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ABSTRACT

In this paper, using the Holder-Iscan and improved power-mean integral inequalities together with an identity,
we obtain new estimates on generalization of Hadamard and Simpson type inequalities for multiplicatively
harmonically P-functions. The obtained results are compared with the previous ones.
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1. INTRODUCTION

Let real function f be defined on some nonempty interval I of the real line R. The function f
is said to be convex on interval I if the following inequality

fix+ A =0y) <tf(x)+ 1A -Of ()
holds for all x,y € I and t € [0,1].
The following inequalities are well known in the literature as Hermite-Hadamard inequality
[2] and Simpson inequality [1] respectively:
Theorem 1. Let f:1 € R — R be a convex function defined on the interval I and a,b € I. The
following double inequality holds
a+b 1 b f@)+f(®)
F(57) S 5 fe FGodx < HETE,
Theorem 2. Let f: [a, b] - R be a four times continuously differentiable mapping on (a, b) and
lF®] = sup [f®(x)| < co. Then the following inequality holds:
® x€(a,b)

s[5 27 (452)] - 5 o F x| < g Pl - @)
Let H = H(a,b) = 2ab/(a + b), G = G(a,b) = Vab, L = L(a,b) = (b — a)/(Inb — Ina),

a+b

I=1I(a,b) = (1/e)(b?/a®)/P~2) A= A(a,b) = = A =Aab:=2+(1-Dare
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)p, p € R\{—1,0}, be the geometric, logarithmic, identric,

ppH1_gp+1

[0,1] and Lp = Lp(a,b) = (m
arithmetic, weighted arithmetic and p-logarithmic means of a and b, respectively. Then
min{a,b} < H< G <L <I <A< max{a,b}.

In [3], S.S. Dragomir et.al. defined the following new class of functions.
Definition 1. We recall that a function f:I ¢ R — R is said to be P-function on I or belong to
the class P(I) if it is nonnegative and,

fitx+ (A =-Dy) < f() +f(¥)

for all x,y €I and t € [0,1]. Note that P(I) contains all nonnegative convex and quasi-

convex functions [1].

Example 1. [11] A non-negative function f:1 — R is called trigonometrically convex function on
interval [a, b], if for each x,y € [a,b] and t € [0,1],

fx+ (1 -0y < (sin%t) flx)+ (COS %t)f(y).

Clearly, if f(x) is a nonnegative function, then every trigonometric convex function is a P-
function. Indeed,

flex+ (1= 0y) < (sinT) f@) + (cos ) F ) < F () + ).

In recent years, many authors have studied errors estimations for Hermite-Hadamard and
Simpson inequalities; for refinements, counterparts, generalizations see [5, 6, 14] and references
therein.

In [4], Iscan gave the definition of harmonically convexity as follows:

Definition 2. Let I € R\{0} be a real interval. A function f:I - R is said to be harmonically
convey, if
v —
) <y + - of ) (11)
for all x,y €I and t € [0,1]. If the inequality in (1.1) is reversed, then f is said to be
harmonically concave.
The following result of the Hermite-Hadamard type inequality holds.

Theorem 3. Let f:1 € R\{0} —» R be a harmonically convex function and a, b € I with a < b. If
f € L[a, b] then the following inequalities hold

2ab b b f(x) f@+f(b)
f(L)<a_f _xdeaT_

a+b) ~— b-a’a x?
In [10], Kadakal gave the definition of multiplicatively P-function (or log-P-function) as
follows:

Definition 3. Let I # @ be an interval in R. The function f:I — [0,00) is said to be
multiplicatively P-function (or log-P-function), if the inequality
fltx+ 1A=y < fOfB)
holds for all x,y € I and t € [0,1].
We will denote by MP(I) the class of all multiplicatively P-functions on interval I. Clearly,
f:1 - (0,) is multiplicatively P-function if and only if logf is P-function.
Remark 1. The range of the multiplicatively P-functions is greater than or equal to 1.

The following result of the Hermite-Hadamard type inequalities holds for multiplicatively P-
functions:

1316



Hermite-Hadamard and Simpson Type ... / Sigma J Eng & Nat Sci 37 (4), 1315-1324, 2019

Theorem 4. Let the function f:1 — [1,00) be a multiplicatively P-function and a,b € I with
a < b.If f e Lla,b],then the following inequalities hold:

D f(52) < =) f@f(a+ b —xdx < [f(@)f b))

i) £(57) < F@Ff 0)5= [, Fdx < [F@f (b))
Definition 4. A function f:1 < (0,%) — R is said to be harmonically P-function on I or belong
to the class HP(I) if it is nonnegative and,

I (oriss) < F0 + 1),
forallx,y € I and t € [0,1].
Hermite-Hadamard inequalities can be represented for harmonically P-function as follows.

Theorem 5. Let f:1 < (0,) — R be a function such that f € L[a, b], where a,b € [ with a <
b. If f is a harmonically P-function on [a, b], then the following inequalities hold:

() <3 L <2l + 0

uZ
In [9], Iscan and Olucak gave the definition of multiplicatively harmonically P-function as
follows:

Definition 5. Let I = @ be an interval in R\{0}. The function f:I — [0,) is said to be
multiplicatively harmonically P-function, if the inequality
(i) < f@f )
holds for all x,y € I and t € [0,1].
Example 2. The function f:[1,0) — [1,0), f(x) = x is a multiplicatively harmonically P-
function. Really, for any x,y € [1, o) with x < y, we have

for) = ot <y <0y = FOOfO).

ty+(1-t)x ty+(1-t)x

Example 3. The function f:(0,0) — (0,), f(x) = e* is a multiplicatively harmonically P-
function. Since, for any x, y € (0, o) with x < y, we have

f (L) = ety+?1y—t)x < ey < eXey = f(x)f(y)

ty+(1-t)x

We will denote by MHP(I) the class of all multiplicatively harmonically P-functions on
interval I.

The following result of the Hermite-Hadamard type inequalities hold for multiplicatively
harmonically P-function:

Theorem 6. Let the function f:I < R\{0} — [1,c0) be a multiplicatively harmonically P-
function and a, b € I with a < b. If f € L[a, b], then the following inequalities hold:

D oF(Eg) <= f”f”)f““_li”_l"‘_”'l’dxs[f(a)f(b)]z

a+b b-a
i) £(22) < f@f )2 [ L2 dx < [F(@)f ()12

A refinement of Holder integral inequality better approach than Holder integral inequality can
be given as follows [7]:

Theorem 7 (Hélder-iscan Integral Inequality [7]). Letp > 1 and % + % = 1.If f and g are real
functions defined on [a, b] and if |f|?, |g|9 are integrable functions on [a, b] then
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L 1f(0g@)ldx < bfla{(ff b - x)|f(x)|vdx)5 (12 & - 0)lg@)l9dx)"
+(I2 - @l P (1 - )l g(x)wdx)E}

A refinement of power-mean integral inequality better approach than power-mean inequality
as a result of the Holder-Iscan integral inequality can be given as follows [12]:

Theorem 8 (Improved power-mean integral inequality [12]). Let ¢ = 1. If f and g are real
functions defined on [a, b] and if ||, [f]|g|? are integrable functions on [a, b] then

N |f(x)g(x)|dx<—{(f b -0l @ldx) (ff (b = DIf @llg®)|9dx)’

(1 - lf@ldn) T (1 o a)If(x)IIg(X)qux)E}

In this paper, using Holder-Iscan integral inequality better approach than Hoélder integral
inequality and improved power-mean integral inequality better approach than power-mean
inequality and together with an integral identity, authors obtain a generalization of Hadamard and
Simpson inequalities for functions whose derivatives in absolute value at certain power are
multiplicatively harmonically P-functions. In addition, we compare the results with the previous
ones.

2. MAIN RESULTS

Let f:1 < (0,0) — R be a differentiable function on I°, the interior of I. Throughout this
section we will take
ab_ b f(u)

A a,b) = A= wf (22) + (1= Df(@) +uf(b) — = [T D du

where a,b € I witha < band A, u € R.
In order to prove our main results we need the following identity [8].

Lemma 1. Let f:1 < (0,) — R be a differentiable function on I° such that /' € L[a, b], where
a,b € I with a < b. Then for all 4, u € R we have:

Ir(A, 1, a,b) —ab(b—a){fo - (2 )dt+f“ ‘ (j—’:) dt}, 2.1)

2

2ab
a+b

where A, = tb + (1 — t)a.

Theorem 9. Let f: I c (0,0) —» R be a differentiable function on I° such that f’ € L[a, b],
where a,b € I° with a < b. If |f'|? is multiplicatively harmonically P-function on the interval

[a, b] for some fixedg = 1and 0 < u < % < A < 1, then the following inequality holds for g > 1
1 1 1

I;(4, 1, a,b) < 2ab(b — @) f'(@|If' (b)) [cf TG0D? (g, a,b) + €, "G0DI( g ab)

1-2 L 1-1 1
+C, q(/l)Dg(/l, q,a,b)+C, ‘(WD (A,q,a, b)], (2.2)
where

L G-¢) k-t = = -

3
f1/2t|'“ tldt = C,(u) = ?—§+

woE 1
st st w (2.3)
kS
24
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1 2 74,1
Lﬂ( —t|A—tldt = C;(A) = ——+A -5ty
1 A2 A 1
G )|,1—t|dt —cm=Lt-L4241
- a)z[ L_i‘;ii(A @) + (A + L3 (4,0) - aALT2(4,0),
=0
{(b Y [AA L—Zq(Aw a) (A + Au)L ;Z:i (Aw a) + L:?fﬁi (Aw a)]
(1-2u) -2 -2 1 -2 2
Di(uq,a,b) = { Tz [—AALZ q(A A+ (A+4)L5500(4,4,) - L7535(4,4,)]
1\, q 2(b-a)
oO<u < =
T a)z [42L550 (A, ) - 2AL:§‘;’;1(A a) + L5154, ),
1
p=1
1 - — _
2(b-a)? [- —23122(‘4 a) - ZaL—zz?;:i(A' a) + azL_ZZZ(A, a)],
=0
{ﬁ[ aAylL_ Zq (A/u a) + (a + Au)Lzégi(Aw a) - LZZZZ:i(AH’ a)]
(1-2u) -2 -2q+1 —2q+2
D,(u,q,a,b) =<t 2(b—a)? [aAuL—zZ (A'Au) - (a + AH)L—271+1(A'A/1) + L—271+2(A' A#)]}
0<y<%
1 - - —
m[ aAL51(4,0) + (a+ AL (A4, 0) - L3105(4,0)),
1
1 2 o E 2 1 2 2
e [-bALZ;E(A,b) + (b + ALT51V1(A,b) — L5115 (A,D)],
A=
(S [-bMLT50 (40, b) + (b + ADLTE (A3 ) — 1505 (4, )]
D;(A,q,a,b) = (24-1) -2 -2q+1 -2q+2
s(Lq,a,b) =4 | s [bAILTR (A A) — (b + ADLTEI (4, 4D + L_ZZH(AA,A)]}
l</1<1
T a)z [bZing(b,A) = 2bL751% (b, A) + L5015(b, 4)),
1=1
2 -2q+1 -2q+2
T a)z [A2L750 (A, b) — 2417501 (A,b) + LT5105(A, D)),
1=
1-1 - — —
(S (A4 T30 (A b) — (A + ADLTS T (43, D) + L3015 (4, )]
D,(A4,q,a,b) = (24-1) -2 —2q+1 —2q+2
+(L.q,a,b) =1 sz [mAMLTS (A, A7) + (A + ADLTSE I (A, 4) — L3054 )]}
l</1<1
sl AbL:i‘j, (4,b) + (A +b)LT521(4,b) — L5315(4,b)],
1=1
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2(b— a)z [(A+a)L7M(4,a) - 2], u=20

{(b—ua)z [% —(A+4,)L7 (4, a)] L
+ 8220 [(4+4,)L7(4,4,) - 2]} O<u<y
2(b-a)? u Ay

1 [Are 1 _1
s 5 24 (4 0)], =l

1 [Ate _ 1 _
o a)z[ 2aL71(4,a)], ©=0

o la+ 401 () 2]

- 0< 3

+ (1-2p) [Aﬂ_ (a + A4 )L—l(A A )]} 2
2(b-a)?l A g o

s+ )L 4,0) - 2], h=s

s [0+ AL (A, - 2] A=t

Dl(ﬂ, 1,(1, b) =

Dz(/l, 1,q, b) =

2(b

= ” (b + AL (A3, b) - 2]
(21 1) [A+b 1 ;
= 4D b+ AL (A,A,l)]}

ﬂ— ZbL‘l(b,A)], 1=1

M — 2AL71(4,b)], =1

D3(4,1,a,b) =

2(b a)2

2(b- a)2
{(1 A) m_l_(A_l_AA)L l(AA,b)]

(b-a)?

(21— 1) [(A-I—AA)L 1(A AA)—Z]} 2

1 1 _ _
20—y [(A+b)L (4,b) — 2], A=1.

D4(A! 1; a, b) =
+

2(b-a

q
Proof. Since |f'|9 is multiplicatively harmonically P-function on interval [a, b], |f’ (‘:—b)| <
t

If"(@19]f"(b)|9 for all t € [0,1]. Hence, using Lemma 1 and improved power-mean integral
inequality we obtain

1

a1 (p) |4 q

I;(4, 1, a,b) < 2ab(b — a) {(fl/z( t) I~ t|dt) (foi/z G-l (a)IAIf( )l dt)
1 1
1-= kS
+(f;" tlu — tlat) q(fol/ztlu—tl—'f @iy (b)'th) }

1-2 1
+2ab(b — a) {(f11/2(1 -1 - tIdt) a (f11/2(1 —Bla—t| If' (a)IZIf QI dt)

(o= (5, - e et

t

< 2ab(b — a)|f"(@IIf'(B)I {(fol/z (G-t)lu- tldt) K (fol/Z (2-o) ququ dt)a

|

Q=

11
+(J;" tlu - tlat) q(fl/ztlu—tl zth)
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A

l
+ (fll/z (t - %) 12~ tldt)l_% <f11/2 (t - %) % dt>q}'

+2ab(b - )l @I (B {(ff,zu —O)la-tldt) (ff,z Q0P ge )

where
LR G=)e-tlde =000 = £+ -4 L
1/2 u3 u 1
f t|u—t|dt—C2(H)—?—§ 2—
[,A=DA—tldt = C;() = -5+ 22 -2+,
1 1 3 A
. fl/z( ——)IA—tIdt=C4(A)——12—?+—+—
G-t l-tlmdt =Diua,ab), [ thu—tlimdt = Dy(q.a,b)

1 1
Ji,a-pla- t|A—§th =D;(Lq.ab), [,(t-3)1A- tIA—:th = D,(1,q,a,b)

which completes the proof.

In the following, Hermite-Hadamard type and Simpson type integral inequalities are obtained
in special cases of A and p.
Corollary 1. Under the assumptions of Theorem 9 with A = u = % the inequality (2.2) reduced to
the Hermite-Hadamard type following inequality

b
f(a)‘;f(b) _ba_ba flilz‘-)du| < 2ab(b - a)lf/(a)”f/(b)l
a

X

e @pi )+ Qoians) e QniGann)
QG aes)]

Corollary 2. Under the assumptions of Theorem 9 with © = 0 and A = 1, the inequality (2.2)
reduced to the following Hermite-Hadamard type inequality

Zab ab f(u) du

7 (222) ~ 2 19 ] < 2ab(6 ~ @)l @I D)
X
1.1 1 11 1 11 1 1.1 1
¢, (0)b{(0,q,a,b) +C, (0)D;(0,q,a,b)+C, *(1)D](1,q,a,b) +C, *(1)D/(1,q,a,b)|.
Corollary 3. Under the assumptions of Theorem 9 with =% and 1 = 2 the inequality (2.2)

reduced to the following Simpson type inequality

L@ ® op (2e2)] abaﬂ“)d |< 2ab(b — a)If" @IIf' (B

a+b b-a
X
[ @) Cnan) - Qo Caan) s @i nas)
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Corollary 4. Under the assumptions of Theorem 9, If we take g = 1 in the inequality (2.2), then
we have the following inequality:

I:(4, 4,a,b) < 2ab(b — a)|f' (@|If' ()|
x [Dy(w,1,a,b) + Dy(1, 1,a,b) + D3(4, 1,a,b) + Dy (4, 1,a,b)].

Theorem 10. Let f: I c (0,00) —» R be a differentiable function on I° such that f' € L[a, b],
where a,b € I° with a < b. If the function |f’|? is multiplicatively harmonically P-function on

[a, b] for some fixed q > 1, %+%= land 0<p < % < A <1, then the following inequality
holds

I (A ,a,b) < 2ab(b — )| (@)IIf (b))
X {cé(u, P)D(q,a,b) + CZ (1, p)D{(q, @, b) +CL (A, p)D(q, @, b) + C} (A, p)D(q. @ b)} (24)

where

Cau) = 13- == 3 -) [“”*”@“‘)””] . ["”“‘@“‘)”],

p+1 p+2

up+?

12 Py p+1 1 p+2
— _+lp —
Co(wp) = [, " tlu—tIPdt = [ p+1 ] [

(5" +ra- o __,, —(-P
Cr,p) = [}, ~ )12~ tlPde = (1 - 2) - |

( p+1 l_ p+1 1 D+Z l_ p+2
Cep) = [, (¢ =3) M —tlPae = (2-3) [ p+1 ] [ p+2 ]

Proof. Since the function |f'|? is multiplicatively harmonically P-function on interval [a, b] and
using Lemma 1 and Holder-Iscan integral inequality, we have

I;(A, i, a,b) < 2ab(b —a){(fl/z (G-t)lu- tlpdt) (f”z (3- t)wdt)l

A

1

n (fl/z tlu — tlpdt)%( 1z |f' (a)l“lf @)1 dt)‘
0
+(f,a-0la- ae)’ (fa-t )—'f Aer dt)%
e - e (1 e - )—)}
< 2ab(b ~ @)|f @If’ (b)l{(f”z (= ) = e (77 (- €) a7 ae)

+ (0 el - tl”dt);(fl/ztA_zth) (fl/z(l t)I/l—tIpdt) (fl/z(l—t)A‘zth)
(e (12, (e~ ey

here it is seen by simple computation that
1/2 -
Ds(q,a,b) = |, / (2 t) A2t =

-2q -2q+1
Z(b 5L (A0 - L5504 a),

2 .- - _
Ds(q,a,b) = [ tA;*dt = o a)[ i A0 —all3l (4, ),
D(q,a,b) = [, ,(1 = DA dt = 1 [bLT50 (b, 4) ~ L5333 (b, )],
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1
2(b-a)

(L3305 (b, 4) — ALZSL (b, A)].

1 —
Dg(q,a,b) = f1/2 (t —%) A; g = 24

Therefore, the proof is completed.

In the following, Hermite-Hadamard type and Simpson type integral inequalities are obtained
in special cases of A and p.
Corollary 5. Under the assumptions of Theorem 10 with A = p = % the inequality (2.4) reduced
to the following Hermite-Hadamard type inequality

b
L@@ _ 2" 10 gy < 2ab(b - @)l @IIf'B)]
a

x {qf (Gp) Dg(q, a,b) + cé (:.p) Dé(q, a,b) +c§ (Gp) Dé(q, a,b) + Cé (:.p) Dé(q, a, b)}.

Corollary 6. Under the assumptions of Theorem 10 with u = 0 and A = 1, the inequality (2.4)
reduced to the following Hermite-Hadamard type inequality

b
|7 (22) - 2" 9 au| < 2000 - @I @IIF' D))

X {C;’(o, P)Di(q,a,b) + CZ(0,p)Di(q, a,b) +C(1,p)Di(q, a,b) + C(1,p)D(q, , b)}.
Corollary 7. Under the assumptions of Theorem 10 with u = % and A = % the inequality (2.4)
reduced to the following Simpson type inequality

LSO | op (200)] - 2210 | < 2ab(b — @)l @IIf D))

a+b b—-aqg

1 1 1 1 1 1 1 1

2 (1 q » (1 q 2 (5 q 2 (5 q
x {Cé’ (g,p) Di(q,a,b) +C} (E,P) D¢(q,a,b) +C7 (g,p) Di(q,a,b) + ¢ (3,p) Di(a, a, b)}-
Remark 2. Since |f'(x)|7=x and |f'(x)|9 =e* are multiplicatively P-functions, by

considering |f'(x)| = x4,x > 0 and |f'(x)| = e* functions, applications can be made for the
above two theorems and the results of these theorems.
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