.444
13.180
20.358
12.904
20.130
12.546

Bourantas correlation
����
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 |
𝑁𝑁𝑁𝑁
0.722
1.073
0.865
1.215
0.956
1.355
4.728
3.066
5.597
3.566
6.237
3.911
20.444
13.180
24.050
15.254
26.908
16.782

It is interesting to investigate the effect of the nanoparticles type on the current flow problem. To this aim,
simulation results of an Ag–water nanofluid at 𝑅𝑅𝑅𝑅 = 1000, 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0, and 𝜙𝜙 = 4% are compared with those
of a Cu–water and a Fe3O4–water ones in Figure 10. Here, results of the pure water are also depicted by the dashed
lines. Evidently, the Ag–water nanofluid has the utmost heat transfer among the other ones that is attributed to the
highest thermal conductivity of the silver nanoparticles.
Finally, Figure 11 discusses the influence of the nanoparticles type on the average Nusselt number for a
range of the Rayleigh number with 𝜙𝜙 = 4%. Notice that heat transfer performance of the Ag–water nanofluid is
always higher than the Cu–water and Fe3O4–water ones, both in the absence and the presence of the magnetic field.
Maximum improvements in ����
𝑁𝑁𝑁𝑁 that appear as a result of the addition of the Ag, Cu, and Fe3O4 nanoparticles to pure
water are about 16, 13, and 9 percents, respectively.

(a) 𝐻𝐻𝐻𝐻 = 0

(b) 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0

(c) 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 𝜋𝜋/4

(d) 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 𝜋𝜋/2

Figure 9. The average Nusselt number vs. the Rayleigh number for different nanoparticles fractions
of an Ag–water nanofluid
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𝚿𝚿

Ag–water
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 17.524
���� = 10.785
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 13.641

𝛉𝛉

𝝅𝝅

Cu–water
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 17.009
���� = 10.555
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 13.180

Fe3O4–water
|Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 15.678
���� = 9.726
𝑁𝑁𝑁𝑁
|𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 12.043

Figure 10. Distributions of streamlines, isotherms, and heatlines for different nanofluids
(𝑅𝑅𝑅𝑅 = 1000, 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0, 𝜙𝜙 = 4%); dashed lines correspond to pure water
𝑁𝑁𝑁𝑁 = 9.357, and |𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 | = 11.516
with |Ψ𝑚𝑚𝑚𝑚𝑚𝑚 | = 14.962, ����

(a) 𝐻𝐻𝐻𝐻 = 0

(b) 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 0

(c) 𝐻𝐻𝑎𝑎 = 1, 𝛾𝛾 = 𝜋𝜋/4
(d) 𝐻𝐻𝐻𝐻 = 1, 𝛾𝛾 = 𝜋𝜋/2
Figure 11. The average Nusselt number vs. the Rayleigh number for different nanofluids with 𝜙𝜙 = 4% compared
with pure water
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CONCLUSION
In this study, the heatline visualization technique was adopted to study the consequences of the magnetic
field orientation on free convection of several water–based nanofluids in a square porous cavity. From our numerical
results, the following major outcomes are listed:
• With increase in the magnitude of an externally applied magnetic field, the flow strength and the
resulting heat transfer are deteriorated.
• Suppression effect of the horizontal magnetic field is more pronounced than that of the vertical or
inclined ones.
���� are more prominent at higher
• The consequences of the nanoparticles type and volume fraction on 𝑁𝑁𝑁𝑁
Rayleigh numbers.
• The Ag–water nanofluid has the utmost heat transfer among the current water–based nanofluids.
• Depending on the employed correlation for 𝜌𝜌𝑛𝑛𝑛𝑛 𝛽𝛽𝑛𝑛𝑛𝑛 , one may predict increase or decrease in ����
𝑁𝑁𝑁𝑁 with the
inclusion of the nanoparticles in the base fluid.
NOMENCLATURE
𝐵𝐵
magnetic field, T
𝐶𝐶
specific heat, Jkg-1K-1
𝐷𝐷𝐷𝐷
Darcy number
𝒈𝒈
gravitational acceleration, ms-2
ℎ
heat function, Wm-1
𝐻𝐻𝐻𝐻
Hartmann number
𝑘𝑘
thermal conductivity, Wm-1K-1
𝐾𝐾
medium permeability, m2
𝐿𝐿
cavity length and height, m
𝑁𝑁𝑁𝑁
local Nusselt number
����
𝑁𝑁𝑁𝑁
average Nusselt number
𝑝𝑝
pressure, Pa
𝑅𝑅𝑅𝑅
Rayleigh number
𝑇𝑇
temperature, K
𝑢𝑢, 𝑣𝑣
velocity components in x and y directions, respectively, ms-1
𝑥𝑥, 𝑦𝑦
cartesian coordinates, m
𝑋𝑋, 𝑌𝑌
dimensionless coordinates
Greek symbols
𝛼𝛼
thermal diffusivity, m2s-1
𝛽𝛽
thermal expansion coefficient, K-1
𝛾𝛾
magnetic field inclination angle
𝜣𝜣
dimensionless temperature
𝜇𝜇
dynamic viscosity, Pas
𝛱𝛱
dimensionless heat function
𝜌𝜌
density, kgm-3
𝜎𝜎
electrical conductivity, Ω-1 m-1
𝜙𝜙
nanoparticles fraction
𝜓𝜓
stream function, m2s-1
𝛹𝛹
dimensionless stream function
Subscripts
𝑏𝑏𝑏𝑏
base fluid
𝐶𝐶
cold
𝐻𝐻
hot
𝑛𝑛𝑛𝑛
nanofluid
𝑝𝑝
nanoparticle
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