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ABSTRACT

In this paper, a Lyapunov-type inequality and the existence of the positive solutions for boundary value
problems of the nonlinear fractional Caputo-Fabrizio differential equation have been presented. By using the
Guo Krasnoselskii’s fixed point theorem on cone and the properties of the associated Green's function, we
prove the existence of the positive solution. Finally, we gave some numerical examples to validate the
theoretical findings.

Keywords: Lyapunov-type inequality, fractional Caputo-Fabrizio derivative, Green’s function, positive
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1. INTRODUCTION

In recent years, the fractional differential calculus has been appeared frequently and has been
studied by many researchers so that it has strong mathematical background and many papers are
attributed to the development of it. For more details, the readers can refer to [1, 2, 3, 4]. Physical
phenomena such as control systems, mechanics, viscoelasticity can be modelled by fractional
calculus [5],[6][7].- More frequently used fractional derivatives are the Riemann-Lioville and
Caputo derivative [1]. Some other commonly used fractional derivatives in the literature include
conformable fractional derivative [8-11]. In the recent years, a new definition of fractional order
derivative has been defined by Caputo and Fabrizio [12] with a regular kernel. Some existence
results on this new fractional calculus have been studied in [13],[14]. This new definition can
describe better heterogeneousness and systems with different scales with memory effects [13]. In
this paper, we fisrt derive a Lyapunov-type inequlaity for the fractional boundary value problem
of the fractionla Caputo-Fabrizio differential equation of order o € (2,3] and then we prove the
existence of positive solutions of the fractional boundary value problem of the fractional Caputo-
Fabrizio differential equation of order o € (1,2]. The well-known Lyapunov inequality provides
that if there is a non-zero solution of the differential equatiion

u' () +r@ulx) =0, a<x<bh,
u(a) = u(b) =0,
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where 7 is a continuous function, then one has
b 4
fa |T(t)|dt > E.

The constant 4 can not be changed any bigger number. There are number of papers and
studies that provide generalizations and extensions of (2), e.g., see [15-16]. The studies for
Lyapunov-type inequalities for the fractional boundary value problems have recently been
investigated in a number of papers, see e.g. [17-21]. To the best of our knowledge, there is a few
result on Lyapunov-type ineqalities for the fractional Caputo-Fabrizio differential equation, see
[20]. To fill this gap, we provide a Lyapunov-type inequality for the boundary value problem of
the fractional Caputo-Fabrizio differential equaiton. To provide a Lyapunov-type inequality, one
usually converts to the fractional differental equation to an integral equaiton with the
corresponding Green’s function. Then, one finds the maximum value of the Green’s function to
obtain the desired inequality. However, finding the maximum value of the Green function is not
easy task. Secondly, we prove the existence of the positive solution of the fractional boundary
value problem of the fractional Caputo-Fabrizio differential equaiton. The existence of (positive)
solutions has been investigated by many researchers [22-27]. Although many papers are devoted
to the existence of positive solutions of fractional differential equations in the sense of Riemann-
Lioville or Caputo derivative, there is no result, to the best of our knowledge, on the existence of
positive solution of fractional boundary value problem involving the Caputo-Fabrizio derivative.
This is the first paper on the existence of positive solution for the fractional Caputo-Fabrizio
differential equaiton of order a + 1 € (1,2).

The rest of the paper is organized as follows. In Section 2, some definitions and related
studies have been introduced. A Lyapunov-type inequality have been presented in Section 3. The
existence of positive solution of fractional boundary value problem is provided in Section 4. In
Section 5, some numerical examples are examined.

2. DEFINITIONS AND PREVIOUS RESULTS

We recall the frequently used fractional derivatives in the literature and related results of the
new fractional Caputo-Fabrizio derivative that are needed in the sequel.

Definition 1 Let a € (n,n+1], n€N and f € C"*'[a,b],a <b. The fractional Caputo
derivative of the function f of order a defined as

a _ 1 Xr _ \n—afn+1)
DEf(x) = tormay o O = OOV (D)t

Definition 2 Let e € (m,n+ 1], n€ N and f € C"*'[a,b],a < b. The fractional Caputo-
Fabrizio derivative of the function f of order « defined as

DEf(x) = —— [T exp(— " (x — ) F™D ()dt.

n+l-ava n+l-a

Definition 3 Let e € (m,n+ 1], n€ N and f € C"*'[a,b],a < b. The fractional Caputo-
Fabrizio integral operator of order « defined as

Ef) =0 +n-a)gf0) + (@ —n)E*f(x), x=a,
where I7 f (x) is the iterated Cauchy integral given by

I (x) = ﬁf;(x — t)""1f(t)dt, with the adaption If(x) = f(x).
Lemma 4 [15] Let a € (n,n + 1]. Then we have the following relation
—a)k
16D&f () = f(x) = Do = £ O ().

We first prove a Lyapunov-type inequality for the following boundary value problem of the
fractional Caputo-Fabrizio differential equation in the next section.
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DZru(x) + f(x,u(x)) =0, g€ (23], a<x<b, 1
u(a) =v'(a) =0, u(b)=0. )

3. LYAPUNOV-TYPE INEQUALITY FOR FRACTIONAL BOUNDARY VALUE
PROBLEMS

We present a Lyapunov-type inequality for the fractional boundary value problem (1) when
flx,u(x)) = p(x)u(x) for p € C([a, b], R) in this section. As applications of this inequality, we
obtain a Lyapunov-type inequality for the linear third order ordinary differential equation and a
lower bound for the eigenvalues of the fractional boundary value problems.

Lemma 5 Let h € C([a, b], R). Then the following fractional boundary value problem of the
fractional Caputo-Fabrizio differential equation

DZru(x) +h(x) =0, 0€ (23], a<x<h,
u(a) =v'(a) =0, u(b)=0.
has the solution u(x) that is also solution of the following integral equation
u(x) = [ H(x, Oh®)de,
where the Green’s function H(x, t) is given by

@

_(h(x,t), a<t<x<b,
et = {hz(x, t), a<t<x<bh,
with
_ _ 2(3-0)(x—t)(b-a)?+(6-2)(x-t)%(b—-a)?
hy(x,t) = hy(x,t) 2(0—a)? )
and
_ 2B-0)(x-a)* (b-t)+(c—2)(x—a)?(b—t)*
hZ(xl t) - 2(b—a)? .
Proof. By Lemma 4, we get
—_)2
I§D&u(x) = u(x) —u(a) — (x — a)u'(a) — @u"(a).

Thus, by applying the high order fractional Caputo-Fabrizio integral operator to the equation
(2), we find that
u(x) —u(a) — (x —a)yu'(a) — @u"(a) = —IJh(x).
The boundary conditions u(a) = u’'(a) = 0 imply that
u(@) = E% 0 (@) - IGh).
Using the boundary condition u(b) = 0, we obtain

B-0) (b g-2 (b
Ba o (x = @2 (b — ORD)E + s ['(x — a)?(b — 1)*h(t)dt

- (3-0) f(x — DRt — =2 [X(x — )2h(t)dt,

u(x) =

or, equivalently
u() = [Fhy ( ORDAE + [7 by (x, OR(Edt
= [P H(x, Oh(t)de.
The proof is completed.

Lemma 6 The Green’s function H (x, t) has the following bound:
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2(3-0)(b—-a)+(c-2)(b—a)?
2 ,
Proof. Since x —a < b — a, we find that
2(3-0)(x—a)2(b—t)+(c-2)(x—a)?(b—t)?
2(b-a)?
_ 2B-=0)(x-t)(b-a)*+(0-2)(x-t)*(b-a)? < 2(3-0)(b—t)+(0-2)(b—t)?—2(3—0) (x—t)—(0—2)(x—t)?
2(b-a)? - 2 ’
Note that fora < t < x < b, we have

2B-0)((b-t)—(x—t) =23 —0)(b—x) <23 —0)(b— a),

H(x,t) < o€ (23], x,t € [a,b].

and
(=2 (-t —(x—t))<(6—-2)(b—t)?< (6 —2)(b—a)>
We now see that fora <t < x < b,
2(3-0)(b—a)+(c—2)(b—a)?
2 \
Forthecasewhena <x <t < b,wehavex —a <t —a < b — a, and we can write

2(3-0)(x—a)(x—a)(b—-t)+(c-2)(x—a)(x—a)(b—t)(b—t)
(b-a)?
< 2(3-0)(t-a)(t—-a)(b—t)+(c—-2)(t—a)(b—t)(t—a)(b—t)
- 2(b-a)? :

H(x,t) <

Now, using the inequalities (t — a)(b — t) < ((t —a)+ (b - t))2 and
(t—a)(b—1t) < (b—a)?, wehave
2(3-0)(t—a)(t-a)(b—t)+(g—2)(t—a) (b—t) (t—a) (b—t)
2(b-a)?
< 2(3—0)(b—a)+(a—2)(b—a)z.
- 2

This shows that

2(3-0)(b—a)+(c-2)(b—a)?
2

H(x,t) < fora<x<t<bh.

Thus, the proof is completed.

Next, we establish a Lyapunov-type inequality for the fractional boundary value problem of
the fractional Caputo-Fabrizio differential equation of order ¢ € (2,3] in the next theorem.
Theorem 7 For ¢ € (2,3] and p € C([a, b],R), if the following fractional boundary value
problem
DZru(x) + p(x)u(x) =0, g€ (23], a<x<b, ®)
u(a) =v'(a) =0, u(b) =0.

has a non zero solution, then the function p obeys the following integral inequality

b 2
Jalp@ldn = 2G-0) -+ (0-2(b-a)?"

Proof. Let C[a, b]C[a,b] be the Banach space with maximum norm, that is,
Ilull= xgl[iff,]lu(x)l’ u € C[a, b].
By Lemma 5, the solution of the boundary value problem (3) has the form
u(@) = [V H @ Opu)de x,t € [a,b].
Taking the maximum norm of the both side of the equation yields

b
<
lul< nax, Jy THE Op@©)] Ihwll dt
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which gives that
b
>
Jmax [ Op(o)lde = 1.
The bound on the Green‘s function H leads to have

2(3-0)(b—-a)+(o-2)(b-a)? b
1< : 12 Ipolde,

or

b 2
J‘a |p(t)|dt = 2(3-0)(b—a)+(c-2)(b-a)?’

This completes the proof.
We now give some consequences of Theorem 7. First, we obtain a Lyapunov-type inequality
for the linear third order ordinary differential equation.

Corollary 8 If p € C([a, b], R) and the following third order ordinary differential equation
u"(x) +p(u(x) =0, a<x<h,
u(a) =v'(a) =0, u(b)=0,
has a non zero solution, then one has

b 2
L Ip(ldn = 5=

Secondly, we present a bound for the eigenvalues of fractional boundary value problems of
the fractional Caputo-Fabrizio differential equation.

Corollary 9 If A is an eigenvalue of the following fractional boundary value problem
DZru(x) + u(x) =0, c€ (23], a<x<bh,
u(a)=v'(a) =0, u(b) =0,

then

2
2(3-0)(b—a)?+(c-2)(b—a)?’
Proof. Since A is an eigenvalue of the fractional boundary value problem, there exists a non zero
solution. Thus, appealing to Theorem 7 when p replaced by A, we get

[2121ds =

Al =

2
2(3-0)(b-a)+(c-2)(b-a)?’

which leads to
1A] > 2 ,
2(3-0)(b—a)2+(c-2)(b—a)3

that completes the proof.

4. POSITIVE SOLUTIONS FOR NONLINEAR FRACTIONAL BOUNDARY VALUE
PROBLEMS

We further study the existence of positive solutions of the following nonlinear fractional
differential equation

Cpu(x) = h(x,u(x)), c€(1,2], 0<x<1, 4
u(0) =u(l) =0. *)

where DZ; is the Caputo-Fabrizio fractional derivative and h € C([0,1] x [0, ), [0, o0)). We
first convert the fractional differential equation to the integral equation in the next lemma.

Lemma 10 [15] If u(x) is the solution of the fractional boundary value problem (4), then u(x)
also solves the following integral equation
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u(x) =[] Glx, O u®)dt,
where
1- —-Dt—-2+0), 05t<x<1,

D) = 1-20(c-1 o) x
x(6-1DA-0+2-0), 0<t<x<1
Consider the Banach space C[0,1] equipped with maximum norm [l ¥ ll= max;eo,11y ()]
We define the cone Q = {y € C[0,1]: y(x) = 0,x € [0,1]}. Let us define the operator X:Q — Q

by

Ku(x) = [ G (, Oh(t, y(D)dt, x € [0,1], (6)

where the Green‘s function G(x, t) is defined by (5). We show the existence of solutions for
the fractional boundary value problem (4) by proving the operator K has a fixed point in Q.

Lemma 11 The operator X: Q — Q is completely continuous.
Proof. We first show that the operator ¥ is continuous. For u,(x),u,(x) € [0,0) and € > 0,
there exists § > 0 with |u;(x) —u,(t)] <& so that |h(x,u;) —h(x,uy)| < ﬁ since h €
€([0,1] X [0, ), [0, ©0)).
7wy (%) = Kup ()] < Jy (1= x)((0 = Dt = 2 + 0)[h(t, uy (£)) — h(t, ux(6))] dt
+ [1x (0= DA - 6) +2 - 0)|h(t,u () — h(t, u,(8))|dt

< ((a — XA L2 - g1 - x)>§

®)

2
+2((0 - DE-x+D)+ @ -x(-x);=<i+i=e

showing that the operator X is continuous. Let B c Q be a bounded subset. We show that
XK (B) is bounded and equicontinuous. Let M = max,e(q 1jueplh(x, u(x))|. We have for u € B

|Ku()| < [ (1—2)((o — Dt — 2+ o) [h(t,u(®))] dt + fxlx (e-DA-8)+2-0)
<SMET—+2-0)+ME+2-0)=(B-0)M
which shows that X (B) is bounded. Now, let x;, x, € [0,1], x; < x, and u € B, then

[Fu(x;) — Ku(x,)| < foxl[(l - xl)((a -Dt—-2+ 0') —1-x)({(c—Dt—-2+
)]kt u(®))| dt

+ sz( 1—x)((0 — Dt — 2+ 0)|h(t, u(t))| dt
+ fxlz[xl((a - 1)(11— t)+2—0)—x,((c — 1)1 —t) + 2 — )] |h(t, u(t))| dt

—(1—=x)((c — Dt =2+ a)]|h(t,u(t))| dt
+ f;‘f x ((@0—=1DA=t)+2-0)|r(tu®)|dt

< MGz = x)((0 = Dad = 2= D)) + (L = x)((0 — DE - T
_(2 —o(xy — x1)) + (1 — x2) ((0 -1 G — Xz t+ x?%) +2-0)(x; - xl))
+21 (90 = Dt — 0 + 2~ ) + 2 - 0) (o — )],
We see that |Ku(x,) — Ku(x,)| = 0 as x, = x;, implying that % (B) is equicontinuous. By

the well known theorem of Arzela- Ascolli, we conclude that the operator X is completely
continuous.
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Next, we show the existence of positive solution for the fractional differential equation (4) by
the help of Guo-Krasnoselskii fixed point theorem.

Theorem 12 Let o € (1,2] and h € C([0,1] x [0, ), [0,0)). Assume that there exist positive
constants r; <, SO that

[0,1] X [0,71),
(B) h(x t) < for (x t) € [0,1] x [0, 7).
Then, there eX|sts at least one postive solution of the fractional boundary value problem (4).

Proof. Let us define two subsets of the convex set Q: w; ={u € Q:lull<rn}and w, ={u €
Q:lull€r}. If ue Q@ nNadwy, then we have 0 < u(x) <, for x € [0,1]. We then obtain by
using the assumption (A)

Il Fu ll= [fax IJCu(x)I = max f G (x,O)h(t,u(t)) dt = —= ma<x f G (x,t) dt.

o— 1o<
We compute
max f G (x,t)d = [fnax f (1-x)[(c—1t—2+oldt
+f x[(a—l)(l—t)+2—a]dt)
A0 (2 - o)x(1—2) + (0 - DxC-x +2)
o-1

+2-o)x(1—x) = 0123;(1"7‘1 (x —x%) = =

Thuswe find that | Ku 1=, 2l u |l foru € Q N dw,. If u € Q N dw,, then we have
0 < u(x) <, for x € [0,1]. We then obtain by using the assumption (B),

| Fu 1= [max [Fu(x)| = max f G (x, HA(t,u®))dt <= ma<x f G (x, t)dt
(1 x)x

= max ((¢ — 1)———

0=x=1

<_ —
- Uggggg((a 1)

+2-0)x(1-x)
+(o = DxG—x +2) + 2 - 0)x(1 - )

Since (1 —x)x?2 < (1 —x)x < 1and x(% —-x+ xz_z) < %for x € [0,1], we get
I Ku i< = s - (5~ ;a +3_TU) =1, 50 we have || Ku lI<llu |l for u € Q N dw,. Therefore, by

Guo Krasnoselsku s fixed point theorem, the existence of at least one positive solution is proved.
This completes the proof.

5.NUMERICAL EXAMPLES

In this section, we give some numerical examples to show the existence of positve solutions
of the fractional differential equations.

Example 13 Consider the following fractional boundary value problem

3
Diu(x) = exp(—u(x)) +1, 0<x<l1, )
u(0) =u(l) =0.
We select ry; = 1—17 and r, = 4. We then have

4
T

h(x,u(x)) = exp(—u(x)) +1<2<+= E for (x,u) €[0,1] x [0,4],

h(x u(x)) = exp( u(x)) +1=>12> 8(%) == for (x,u) € [0,1] [O ]

1
2
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By Theorem 12, there exists at least one positive solution of (7) satisfying % < ||ul] < 4.

Example 14 Consider the following fractional boundary value problem

3
DZu(x) =

ux)+1
1+x2 ’

0<x<1, (8)

u(0) =u(l) =0.

We select r; = 12 and r, = 3. We then have

h(x, u(x)) = uDt o

32
h(x, u(x)) =

ux)+1 2
x2+1 x2+1

1
x2+1 x2+1

> % S 8(3;) =% for (x,u) € [0,1] x [0'%]'

By Theorem 12, there exists at least one positive solution of (8) satisfying é < |lul]l 3.
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