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ABSTRACT

The aim of this paper is to establish a well-posedness result and the existence of finite- dimensional global
attractors for a model of a coupled suspension bridge as well as the regularity of global attractor is achieved.
This result generalizes the previous result in [6].
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1. INTRODUCTION

Taccoma Narrows bridge collapse is certainly the most impressive setback in the history. The
crucial event in the collapse was a sudden change from vertical to torsional oscillations .

From the physical point of view, the suspension bridge equation describes the transverse
deflection of road bed in the vertical plane. On the other hand, from the mathematical point the
suspension bridge model describes the vibration of the vertical plane.

The mathematical model appears necessarily a precise description of the instability and the
structural behavior of suspension bridge under the action of the load which reveals its lifelong, the
nonlinear behavior of suspension bridge, which is by now well established, also plays a crucial
role in causing oscillations. The reliable model for suspension should be nonlinear and it should
have enough degrees of freedom to display torsional oscillations.

To motivate our work let us start with some works for example a single equation of
suspension bridge, Messaoudi et al [8] suggested the following problem:
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(utt (x,y,t) + Sut(x,y,t) + pA2u(x,y,t) — ffm g(t—s)A2u(x,y,s)ds + h(u) = f € Q% (0,T)

i u(0,y,t) = uxx(0,y,t) = 0 for (y,t) € (-L,L) x (0, +0)

{ u(m,y, t) = uxx(m,y,t) = 0 for (y,t) € (-L,L) x (0,4+0)

luyy(x, £L,t) + Suxx(x, L, t) =0 for (y,t) € (0,7) X (0,+o0)

| uyyy(x, L, t) + (2 — §)uxxy(x, +L,t) =0 for (y,t) € (0,1) x (0, +0)
u(x,y,0) = ul(x,y),ut(x,y,0) = ul(x,y) inQ

where d,u >0 are constants, u(x,y,t) is the vertical displacement of the plate in the downward
direction, h(u) is a restoring force due to hangers of the suspension bridge, f € L) is an external
force which also includes the gravity. The memory kernel g : IR, — IR, is an absolutely
continuous function which may blow up at 0. They gave a rigorous well-posedness result and
established the existence of a global attractor.

Recently, Lazer and McKenna [5] studied the nonlinear oscillation problems in suspension
bridge and presented a (one-dimensional) mathematical model for a suspension as a new problem
of nonlinear analysis where they modeled a suspension bridge as a rectangular plate since the
plate is perfectly correct and corresponds mechanically to a vibrating suspension bridge. Gazzola
[3] suggested an equation with linearized stretching term

Au-6Au=f in Q.
Here u = u(x;t) represents the vertical displacement of the plate, and f is an external force
including the gravity.
The plate is assumed to be suspended by its vertical edges
u(0,y) = ux(0,y) = u(m.y) = U(m.y) =0,
and the horizontal edges are free
Uyy(X,£l) + ug (X 1) = Uy (X,ED + (2 — o) Uyy(X,ED) — uy(x,£1) =0

forally € (-1,I) and all x € (0,z), where 0<o < is the Poisson ratio.
It is well known that Ma and Wang [7] presented the following nonlinear problem which
describes a vibrating beam equation coupled with a vibrating string equation

{ utt + auxxxx + §1ut + k(u — v) + fB(u) = hB(xt) x € [0 L]
vtt — Bvxx + 82vt — K(u — v) + fs(v) = hS(x t) x €[0L]
with the simply supported boundary-value conditions

u(0,t) = u(L,t) = u(0,t) = uy(L,t) =0, v(0,t) =v(L,t)=0t>7
such that

v_fu—v,ifu—v >0
(u-v) _{ 0,ifu—v<0

where k >0 denotes the spring constant of the ties, >0 and g >0 are the flexural rigidity of
the structure and coefficient of tensile strength of the cables, respectively

01, 0, >0 are constants, the forces term hg, hs € L2|0C(IR,L2(O,I)) the nonlinear functions fg(u),
fs(v) € CAIRR) represent the source terms.

They proved the existence of pullback D-attractors for the non-autonomous coupled
suspension bridge equations with suspended and clamped ends. Similar models have been studied
by several authors, we refer the readers to ([6],[9],[10]) and the references therein. For example

Jum-Ran Kang [4] investigated the long-time behavior of a solution to the following
thermoelastic suspension bridge equation with linear memory
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utt + ad2u—Aut+Ku+ [°u(s) A2u(t—s)ds+pAe

+f(u) = h(x) inQx (0,)
et—Ae—BAut—fomk(s) Ae (t—s)ds in QO x (0,)
such th at

(u_v)+:{u —v,ifu—-v >0
0,ifu—v<o0
where Q is a bounded domain in IR% Here « is the flexural rigidity of the structure, and 8 >0
provides connection between deflection and temperature and depends on mechanical and thermal
properties of the material. They showed the existence of a compact global attractor.
In [12] the authors suggested the following problem of suspension bridges:

@

Mutt + Eluxxxx — Huxx + % %IOLH(Z, t)dz = f(x,t) in (0,L) X (0,+)
[ vtt + Clvxxxx — (C2 + Hwl2)vxx +}l{_ % foL v(z,t)dz = g(x,t) on (0,L) x (0, +)

such that M,E,A,w,H,C,C, | and "I are well determined in [12], by using a continuous model
of the suspension bridge and by a quasi stationary approach, a simple formula of the combined
vertical/torsional flutter wind speed is given. A good agreement is obtained comparing the
predictions from the proposed formula with the flutter speeds of three modern suspension or cable
stayed bridges. A more slightly sophisticated and complicated string-beam model was suggested
by Lazer-McKenna [5]. They treated the cable as a vibrating string coupled with the vibrating
beam of the roadway by piecewise linear springs having a spring constant k if expanded, but no
restoring force if compressed. The sustaining cable is subject to some forcing term such as the
wind or the motions in the towers. This leads to the following system:

{utt —cluxx + 8lut —K1(u —v)+ = f(x,t) in(0,L) x IR+

vtt + c2uxxxx + 82ut + K2(u —v)+ = WO on (0,L) x IR+,
+_fu—v,ifu—v >0

such that (u-v) —{0, fu—v<o0

where v is the displacement from equilibrium of the cable and u is the displacement of the
beam, both measured in the downward direction. d;, J, are respectively positive constants and the
constants ¢; and c, represent the relative strengths of the cables and roadway respectively, whereas
K, and K; are the spring constants and satisfy K, < K;. The two damping terms can possibly be set
to 0, while f and W, are the forcing terms. They proved the existence and multiplicity of periodic
solutions of mathematical model of nonlinearly supported bending beams, and they showed also
some nonlinear behaviors as observed in large-amplitude flexings in suspension bridges.

In the present paper, we consider a plate model that better describes torsional oscillations in
suspension bridges, we consider a variant of (1), we add to the equation the term hy(u), hy(V)
which represent the restoring force due to the hangers of the suspension bridge, and a convolution
term which means that the stress at any instant t depends on the whole history of strains, here f;
and f, are a nonlinear source terms .

We omit the space variables x,y of u(x,y,t), o(x,y,t), u(x,y,t) and vy(x,y,t) and for simplicity
denote u(x,y,t) = u, o(x,y,t) = v, U(x,y,t) = u;and vy(x,y,t) = v, when no confusion arises also the
functions considered are all real valued, here u, = du(t)/dr, Uy = Pu(t)/or, v, = do(t)/dr and vy =
2o (t)/or.

We consider the modified suspension bridge problem
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o

Mutt + EI A2 u — H Au + ut — fo p1(s)A2 u(x,y,t —s)ds + h1(u) = f(x,t) in (0,L) X (0, +0)

10 vt + C1A2v — (C2 + HWOA2V + [I7 19(5)A2 v(x,y,t — s)ds + h2(v) = g(x, 1) 0 (0,1) X (0, +e0)

U(0,y,t) = uxx(0,y,t) = 0 for (y,t) in (=L,L) X (0, +o0)
U(0,y,t) = vxx(0,y,t) =0 for (y,t) in (—L,L) x (0, +o0)
U(m,y,t) = uxx(my,t) = 0 for (y,t)in (=L,L) X (0, +o0)
v(m,y,t) = vxx(m,y,t) = 0 for (y,t)in (=L, L) X (0, +) 2)
Uyy(x, =L, t) + o uxx(x, L, t) = 0 for (xt)in (0,1) X (0, +)
Vyy(x, 2L, t) + o uxx(x, +L,t) = 0 for (x,t) in (0,7) X (0, +0)
uyyy(x, L, t) + (2 — o)uxxy(x, +L,t) —uy (x,+L,t) =0 for (x,t) in (0, 1) X (0,+0)
vyyy(x, L, t) + (2 — o)vxxy(x, L, t) — vy (x, £L,t) = 0 for (x,t) in (0, ) X (0, +)
ux,y,t) = u0(x,y), ut(x,y,0) = ul(x,y) inQ
v(x,y,t) = vO(x,y),vt(x,y,0) = vi(x,y) inQ

where Q = (0,7) x (-11) €IR?, f.,f, € IL%(Q). The memory kernel 4;: IR* — IR*i = 1,2 is an
absolutely continuous function which may blow up at 0. A

We identify some parameters that arise in the equation (2) , for example x and y are the space
variables along the beam in the bounded domain Q.

e tdenotes the time variable.

e uand v denote respectively the vertical and torsional components of the oscillation of the
bridge.

e ut,vt represent the damping terms, the damping are produced by processes that dissipate
the energy stored in the oscillation.

e fl(x,y) and f2(xy) are the lift and the moment for unit girder length of the self-excited
forces

e h1(u) and h2(v) represent restoring force due to the hangers of the suspension bridge

e ul1(.), n2(.) represent the viscoelastic materials are a kind of materials that have the
properties of keeping past information (memories) and which will be used in the future.

e E and I are, respectively, the elastic modulus and the moment of inertia of the stiffening
girder so that El is the stiffness of the girder

e m denotes the mass per unit length

e |0 The polar moment of inertia of the girder section

e 2/ the roadway

e w=mg is the weight which produces a cable stress whose horizontal component is H,,

e Cland C2 are, respectively the warping and torsion.

Motivated by the previous works, in the present paper, it is interesting to analyze the
influence of the viscoelastic, source on the behavior of (2). Under suitable assumptions on the
functions w;i(.), fi(.,.)(i = 1.2), the initial data and the parameters in the equations, to the best of our
knowledge, there are no results concerning coupled suspension bridge in the presence of
memories terms and more general form of source terms, we establish several results concerning
existence and regularity of global attractor.

The scope of this paper is as follows: In Section 2, we give some preliminaries and main
result. In Section 3, we prove the existence of global attractor, firstly, we prove the existence of
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an absorbing set, then, establish the smoothness . In Section 4, we verify the regularity of global
attractors.

2. MAIN RESULT

For simplicity, one denotem=E=1=w=H,=1,C;=1and C2=¢ :%
Now, we present the following conditions about memory kernel
Assumption (H)
i) pl,p2 €C1(0,+00)NL1(0,+0)
ni(s) <0 < pl(s), Vs € (0,+c0)
pZ.(s) <0< p2(s), Vs € (0, +)

(ii) 11=1-["p1(s)ds =1~ uo>0, Vs € (0,400) ;
12=1 —[° u2(s)ds =1 - o >0, Vs € (0,4) ;
(i) p1(s) +dul(s)<0, Vs € (0,+w), 6>0,
n2(s) +du2(s) <0, Vs € (0,+w), &>0,

Assumption (G)

Concerning the forcing term h;: IR — IR, i=1,2, we assume that

() :h(0) =0, |hj(u) —hi@[<Ko(L+uP+[af)u—u]  Vu TE (0,+)
where 6 >0 and p >0. The condition p >0 implies that such that

e >s, i=12
s —_— ) 2

Ihir(s)l =0 i=12 (4)
. ’ ’

lim‘s‘_,oo Lnf

limygj0 SUP
Where 0<P <o
As in Dafermos [2], we introduce the relative displacement past history functions as
{cblt(x, y,s) =u(x,y,t) —u(x,y,t—s), Vs=0
$2t(x,v,58) = u(x,y,t) —u(x,y,t—s), vs>0
Then
(d1t(x,y,8) + p1s(x,y,s) —ut =0,$p1(x,y,0) =0
$10(x,y,s) = u0(x;y) —u(xy, —s) = wi(s)
d2(x,y,s) + d1s(x,y,s) — Vt = 0,02(x,y,0) = 0 (6)
Ik $20(%,y,s) =VO(x,y) — V(x,y,—s) = w2(s)

®)

where wl,w2 represents the history of u, v. Consequently, the problem equivalent to
(utt + fos pl(s)ds)A2u—Au+ut+ fow u1(s) A2 ¢1t(x,y,s)ds + h1(s) = f1(x,y) in Q X (0, )
int + fos p2(s)ds)A2V—AV + Vt+ fom u2(s) A2 $2t(x,y,s)ds + h2(s) = f1(x,y) in Q X (0, ) )
o1t(x,y,s) + ¢ls(x,y,s) —Vt =0
o1t(x,y,s) + pls(x,y,s) —Vt =0
with the boundary conditions
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u(0,y,t) = uxx(0,y,t) = 0, for (y,t) € (—L; L) x (0, )
u(0,y,t) = Vxx(0,y,t) = 0, for (y,t) € (—L,L) x (0, )
u(m,y, t) = uxx(m,y,t) = 0, for (y,t) € (=L, L) x (0, 0)
V(r,y,t) =Vxx(m,y,t) = 0,for (y,t) € (—L,L) x (0, )
uyy(x, £L,t) + duxx(x,+L,t) = 0 for (x,t) € (0, 1) X (0,00)
Vyy(x, £L,t) + 6Vxx(x, +L,t) = 0 for (x,t) € (0, 1) X (0, 0)
uyyyy(x, L, t) + (2 — H)uxxy(x, L, t) —uy(x, +L,t) = 0for (x,t) € (0, 1) x (0, )
Vyyyy(x,£L,t) + (2 — §)Vxxy(x, £L,t) — Vy(x, L, t) = Ofor (x,t) € (0, ) % (0, )
$1(0,y,s) = d1xx(0,y,s) =0, for (y,s) € (—L,L) x (0,)
$2(0,y,s) = $2xx(0,y,s) =0, for (y,s) € (—L,L) x (0,)
d1(m,y,s) = dlxx(m,y,s) =0, for (y,s) € (—L,L) x (0, )
$2(m,y,s) = d2xx(m,y,s) =0, for (y,s) € (—L,L) x (0,)
&1yy(0,+L,5) + dlxx(x,+L,s) =0, for (y,s) € (0,7) x (0,)
&2yy(0,%L,s) + §b2xx(x, +L,s) =0, for (x,s) € (0,7) X (0, )
$1yyy(0,£L,s) + (2 — 8)dblxxy(x, £L,s) = 0 — dly(x,+L,t) =0 for (y,s) € (0,m) X (0,0)
&2yyy(0,£L,s) + (2 — 8)d2xxy(x, £L,s) = 0 — db2y(x, £L,t) = 0 for (y,s) € (0,7)

®)

and initial conditions given by
(u(x, y,0) = u0(x,y),ut(x,y,0) = ul(x,y) in Q
i V(x,y,0) = VO(x,y), Vt(x,y,0) = V1(x,y),in Q ©)
$10(%,y,s) =u0(x,y) — u(x,y,—s),in Q x (0, )
$20(x,y,s) = VO(x,y) — V(x,y,—s),in Q x (0, o)
We will use the standard functional space and denote (.,.) be a L2(€2)- inner product and II.llp

be Lp(Q) norm. Especially, we take
H=V0=12(Q), V=VI=V2=H2*Q)

with
H2 #(Q) ={Z€H2(Q), =0 on {0z} x{-L,L}

equipped with the inner product and norm respectively
(u,v) = (Au,Av), lulv = 1lAul2
Define
D(A)={u,v € H4(Q) N H2 +(Q), (8) hold }
such that, Au = A2u, and equip this space with the inner product (Au, Av), and the norm
IAul2=(Au, Au). We have the following continuous dense injections
D(A) cVc H=H*c V*

are the dual spaces of H, V respectively.

Where Hxand V*
$2 as new variables and we introduce the

We consider the relative displacement ¢1 ,

weighted IL?-space as follows
L2(R", Vi)={gi: R* - Vi / [[* pi(s)Ii(s)12ds< oo i=1,2}

which is a Hilbert space endowed with the inner product and norm
U], HTEVE))y dr
halvi=f, pi()E)Pyidr, i=1,2

espectively, where V3;=D(A?). Finally, we introduce the following Hilbert spaces

HO=V %V x H x H x Ly (R': V)X Lo(R™; V)
H1=D(A) x D(A) x V x V x L2 (IR*;D(A)) x L2,5(IR";D(A)),

equipped with the norms
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1U,V,Ut, 1,020 1= AULHAVIL> Ut 2+ Vtl,2Hd 1 1,>+g2l,
and
1U,V,Ut,$1,§2l0= IAUL*HAVIHAUtL*HAVH, H Ly pay™ 19212 peay’
We will assume a Poincare” inequality
Tl vl,2< +IAvl,> vV vEV

where T denotes the first eigenvalue of A% =t v in Q.

Using the semigroup theory (see [11]) we can conclude the following theorem
Theorem 2.1 Assume that assumption (H) hold and f1,f2 € L%€2). Then the problem (7) — (9) has
a weak solution (u,v,ut,\vt, $1 , $2) € C([0,T],H0) with the initial data (up,vo,Us,V1, 1, $2) EH,
satisfying

(u,v)€ L(0,T; V); (ut,vt)e L*(0,T; V); ¢i € L*(0,T; LMZ(R*;V)), i=1,2

and the mapping {u0, v0, ul, v1, $10, $20} — {u(t),v(t),u(t),ve(t),9",9™} is continuous in
Ho. In addition, if z"(t) = (u"(t),v"(t),u"t (t),vt"(t), ") is a weak solution of the problem (7) — (9)
corresponding to the initial data
Z"(0)=(ug", Vo", u", v;", §o") , then one has

1Z3(t) = Zo(t)lo < € 124(0) — Z5(0) o, te[0,T],

for some constant ¢ > 0.

The well-posedness of the problem (7) — (9) implies that the family of operators S(t) : Hy —
Hg defined by

S(t)(Ug,Vo,Us,vy, 10, $20) = (u v ,ut vt, 1t, d2t), t>0,

where (u v ,ut ,vt, d1t, d2t) is the unique weak solution of the problem (7) — (9), satisfies the
semigroup properties and defines a nonlinear Cy-semigroup, which is locally Lipschitz continuous
on Hy.

Now, we recall some basic definitions and theorems concerning a global attractor.
Definition 2.1 A dynamical system (H,S(t)) is dissipative if it possesses a bounded absorbing set,
that is, a bounded set B c H such that for any bounded set B c H there exists tg > 0 satisfying

S(BC B, V t>tg.

Definition 2.2 [10] Let X be Banach space and B a bounded subset of X. We call a function @(.,.)

which is defined on X xX a contractive function on B xB if for any sequence {X,}ncn < B, there
is a subsequence {Xntken S {Xntnen , Such that

limy 00 1500 @(xnk, xnl) = 0. (10)
Denote all such contractive functions on B x B by C.

Definition 2.3 [10] Let {S(t)}0 be semigroup on a Banach space (X,I.l) that has a bounded
absorbing set B,. Moreover, assume that for € > 0 there exist T=T(By, € ) and ®T (.,.) < C(Bg)
such that
IS(Mx-S(Myl< € + d1(xy), ¥V (x,y) € By
where ®T depends on T. Then {S(t)}.»0 is asymptotically compact in X, i.e , for any bounded
sequence {Yn}nen € X and {t,} with t,—> oo {S(t.)Yn}nen IS precompactin X.

Theorem 2.2 [6] A dissipative dynamical system (H, S(t)) has a compact global attractor if and
only if it is asymptotically smooth.
Our main result is the following:
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Theorem 2.3 Assume that assumptions (H) , (G) hold and h1,h2 € CY(IR,IR), f1,f2 € L), then
the dynamical system (Ho, S(t)) corresponding to the system (7) — (9) has a compact global
attractor AcH,, which attracts any bounded set in Ho with I.1,4q.

3. GLOBAL ATTRACTOR IN Hy

In this section, we would like to prove Theorem 2.3 by showing that the dynamical system
(Ho, S(t)) is dissipative, and verify the asymptotic compactness. Therefore, we get the existence of
compact global attractor by Theorem 2.2.

3.1. Existing of absorbing set

We formally take the scalar product in H of the first equation of (7) with ¢= ut + 6u and the
second w = vr+6v after a computation we find
%%(H(p|\22+IIWII22+I1I\AuH22+|2|IAVH22+IIV ul,2HV vi,?
+2 [H1(V)dx +2 [H2(V)dx — 2 [ f1(x,y)dx
-2 [ f1(x,y)dx) +O 1; 1Aul,?+ © 1, IAvI,? + IV ul,? (11)
+ OIV vl,+(1 — 6)(ut, @)+ +(1 — 8)(vt, p)+(dpl,ut),, v
P2, vt O(P2,vt),v + 6 [h1(Wudx+ © [h2(v)v dx
=2 [f1(x,y)udx -2 [ f2(x,y)vdx

Exploiting (H) and Hélder inequality, we have

(1-60)ut.g) = (1 = O)lgly? ~0(1 = O)(u, ),
- B)(vt,w) = (1 — Olwl,>~6(1 — 6)(v , w),

And
@LuD=(@1. G1+d19)= 3 1B+ )7 m(S)(FL(S), $15(5)v d
= %%nq)lnz%% I wi(s) % I¢1(s)1,2ds
= 21117 f”'ui(s) % 161 (s)12ds (12)

> 1 22191142 [ () 1g1(sds= T <1911 1p1(5)2

@23 3 i 1521574 19217

0(p1,u)=> n<1>1n2 G- 0
0($2,v)y=> Tn<1>2n2
We choose 6 small enough, such that

1Aul,? (13)

ﬂ 1AV H2

1-%-2%2 1-0, (3-0= 2 1-@-2—"{2 1-0, (2-02 2
hence, we conclude from Hélder, Young and Poincaré inequalities
011 (1-5=22) 1aul?+(1-0) lpl? 9(1 0)(u, )
> g(1-&= “’ QO JAul,2+(1-0) Tgl,? -5 18uly” gl
> g(1-% “) A0y JAul2+(1-0) Tgly>( 7 18ul+ 2 lpl?) (14)
+(2-9 ||(p||2

2011 18ul*+ 7 Il
Analogously
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@12(1-%) IAVI2+(1-0 ) Iwl,?-0(1-6)(v,w) =012 HAVI|22+i|IwH22 (15)
Combining (12) and (15), we have

%%(n<pn22+||wu22+11 1AULH121AVIHIV ul,2HV vI2H G 1,5+ 21,°

2 [H1(V)dx +2 [H2(V)dx — 2 [ f1(x,y)dx-2 [ f1(x,y)dx)

+§ |\(p|\22+% Iwl,?+2 0 11 (1-0) 1Aul,?++2 0 11 (1-6 ) 1Avl,?

42 018ul;>+2 018012 +2 1911242 1921, (16)

+2 6 [h1(Wudx+ 26 [h2(v)vdx
=2 [f1(x,y)udx -2 [ f2(x,y)vdx <0

Put
Op=min{ 2 0 11((1- 0)-—) 2012((1- 0)-—) = —}
Let
E@®)= lpl2+ Iwl 2+ 1Aul, >+ LIAVE2HY ul,> IV vi> I 11,2 +H d 21,2
2 [H1(Wdx +2 [H2(v)dx —2 [ f1(x,y)udx -2 [ f1(x, y)vdx a7
And
)= I+ Iwl >+ 1 Aul, 2+ LIAVE2HY ul,>+HV vl 11,2 H b 21,2
2 [R1(wdx +2 [h2(v)dx — 2 [ f1(x,y)udx -2 [ f1(x, y)vdx (18)
We have
%E(t) +6,l)< 0 (19)

which implies that

E()<- 6of, 1(§)ds + E(0) (20)
Hence

E(0)= lul+6 u0l,2+ lul+Ov0l2+ Iwl,>+121Au0l,2+ 11Av0l,>+IVu0l,2HVvO0l,+d 1 01,2+ p 201,
+2 [H1(u0)dx +2f H2(v0)dx — 2 [ f1(x, y)u0dx —2 [ f1(x, y)v0dx

Noticing that (4) and (17) — (18), and using the compact Sobolev embedding theorem we get
Et)> llgll,2+ liwll,2+(11-222 “29 ) lAull, +(|1-€+29 ) I1AVIL,2
+||Vu||22++||VV||22+||c]>1IIZ +||<1>2||2 (21)
Similarly

§+ze §+ze

I(t)= ||(p||2 + llwll,? +(|1- ) lAull,? +(I1- ) lAv Il,2
+IVull,2++1Vvll,2 +II¢1||2 +||<1>2I|2 (22)
where

:-3 IFLIP+(I£212 +2K 119, therefore §+—2€’< 11, and 0< Bp< (12
2§ 2

E+§e < I1,and 0< B< 5(12--) we have

1. E+20

L1-=>0 (23)

£+20

L2-22> 0 (24)

And
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E(t)= llpll,>+ w2+ IAull,?+ I Av,? (25)
+HIVull,?++IVvi 2+ 12+ 21,2 —M
1) llll,2+ llwll, +(|1-E+29 ) IAull, +(|1-E+29 ) I1AvIL? (26)

+I7ull,++1Vvil? +||c1>1||2 +lp21,2—
So, we deduce from (25)- (26) and (20) that
Ca(ll+ 1wl 2+ AUl 2IAVEL>HVul,>H Vvl >Hd 11,2
+Hp21,2-M;) < 6 fot (Iply? + Iwl 2+ 1IAul>H21AvI, >V ul,? 27)
Vvl 11,2 H b 21,2-M)dt+E(0)
Thus, for any 8% > =, there exists t0=ty(B), such that
lp(t0)l,2+ Iw(t0)l, >+ 11Au (t0)1+121Av(t0)l,+HVu(t0)l,? (28)
HVV(t0) 1>+ 1 (t0) 2+ 2 (t0)1, < &2

And we end up to
Lemma 3.1 Assume that assumptions (H) and (G) hold and h1,h2 € CX(IR,IR), f1,f2€ L*(Q), then
the ball of Hy, Bg = Byo(0,p1), centered at 0 of radius py, is an absorbing set in Hy for the group
S(t). For any bounded subset B in Hy, S(t)B c Bq for t > tq, there exists a positive constant p, > p;
such that vt > t, we have

ll,?+ IwWl2H Auly>HAVIHVuL2HV v+ b 1,5+dp 21,2 < §2 (29)
3.2. Attractor

First, we prove the following important Lemma:
Lemma 3.2 Under the hypotheses of Theorem 2.3, there exists a constant p; > & , such that

ll,?+ w2+ VAUl VAV, 2HVut 1,2

HYVtL>HO L2122 < ps ViE=>t0 (30)
Proof. Multiplying (7); by —A¢ = —Aut—6Au, and (7), by —Ay = —Avt —6Av and integrating over Q,
we get

Proof. Multiplying (7), by —A¢ = —Aut—6Au, and (7), by —Ay = —Avt—6Av and integrating over Q,
we get
%%(I\AuI\ZZHIAvIIZZHI IVAul,2H2IVAVI,*+HV¢ 1,2HViI,?)
+0 11IVAul,>+ 6 12IVAvI,>+ OlAul,*+OI1AvI2+(1-6)(ut ,- Au )
+(1-0)(vt ,- AV )H(01, Ut)p(ad) + © (91, U)p(ad) (02, VE)p(ad) (31)
+(92, V)pan=(h1(u)-f1, Ag ) =(h2(v)-f1, A v)
Similar to previous estimates, we see that
- 6)(ut ,—A¢) = (1 — O)IVcl,2—6(1 — 6)(Vu, V),
- O)(vt ,—Ap) = (1 — O)IVyl,>—6(1 — 6)(Vv, V),

And
1d 8
((1)1, Ut)D(A%) > Ea“(l)l" D(A%) + 2 lutl D(A%)
1d 8
((1)2 Vt)D(AS) > -—||¢2|| D(As) + E Ivtl D(A%)
0 (01, U)o = =191l pady ~ S22 VA2
(1- 12) e 2
(S) (¢2, V)D(AZ) > T H<|)2H D(AE) - HVAV"Z
We have
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G208 1aul,? +(1- ©) IV 1% 6(1- 8)(Vu, Vo)

> ©(1-0) IVAul,? +§) IVg 1,2

and
(1-12)e
5

IVAVI,? +(1- ©) IV 3 1,2- ©(1- 8)(VV, V )
> O(1-0) IVAvl, +§) IV 1,2
Then we get from (31)

%%(I\AuI\ZZJrIIAvIIZZHI IVAUl,>+12IVAVE, IV 1,2
HYPI 1911 pady+ 1921 pad) )
+06 (1-0)11IVAul,?+ © (1-9)12HVAVII22+%||Vg||22+%IIVz/)||22 (32)
+ OlAul,OIAVE + 1911 pady+ 1921 pad)
<(h1(u)-f1, A¢ )+ (h2(v)-f1, A y)
Similarly, exploiting the bound  lul,?2 < ¢ , Ivl,?> < ¢ which implies that

Il <c, Ih2@lli<c
(h1(u)-f1, A ut+OAu)

< (12 + IFUA(IA utl? + 1Aul,? )< € (33)

(h2(u)-f2, A vt+OA v)

< (1h2()2 HF21,%) (1A vtl,? +HAvl? )< € (34)
So, .. have

%%(I\Aul\zz-s-lmvllzzﬂl IVAul,2+2IVAVI,?+IV¢l,2
HYPI 1911 pady+ 1921 pad) )
+26 (1-6)11IVAul,*+2 6 (l-8)12HVAVII22+%HV4;H22+%HVt/) 1,2 (35)
+2 O1Aul,>201AvE? +2 111 pudy+ = 1021 piady < 4C

Thus, denote

F(t)= (IAul,*HAVEL TV AUl H2IVAVEHTg LHY P12+ 1011 padyt 1021 pady)
We deduce easily that
L) +0, F()< €
Where ©0 =min {2 © 11(1-6), 2 © 12(1-0), % , g } and C = 4c. By Gronwall lemma , we get

F()< exp (0o F(0)+ =
Using the fact that
F(O)= 18uth,HAVEL*HVAulHVAVE+ 1011 pady+ 1621 peady )

we obtain (30).

We present important lemmas to prove Theorem 2.3.
Lemma 3.3 (Stabilizability inequality) Under the hypotheses of Theorem 2.3, given a bounded set
B c Hy, let z1= (u, v, ut, vt, ¢1, ¢2) and z2 = (u, v, ut , v¢, &1, £1) be two weak solutions of
problem (7) — (9) such that z,(0) = (u0 , vO, ul, v1, $110, $220) and z,(0) = (w0 v0,ul, v 1,
€110, £220) are in B. Then, for all t > 0, we have
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”Zl(t) ZZ(t)"HO < eXp ( Vt) [ 21(0) ZZ(O)||H0+C3 f exp ( U(t - S))
(Tu(s)—u(s) lyp-1yt V(S)=V (S)lap+1))ds
where v >0 is a small constant and p, C; are positive constants.

(36)

Proof. Let us fix a bounded set B c Hy. We setw =u -z ,V=v -7 and { = ¢1 &1, p = $2-&2 .

Then (w, {) and (V, p) satisfy

(wtt + 1102w — Aw + wt+ [J pl(s)A2 {t(s)ds + h1(u) - hl(w) =
Vtt + 1102V — AV + Ve + [7 pl(s)A2 pt(s)ds + h2(w) - h2(i) =

L(tz—(s+wt
pt=—ps+Vt

With initial condition
W(0)=u(0)-%(0), wt(0)=ul-ul, {(0)= ¢#10-¢10
V(0)=v(0)-1(0), Vt(0)=V1-V1, p(0)=¢20- £20

@37

We take the scalar product in H of (37), with { = w;+ 6w, and (37), with w = Vt+ 61, we get
%%(11 IAWLAH2IAVI2HE L2 Hpl,? HIVWILZHTY 1, +011IAul>H+O1R2IAVIL+OIVY 1,2+(1-0)(wt, &)

+H(L-0)(VL, y)+(Ct, why +O (Ct, whvH(pt, VOO (pt, wi)y
+(h1(w) - h1(w), O)+(h2(V) - h2(V), v )=0
The same as the previous calculations
(1-0)(wt, O)=(1- ©) I{1,>6(1- ©) (W, {)
(1-©)(Vt, ) =(1- ©) kpl,*-6(1- ©) (V, )
O ((t Wiy 25 11+ Il

1d 2.8 2
O (pt, Vijy= S5 lpl+3 Vel

And
0 ((t wv= = 1t 20 1Al
0 (pt, V)y=> ‘—4 Iptl+E=22 1AV
So, we have
olL(1 — S22 1awl? +(1-0) | guz o(1-6) (w, )
> 011 (1-0) lAwl,+2 I¢1;2
ol2(1 - &= '2)9)||AV||2 +(1-0) ||1/)H2 -6(1-0) (V, v)

= 612 (1-6) IAV1,? +E 11,2
Then, we have
%%(ll||AW|\22+12|\AV||22+H{||22+H1,[)H22+||VW L>HIVV 1L,2H 2 Hpl,%)
+611 (1-0) IAwl,>+ 811 (1 — 8) IVV Il,2+ i 1712+ i ICtl,%+ g Ipl,?
< h1(w) - h1(@), O+(h2(V) - h2(V), w)
And
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- [(h1(w) - h1(@))(wt+Ow)dxl
< K/, (+ulP+HvP) Iwliwt+Owldx
<Ky QI+ ulypany™ Wlapen)®) IWlpgpeny (1wl + © Iwly* ) (40)
< (KC+ 0) Iwl? +2 15)y?

By the same technique , we get
- [,(R2(V) - R2(7))(VE+OV)dxl < (KC+©) IVI, +§ Iyl (41)

We have used the fact that Iwtl,>=IC-Owl,? , that IVtl,?=l y -OVI,> and ¢>0 is an embedding
constant for LZP*D(Q)— L%(Q). Integrating (37), we get from (39) — (41)
%(11||Aw|\22+12|\AV||22+I\(||22+H1/)HZZ-HIVW LIV 12HE 2+ ptl,)
+611 (1-6) IAwl, >+ 2611 (1 — 8) IVV Il,2+( % - §)||z||22+( % - §)||¢u22 (42)
2019w 144201V 1,242 17t 421 ptl?
| < (KC+ ©) IWlypany+ (KC+ ©) IVlypis

Choosing © small enough, such that

20(1-0) >0, (5-9>0
Here
E(t)= HIAWIH2IAVEHIZ L2 HYL2HTW 12HVY 125+t ptly?
Hence
SEMHVLEWDS C(IWhpaay™ Vlypis?)

Where vi=min {+26 (1-6),(5—2), 3} and C=KC+© which implies that

E(t)< exp(-V1 . t)E(0)+C( fot exp(—V1(t — $))W lypeny” HV lyer)))ds
Invoking the fact that E(t)= 1z, (t)—zx(t)lo , We easly obtain (36).

Lemma 3.4 (Asymptotic smoothness) Under assumptions of Theorem 2.3, the dynamical system
(Ho, S(t)) corresponding to problem (7) — (9) is asymptotically smooth.

Proof. Let B be a bounded subset of H, positively invariant with respect to S(t). Denote by C
several positive constants that are dependent on B but not on t. For ( 210, Z20) € B , S(t)
Z10=(U, Ut, ¢,) and S(t) Z20=(V, Vt, &) are the solutions of (7) — (9). Then given e > 0 from
inequality (41), we can choose T >0 such that
IS(t)210-S(t)Z220l o< € + C fOT (u(s) — T(S) lageny> IV (5) — V(8) lpgpeny?) *ds (43)
where Cg >0 is a constant which depends only on the size of B. The condition p >0 implies
that 2<2(p + 1)<oo. Taking a = i(l —pﬁ) and applying Gagliardo-Nirenberg interpolation
inequality, we have

Tu(t) = A(t) lppery” < ClAU(E) = TH) bagpeay 2 1 u(t) = G(H) lapey
WV () = V(1) bypeny® < CLAV(£) = V(1) bypery 21V () = V(1) bapery

Since IAwl,and IAVI,? are uniformly bounded, there exists a constant C>0 such that
lu(t) — W(thyper)’ < Clult) — m(t) PO (44)
WV () = V(1) lppeny? < CLV(£) — T (t) PP (45)
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Then, from (43) and (44) — (45) we obtain
IS(t)Z210-S(t)Z20l4o < € +¢T(Z10, Z20)
With
$T(210,220) S €+ C ] (tu(s) = W) OHV (5) = V(S) lygpeny**Vds) Y2

The following proof ®T € C namely ®T satisfies (10). Indeed, give a sequence Zn0=(UOn,
Uln, ¢0n) € B, let us write S(t)(Zn0)==(Un, Unt, ¢nt) is uniformly bounded in Hy. On the
other hand,(Un,Unt) is bounded in C([0,T],V x H),T >0. By the compact embedding V c H, the
Aubin lemma implies that there exists a subsequence (u™) that converges strongly in C([0,T],H).
Therefore ,

liMk oo ¢ o0 fy 1UNKCS) = UnL(8)lypeyy®™ VK (s) — VRL(S) lppary™™Vds =0

This completes the proof.
4. THE REGULARITY
Our main result is the following theorem

Theorem 4.1 Under assumptions of Theorem 2.3, then the global attractor A is a bounded subset
H,.

4.1. The semigroup decomposition

We fix a bounded set B « HO and for Z = (U0, U1, ¢0) € B, we decompose the solution S(t)Z

= (U, Ut, ¢) of problem (7) — (9) into the sum
S()Z = D(t)Z + K(t)Z,
where
D(t)Zz=z1(t), K(t)Z=Z(1),
and
z=(U, Ut, ¢) =Z1+ Z2,
furthermore,
U=w+w, V= v+y, #1=(r+ &1t #2= pt+ £2t
1=V, vt, &), 22=(w, wt, &),
where Z(t) satisfies

wtt + 112 w— AW + wt+ [ pl(s)A2 {t(s)ds = 0

Ot + 1202 5— AV +0t+ [ pl(s)A2pt(s)ds = 0 (46)
(t=—(s+wt
pt=—ps+ vt
wtt + 11A2 w— Aw + wt+ [° p1(s)A2 {t(s)ds = 0

vtt + 1202 v— Av +vt+ fos ul(s)A2 pt(s)ds = 0 47)
it =—0s+wt
pt=—ps+vt

The well-posedness of the problem (46) and (47) can be obtained by Faedo-Galerkin methods.
Combining with the previous estimate about the solution Z1(t) of equation (46) we obtain the
exponential decay of D(t)Z
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Lemma 4.1 Under assumptions of Theorem 2.3, there exists a constant K> 0, such that the
solution of (46) satisfies
ID(t)Zlo” < Cexp(-k.t)
where C is a constant.

About the solution of equation (47), we have the next result that provides the boundedness of
K(t)z in a more regular space.

Lemma 4.2 Under the assumptions of Theorem 2.3, there exists a constant N >0 such that the
solution of (47) satisfies

IK(£)ZI%; °< Cexp(-k.t)
Proof. Taking the scalar product in H of (47); with Al = Awt+84w and (47), with Ay = AVt+047,
we obtain

%(11 AW >+H2IAVI>HAZ L AP L2V AW >+HIVAV1,%)
4611 1Awl,?+ 812 IVVIL,2+0IVAWI,*+BIVAVI,2+(1-0)(wt, Aw)
+(1-0)(Vt, Aw)+(ELt, wh+(E2t, Vi)y+ © (E1t, W)p(a) (48)
+0 (82t , V)paythl(u), AD+(h2(V), Ay)
=(f1, ADH({2, Ay)
It is the same as the previous estimate
(1-6)(wt, AD=(1- ©) 1AL sz-e(l- 0) (Aw, £)
(1-6)(Vt, Ay) =(1- e) 1A 1,2 9(1 0) (AV, y)
1d
(clt, Wt)D(A)> Ea "€1t"D(A) +— HWtHD(A)
({2t Vo> 3 H(ZtHD(A)2+§ IVElpea?

And
2 (4~ “) % 1awl,?

14V,

(S} ((11: W)D(A)> "(1t"D(A)

0 (42t Vo= = 102tlpge = 12)9

We find from (48)

%(11 AW >+H2IAVI>HAZ L2 H AP L2HVAWL>HIVAV 1,V AL

+ 101 tlp ¢ 2tlp’

H(1-ED2) 1wl (1-5522) 14VI? +(1-0) IA71+(1-0) 1Al (49)
gua t||D(A)2+§ 1{2tIp(a)’- O(1- ©)(AW,0)- ©(1- O)(AV, )

(h1(w), AQ+ (h2(V), Ay)
=(f1, AQ+(f2, Ay)

Furthemore
011 (1-552%) ||AW||2 +(1- ©)) 1AZ1,% O(1- ©)(Aw , {)
> Ol1 (1- 0) lAwl, >+ 1AJ1;? (50)
ol2 (1522 IIAVIIZ +(1- ©) ) 1Ayl O(1- O)AV , y) (1)

> ol1 (1- ©) 1AVI1? +Z 1Ay,

By Lemma 3.1 and the Sobolev embedding theorem we know that hi(u) and /’i(u) are uniformly
bounded in IL™ that there exists a constant M >0, such that

[hi(u) <M and]h’(u)] < M.
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Combining with the Hélder, Young, Cauchy and (29), (30), it follows that

(h1(w), AQ)
=< (h1(u), Aw)+6 (hl(u), Aw)

i(hl(u) Aw)+O (h1(u), Aw)
(hl(u) Aw)+0O (h1(u), Aw)- O (h’1(u)ut, Aw)

2Zi(hl(u) Aw)+0 (h1(u), Aw)- [, © h’1(u) lutl IAwldx (52)
> < (h1(), Aw)+0 (hl(w), Aw)-MI1 IAwl,*
= ,ft (h1(w), AW)+O (h1(u), Aw)— 9—“ 1Awl,? BM_I‘;
Analogously
(h2(V), A) = < (h2(V), AVI6 (h2(V), AV)— 22 14VI,%- 225 (53)
(F1. AD= (f1, AWHHOAW) == (1, AW)+O (f1, Aw) (54)
(f2, Ap)= (£1, AVEHOAV) =< (12, AV+O (2, AV) (55)

Thus, collecting (50) — (55) from (49) yields

%(11 AW 2H2IAVI AL L2 AP L2HVAWLHIVAV LIV A2
+ 101ty 102ty + 2(h1(w), AQ+2 (h2(V), AV)
-(f1, Aw)+(f2, AV)+211 (e(l-e)-ze) 1Awl,?
212 (e(l-e)-xe) I\AVI|22+%HACH22+%HA1/;H22+28IIVAVII22+26HVAwH22 (56)
A1t 2t 2 © (1, Aw)-2 © (12, AV)
M¢ | MYL

< =
el1 o112

Taking ©g=min{ 26(1-6)-%,6, g ,%} we can obtain from (56)

i(11||Aw||22+12||Av||22+uA(||22+HA¢||22+HVAWuzz+||vm/u22+||vmp||22)

+ 101 tIpgay > +1¢ 2ty + 2(h1(u), Aw)+2 (h2(V), AV) (57)
-2(fL, Aw)-2(2, AV) 116, AW+ 12 TAV LA TAZ1,2H Al

HVAWIHVAV 12

Me M2

6l1 612

On the other hand, by the Hdder inequality, the Sobolev embedding theorem and (29), it
follows that

4 Aw+ \/%AV+ \/%hl(u)+ \/%hZ(V)IIZZ

2, i W 1w hutldx == [, h2(V) | 1V IVt dx (58)
d, |11 12 2 2 2 4ME 4M?

> all\/;Aw+ \/;AV+ \/;hl(u)+ \/%hz(v)"Z_ﬁ'eT

d 11

S 1AWL-2(f1, Aw))= T \f Aw- \f f11,2 (59)

SEIAVI-2(f2, AV))= 1 \E AV- \/é £21,2 (60)
Therefore, integrating with (58), we get from (57)
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d 1 2 _d, 1 2 2 2
G 1AW -2(f1, Aw))= \/;Aw- \Efl- \E f2l,
A1 H A ILPHV AW HVAV 1P+ 1ty >+ 2t Ipa)” (61)

+9, | \/gAW+ \/%AV- \/%fl- \/% fo+ \/%hl(u)+ \/%hZ(V)HZZS c

Where C>0
Applying the Gronwell lemma, there exists a constant N such that

AW H AV HAWE L, HAV 2T 1t pay >+ 2tIpay” < N
Completion of the proof of Theorem 4.1

By collecting Lemma 4.1 and Lemma 4.2, we get (U0,V0, U1, V1, 410, 420) € H1 and
AW H AV HAWE LAV 2+ 1l a1 2tIpay” < N
As u(t,x) satisfies (7) — (9) with initial data (UO,V0, U1, V1, ¢10, $20), we easily obtain
I(UO,VO, U1, V1, ¢10, $20)lo< N

Thus A is a bounded subset of H1.
Which completes the proof.
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