Sigma J Eng & Nat Sci 10 (2), 2019, 221-230

Publications Prepared for the Sigma Journal of Engineering and Natural Sciences Sibma
Publications Prepared for the ICOMAA 2019 - International Conference on o
Mathematical Advances and Applications ’%‘dev(
Special Issue was published by reviewing extended papers

Research Article
FIXED POINT THEOREMS IN NEUTROSOPHIC METRIC SPACES

Necip SIMSEK!, Murat KIRISCI*?

'Department of Mathematics, Istanbul Commerce University, ISTANBUL ; ORCID:0000-0003-3061-5770
“Department of Mathematical Education, Istanbul University-Cerrahpasa, ISTANBUL;
ORCID:0000-0003-4938-5207

Received: 14.09.2019 Revised: 30.09.2019 Accepted: 11.11.2019

ABSTRACT

In this paper, we introduce the neutrosophic cantractive and neutrosophic mapping. We establish some results
on fixed points of a neutrosophic mapping.
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1. INTRODUCTION

Fuzzy Sets (FSs) put forward by Zadeh [1] has influenced deeply all the scientific fields since
the publication of the paper. It is seen that this concept, which is very important for real-life
situations, had not enough solution to some problems in time. New quests for such problems have
been coming up. Atanassov [2] initiated Intuitionistic fuzzy sets (IFSs) for such cases.
Neutrosophic set (NS) is a new version of the idea of the classical set which is defined by
Smarandache [3]. Examples of other generalizations are FS [1] interval-valued FS [4], IFS [2],
interval-valued IFS [5], the sets paraconsistent, dialetheist, paradoxist, and tautological [6],
Pythagorean fuzzy sets [7].

Using the concepts Probabilistic metric space and fuzzy, fuzzy metric space (FMS) is
introduced in [8]. Kaleva and Seikkala [9] have defined the FMS as a distance between two points
to be a non-negative fuzzy number. In [10] some basic properties of FMS studied and the Baire
Category Theorem for FMS proved. Further, some properties such as separability, countability are
given and Uniform Limit Theorem is proved in [11]. Afterward, FMS has used in the applied
sciences such as fixed point theory, image and signal processing, medical imaging, decision-
making et al. After defined of the intuitionistic fuzzy set (IFS), it was used in all areas where FS
theory was studied. Park [12] defined IF metric space (IFMS), which is a generalization of FMSs.
Park used George and Veeramani’s [10] idea of applying t-norm and t-conorm to the FMS
meanwhile defining IFMS and studying its basic features.

Fixed point theorem for fuzzy contraction mappings is initiated by Heilpern [13]. Bose and
Sahani [14] extended the Heilpern’s study. Alaca et al. [15] are given fixed point theorems related
to intuitionistic fuzzy metric spaces(IFMSs). Fixed point results for fuzzy metric spaces and
IFMSs are studied by many researchers [16], [17], [18], [19], [20].
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Kirisci et al. [21] defined neutrosophic contractive mapping and gave a fixed point results in
complete neutrosophic metric spaces. In [22], Mohamad studied fixed point aprroach in
intuitionistic fuzzy metric spaces. Definitions and results of this paper are the generalizations of
Mohamad’s work [22] to NMSs.

2. PRELIMINARIES

Some definitions related to the fuzziness, intuitionistic fuzziness and neutrosophy are given as
follows:

The fuzzy subset F of R is said to be a fuzzy number(FN). The FN is mapping F: R - [0,1]
that corresponds to each real number a to the degree of membership F(a).

Let F isa FN. Then, it is known that [23]

e IfF(ay) =1, foray € R, F is said to be normal,
o Ifforeach u > 0, F~%{[0,7 + u } is open in the usual topology Vvt € [0,1), F is said to be
upper semi continuous,
o Theset[F]T ={a € R:F(a) =1},7 €[0,1] is called T —cuts of F.
Choose non-empty set F.An IFS in F is an object U defined by
U = {(a, Hy(), Sy(a)): a € F}

where Hy(a): F - [0,1] and Sy (a): F — [0,1] are functions for all a € F such that 0 <
Hy(a) + Sy(a) < 1[2]. Let U be an IFN. Then,

e An IFN subset of the R,

e IfHy(a) =1and, Sy(a) = 0 for ay € R, normal,

o IfHy(la; + (1 —ADay) = min (Hy(ay),Hy(ay)), Vaq,a, € Rand A € [0,1], then
the membership function Hy (a) is called convex,

o IfSy(la; + (1 —MDay) = min (Sy(ay),Sy(ay)), Vay,a, € Rand 2 € [0,1], then the
non-membership function Sy (a) is concave,

e Hy is semi upper continuous and Sy is lower semi continuous,

e suppU = cl({a € F: Sy < 1}) is bounded.

AN IFS U = {{a, Hy(a),Sy(a)): a € F} such that Hy(a) and 1 — Sy, (a) are FNs, where
1 =Sy)(a) =1-Sy(a), and Hy(a) + Sy(a) < 1is called an IFN.

Let’s consider that F is a space of points(objects). Denote the H;(a) is a truth-MF, M, (a) is
an indeterminacy-MF and Sy (a) is a falsity-MF, where U is a set in F with a € F. Then, if we
take I =107, 17

Hy(a):F = 1, My(a):F - I, Sy(a):F = I

There is no restriction on the sum of Hy(a), My(a), Sy(a). Therefore,

0~ < sup Hy(a) + sup My(a) + sup Sy(a) < 3™.

The set U which consist of with H;(a), My(a), Sy(a) in F is called a neutrosophic sets(NS)
and can be denoted by

U ={{a, Hy(a), My(a),Sy(a)):a € F,Hy(a), My(a),Sy(a) €1}. @

Clearly, NS is an enhancement of [0,1] of IFSs.
An NS U is included in another NS V, (U < V), if and only if,

infHy(a) < infHy(a), supHy(a) < supHy(a)
infMy(a) = infMy(a), supMy(a) = supMy(a)
infSy(a) = infSy(a), supS(a) = supSy(a)

for any a € F. However, NSs are inconvenient to practice in real problems. To cope with
inconvenient situation, Wang et. al [24] customized NS’s definition and single-valued NSs
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(SVNSs) suggested. Ye [25], described the notion of simplified NSs, which may be characterized
by three real numbers in the [0,1]. At the same time, the simplified NSs’ operations may be
impractical, in some cases [25]. Hence, the operations and comparison way between SNSs and the
aggregation operators for simplified NSs are redefined in [26].
According to the Ye [25], a simplification of an NS U, in (1), is
U = {{a, Hy(a), My(a),Sy(a)):a € F}

which called a simplified NS. Especially, if F has only one element ( Hy(a), My(a), Sy(a))
is said to be an simplified NN. Expressly, we may see simplified NSs as a subclass of NSs.

An simplified NS U is comprised in another simplified NS V (U < V), if and only if Hy(a) <
Hy(a), My(a) = My(a), and Sy(a) = Sy(a) for any a € F. Then, the following operations are
given by Ye[25]:

U+V =(Hy(a) + Hy(a) — Hy(a). Hy(a), My(a) + My(a) — My(a). My (a),Sy(a) + Sy(a) —
SU(a)' SV(a) )'
Uu.v= (I-IaU(a)' HV(a)! MU (a)'aMV(a)' SU(a)- SV(a)a?;
aU=(1-(1-Hy(@), 1-(1-My(@) , 1-(1-5Sy(@)), fora>0,
U® = (HFf(a),M{F(a), S§(a)), fora>0.

Triangular norms (t-norms) (TN) were initiated by Menger [27]. In the problem of computing
the distance between two elements in space, Menger offered using probability distributions
instead of using numbers of distance. TNs are used to generalize with the probability distribution
of triangle inequality in metric space conditions. Triangular conforms (t-conorms) (TC) know as
dual operations of TNs. TNs and TCs are very significant for fuzzy operations (intersections and
unions).

Definition 2.1. Give an operation ®:[0,1] x [0,1] — [0,1]. If the operation ® is satisfying the
following conditions, then it is called that the operation ® is continuous TN (CTN): For
s, t,u,v €[0,1],

i. s@1=s,

ii. Ifs<wuandt<wv,thansOt < u@v,

iii. © iscontinuous,

iv. © is commutative and associate.

Definition 2.2. Give an operation [-1:[0,1] x [0,1] — [0,1]. If the operation [] is satisfying the
following conditions, then it is called that the operation [] is continuous TC (CTC):
i. s[0=s,

ii. fs<uandt<wv,thans[t<ul[v,

iii. [ is continuous,

iv. [ is commutative and associate.

From above definitions, we note that if we choose 0 < &;,&, < 1 for & > &,, then there exist
0 < €3,&84 < 1 such that ;O3 = ¢,, &, = &4 [ &,. Further, if we choose &5 € (0,1), then there
exist g¢, &7 € (0,1) such that ,OQeg = €5 and &, [ €7 = &5.

Remark 2.3. [23] Take ® and [-] are CTN and CTC, respectively. For s, t,u, v € [0,1],

a. Ifs > t, then there are u,v suchthat sQu > tands >t [] v.

b. Therearep,tsuchthatt®t > sands = p [ p.
Definition 2.4. [28] Take F be an arbitrary set, € = {(a, Hy(a), My(a),Sy(a)):a € F} be a NS
such that £&: F x F x R* — [0,1]. Let ® and [ show the CTN and CTC, respectively. The four
tuple V = (F,&,©®,[) is called neutrosophic metric space(NMS) when the following conditions
are satisfied. Va,b,c € F,

i. 0<H(abA<1l 0<M(@b)<1l 0<S(bA)<1 vl e R,
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ii. H(a,b,A)+ M(a,b,2)+ S(a,b,2) <3, (for A€RY),
iii. Hla,b,2)=1  (for A>0) ifandonlyif a=b,
iv. H(a,b,A2)=H(b,a,1) (for 1> 0),
v. H(a,b,2) @H(b,c,u) < H(a,c, A+ p) (for A,u>0),
vi. H(a,b,.):[0,) — [0,1] is continuous,
vii. limyoe H(a,b,A) =1 (V1> 0),
viii. M(a,b,2) =0  (for A>0) ifandonlyif a=Db,
ix. M(a,b,A) =M(b,a,l) (for 1> 0),
X. M(a,b,2) ] M(b,c,1) = M(a,c,A+ ) (for A,u>0)
xi. M(a,b,.):[0,0) — [0,1] is continuous,
Xii. limy_ M(a,b,2) =0 (VA >0),
xiii. S(a,b,A) =0 (for 1>0) ifandonlyif a=b
xiv. S(a,b,1) =S(b,a, 1) (for 1> 0),
xv. S(a,b,A) [ S(b,c,u) = S(a,c,A+ ) (for 2,u>0),
xvi. S(a,b,.):[0,0) — [0,1] is continuous,
xvii. limy_. S(a,b,2) =0 (VA >0)
xviii. IfA<0,then H(a,b,A) =0, M(a,b,2) =1, S(a,b,A) =1.
Then € = (H, M, S) is called Neutrosophic metric (NM) on F.
The functions H(a, b, 1), M(a,b,2), S(a,b, 1) denote the degree of nearness, the degree of
neutralness and the degree of non-nearness between a and b with respect to A, respectively.

Definition 2.5. [28] Give V be a NMS, 0 <e<1, 2>0 and a € F. The set D(a, &, 1) =
{beF: Ha,b,A) >1—¢, M(a,b,2) <e, S(ab,2) <ce}is said to be the open ball (OB)
(center a and radius € with respect to 1).

Lemma 2.6. [28] Every OB D(a, €, 1) is an open set (OS).

Definition 2.7. Let (4,) be a sequence in V = (F,&,®,[]). Then the sequence converges to a
point a € F if and only if for given € € (0,1), 4 > 0, there exists ny, € N such that for all n = n,

H(ap, a,l)>1—¢ M(a,a, 1) <e, Sla,a,l) <s
or
lim, e H(ay am,A) =1,  limM(a,, amt) =0, limS(a, am,A) =0 )
n—-oo n—oo
as A — oo,

Definition 2.8. [28] Take V to be a NMS. A sequence (a,) in F is called Cauchy if for each
e > 0 and each A > 0, there exist ny € N such that

H(ap, amA) >1—¢, M(ag,amd) <& Slap,am ) <g,

forall n,m = ngy. V is called complete if every Cauchy sequence is convergent with respect to
Te.

Remark 2.9. We can define the topology induced by NMS with the using Definition 2.5 and
Lemma 2.6. The set

tc ={ACF: foreach a € A, thereexist A>0 and ¢ € (0,1) suchthat D(a, & 1)
A}

is topology on F. It can be easily seen that every NM & on F generates a topology t¢ on F
which has as a base the family of Oss of the form {D(a,&,1): a € F, €€ (0,1), 1> 0}. Let

{D (a,%,%): ne N} be a local base at a. Then, t¢ is the first countable and for D, =

{@b): H(ab:)>1-2, M(ab)<s, S(ab3i)<i}, D={D; neN}isa
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countable uniformly on F whose induced topology coincides with the topology 7¢. Therefore,
(F,tg ) is metrizable.

3. NEUTROSOPHIC CONTRACTIVE MAPPING

The following definitions and results are given in [21]:
Proposition 3.1. Let V be the NMS. For any ¢ € (0,1], define h: F x F x R* as follows:
he(a,b) = inf{A > 0: H(a,b,) >1—¢,M(a,b,A) <¢S(a,b,A) <¢e}
Then,
i. (F, hg: €€ (0,1]) is generating space of quasi-metric family.
ii. The topology ¢ on (F, h,: € € (0,1]) coincides with the & —topology on V, that is, h, is
a compatible symmetric for .

Definition 3.2. Let VV be a NMS. The mapping f: F — F is called neutrosophic contraction (NC)
if there exists k € (0,1) such that

1 1
rraron <k (Gamn)
M(f(a), f(b), ) < kM(a,b,2),
S(f(a),f(b),2) < kS(a,b, ),
foreach a,b,€ Fand 1 > 0.
Definition 3.3. Let V be a NMS and let f: F — F be a NC mapping. Then there exists ¢ € F such
that ¢ = f(c). That is, c is called neutrosophic fixed point (NFP) of f.
Proposition 3.4. Suppose that f is a NC. Then, f™ is also a NC. Furthermore, if k is the constant
for f, then k™ is the constant for f™.
Proposition 3.5. Let f be a NC and a € F. f[D(a,¢,4)] € D(a, ¢, A) for large enough values of
€.
Proposition 3.6. The inclusion f™[D(a,&,4)] € D(f*(a),e*, 1) is hold for all n, where
e =k"xe.
Now, we will give new definitions and results:
Definition 3.7. Choose two NMSs (F,&;,®,]) and (G,E&,, ®,1). Let D; the uniformly
generated by &; (i = 1,2). A mapping f: F — G is uniformly continuous with respect to D; and
D, if and only if for a given ¢, € (0,1) and 1, > 0, there exists &; € (0,1) and A, > 0 such that
Hl(a,b,/’ll) >1- &1, M1(a, b,ﬁq) < &1, Sl(a, b,/11) < &1 implles Hz(f(a),f(b),}{z) >1- &,
M,(f(a), f(b),A3) < &, My(f(a), f(b),A;) <&, foreacha,b € F.
Definition 3.8. Take a NMS V. The mapping f: F — F is called A —uniformly continuous if for
each 1, (n € (0,1)), there exists 0 < e <1 such that H(a,b,) >1—-7n, M(a,b,1) <n,
S(a,b,A) <n implies H(f(a),f(b),A) =1 —n, M(f(a),f(b),D) <n, S(f(a),f(b),D) <n,
foreacha,b € Fand 1 > 0.
Definition 3.9. Let V be a NMS. A mapping f: F — F is NC, if there exists k € (0,1) such that

1 1
_ 1< _
H(f(a),f(b),A) 1<k (H(a,b,z) 1)‘

1 1 1
_ 1> — =
M(f(a),f(b),2) 1= k (M(a,b,/l) 1)'

1

1 1
- = 1>z (—_
S(f(a),f(b),A) 1= k (S(a,b,l) 1)

foreacha,b € Fand A > 0.
In this definition, k is said to the contractive constant of f.
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Proposition 3.10. Let V be a NMS and f: F — F a mapping. Then, f is A —uniformly continuous
if and only if for each § > 0 there exists n > 0 such that

1 M(a,b,A) S(a,b,A)
H(abh) L=n M@ = —s@pn =1
implies
1 ~1<56, M(f(a).f (b),A) <6, S(f(a).f (b).A) <
H(f(a).f(b),A) 1-M(f(a).f (b).1) 1-S(f(a).f (b).1)

foreacha,b € Fand A1 > 0.

Proposition 3.11. Let (F, d) be a metric space. Then the mapping f: F — F is metric contractive
on the metric space (F,d) with contractive constant k if and only if f is NC, with contractive
constant k, on the standard NMS (F, €, ®,[:]) induced by d.

Remark 3.12. It is known that the sequence (a,,) in a metric space (F, d) is called contractive, if
there exists k € (0,1) such that d(a, 41, @ny2) < k.d(a,, ay,1) foralln € N.

Proposition 3.13. Let VV be a NMS induced by the metric d on F. The sequence (a,) in F is
contractive in (F, d) if and only if (a,) isNCinV.

The above propositions can be easily proved. Now, we will give Banach fixed point theorem
for NC mappings as follows:

Theorem 3.14. Let V be a complete NMS with (2) in which NC sequences are Cauchy. Let
T:F — F be a NC mapping. Then, T has a unique fixed point.

Proof. Leta € F and a,, = T™(a), n € N. For each 1 > 0,

1 1
HT(@T2(@1) 1<k (H(a,al,l) - 1)'

1 1 1
MT @ T2(@A) 1= E(M(a,al,,l) - 1)’

1 1 1
ST@T2@)) 1= E(s(a,al,,l) - 1)‘
By induction we have, for n € N,

L —1sk(——=-1)

H(an+1,8n+2/4) H(ap,an+1,4)

1
s e
M(an+1,an+2,4) k \M(an,an+1,4)
SRS SNPYS ¥ e
S(An+1,8n+24) k \S(anans1,4)

Then (a,,) is a NC sequence. Therefore, it is a Cauchy sequence. Hence (a,) converges to b,
for some b € F. Now, we must show that b is a fixed point for T. Recall that

MT )T (@A) (M(b,an,/l))
1-M(T(b),T(an)A) — = \1-M(b,an,A)

and

S(T(b),T(an).d) < (S(b,an,/l))
1-S(T(b),T(ap)A) — 1-s(b,and)/’

Therefore, by completeness, for n — oo,

1 1
HT®).T(@)d) 1=k (H(b,an,z) - 1) =0

and

M(T (b),T(an),A) < ( M(b,an,A) )_) 0
1-M(T(b),T(an)A) — 1-M(b,an,) ’
S(T(b),T(an),A) < ( S(b,anA) )_) 0

1-S(T(b),T(ap)A) — 1-S(b,an,A)
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Then lim,, H(T (b), T(a,),A) = 1 and lim,, M(T(b), T(a,),A) = 0, lim, S(T(b), T(a,), ) =
0 for every A > 0. Therefore, lim,, T(a,) = T(b), thatis, lim,, a,.,; = T(b) and then T(b) = b.
To show uniqueness, assume T (c) = ¢ for some ¢ € F. Then, for 2 > 0, we have, for n - oo,

1 _ 1 _ 1 _ _ ; _
Hb,cd) 1= H(T(b),T(c),A) 1<k (H(b,c,/l) 1) =k (H(T(b),T(c),l) 1)

< k2 mq)s---sk"(mq)—w.

As well as for n —» oo,

Mbed) _ MIGIEOD (M(b,c,ﬂ) ) (M(T(b),r(c),/n )
1-M(b,c,A)  1-M(T(b),T(c)A) — ~ \1-M(b,c,2) 1-M(T (b),T(c),2)

< k? (%) <o < k"(%) -0,

Sbed) _ STOION (s(b,c,/l) )_ (S(T(b),T(c),/l) )
1-S(b,c,A)  1-S(T(b),T()A) — ~ \1-Sb,cA)) ~ ~ \1-S(T(b),T(c),A)

S(b,c, ) S(b,c, )
<k|————| <<k |————=]~-0.
1-5S(b,c, ) 1-5S(b,c, )
Thus, H(b,c,A) = 1,M(b,c,2) = 0,S(b,c,A) = 0and hence b = c.
From Proposition 3.13 and Theorem 3.14, we can give the following corollary:
Corollary 3.15. Let V be a complete NMS and T: F — F an NC mapping. Then T has a unique
fixed point.
Definition 3.16. A sequence (4,) is called s —increasing sequence if there exists m, € N such
that 1., + 1 < A4, forallm = my.
Now, we define the infinite “product” with ®@ in V, as follows:
i21H(a,b,4;) = H(a,b,A,) ®H(a,b,1;)® - ©H(a, b, 1,)O -+,
=1 M(a,b,4;) = M(a,b,A,) ©M(a, b, 1;)® - OM(a, b, 1,)O -+,
H?0=1 S(a, b, Ai) =5S(a,b, 11) ®S(a, b, Az)@ - ©®S(a,b, An)O
The following property holds in the classical infinite product of real numbers:

172, d; is convergent, if the sequence of the successive products e, = [];2, d; is convergent,
i.e., (e,,) converges to a nonzero real number as n — oo.

Theorem 3.17. Let V be a complete NMS with (2) such that for each n > 0 and an s —increasing
sequence (4,,) there exists ny € N such that [Tnsn, H(a,b,4,) > 1 =1, [lnsn, M(a,b,4,) <,
[Tnsn, S(a, b, 4,) <7n. Choose ke (0,1). Let T:F-F be a mapping satisfying
H(T(a),T(b),kA) = H(a,b,1), M(T(a),T(b),kA) = M(a,b,A) and S(T(a),T(b) kA) =
S(a,b,2) forall a,b € F. Then, T has a unique fixed point.

Proof. Let a € F and a,, = T™(a),n € N. We have,
H(ay, az,2) = H(T(@),T%@), D) = H (a,T(@),5) = H (a,01,%),
M(ay,ap,0) = M(T(@),T2(@), ) < M (a,T(@),%) = M (a,a,,%),

k
S(ay, a3, 1) = ST(@,T*(@), M) < 5 (a,7(@,5) = S (a,01,%)
By induction, for n € N,
! 2
H(a,, ansq,4) > H (a, al,ﬁ), M(ay, any, 1) <M (a, al,ﬁ), S(an, ans1, 1) <

)
S(a, al,k—n).
Let 4,y > 0. For m,n € N, we suppose n <m, if we take s; >0,(i =n,---,m—1),
satisfying s,, + - + sp—1 < 1, then
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H(an: Am, )L) > H(an: an+1r STLA) 0} QH(aM—l' Am, Sm_lll) =
Sm—14
H (a aj,> )@ -OH (a as, km-l)'
M(a,, am, 1) < M(ay,, an+1,snl)® G)M(am_i, Ay Sm—1A) <
M (a,a,22) @ oM (a,a,22),

S(an: am, A) < S(an' an+1' Sn/l)o Qs(am—lt Am, Sm—ll) <
S (a al, )O -OS (a al,skmr;_lf).

In particular case, since Zleﬁ =1, we can take s; = (i =n,--»m—1), and then

H(a,, a,,b) = H (a, al,m) ®--OH (a, ahm) >[I H (a, al,m),
! 1 2
M(an, A, b) <M (a, al,m) O @M (a al,W) < H1°10:1 M (a, al,m),
S(ap, am,b) <S (a, al,m) [ORTIOX (a al,m) <Il3=:S (a, al'n(%l)k”)'

If we write 4,, = m it is easy to prove that (1,41 — A,) = ®©,asn — 0, s0 (1,,) is an

s —increasing sequence, and then there exists ny € N such that
[e9) 1 —_ o —/1
Hn:no H (a; al; n(n+1)k”) > 1 TI! Hn:no M (a' al' n(n+1)k") < TI‘
A
MT5on, S (0,01 ) <7

Therefore, H(a,, a,,A) >1—n, M(a,, am 1) <n, S(ap, am,A) <n, for m,n=n,.
Hence (a,,) is a Cauchy sequence. Since F is complete, there is b € F such that lim, a, = b. We
must show that b is a fixed point for T. We have, for n - oo,

H(T(b),b,2) = H (T(6),T(ay),5) OH (any1,b,5) = H (b, @, )®H (anes0.2) > 101,
M(T(b),b,2) < M (T(6),T(an),2) M (ansr,b,5) < M (b, 2) B M (anes,b3) - 01
0,

S(T(b),b,2) < 5 (T(h),T(ay),2) DS (a1, b,2) < 5 (b,an, =) O S (anss,b,2) > 0E 0

by definition of convergence sequence and by the continuity of ® and [].
So H(T(b),b,A) =1, M(T(b),b,A) =0, S(T(b),b,A) =0 and then we get T(b) = b.
Now, let’s show the uniqueness. Assume T(c) = ¢ for some ¢ € F. Then,
12 H(c,b,A) = HT(0), T(1), D) = H (c,b,%) = H (T(c), T1),5) 2 H (c,b, ) =+ 2
H (c, b,% ,
0<M(c,b,2) = M(T(0), T(B), D) < M (c,b,7) = M (T(e), T(b),5) < M(c,b,5) <
w(on2)

0<S(c,b,A) = S(T(c), T(h), 1) < S(c, b, ) (T(c) T(b), ) (c b, )

S (C, b'ﬁ)

Now, it is easy to verify that ( ) is an s —increasing sequence, then by assumption, for a
given n € (0,1), there exists ny €N such that
I H(cbi)>1— I M(cbi)< ul s(cbi)< and clearl

nzng rErn ) = n nzng rErn) = m, nzng »rn) = n y
. 2 . 2 . 2
lim,, H (C, b, k_") =1, lim, M (c, b, F) =0, lim,S (c, b, k_") =0. Hence, H(c,b 1) =1,
M(c,b,2) =0, S(c,b,A) =0andsoc =h.

IA
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4. CONCLUSION

Neutrosophic metric space with CTN and CTC is defined by Kirisci and Simsek[28]. Kirisci
et al [21] argued fixed point results for NMS. In this paper, fixed point results in NMS were
discussed. New infinite products are defined by CTN. The Banach Contraction Theorem for NMS
is proved by the new defined infinite products.

REFERENCES

[1] Zadeh, LA. (1965) Fuzzy sets, Inf Comp, 8, 338-353.

[2] Atanassov K. (1986) Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20, 87-96.

[3] Smarandache, F. (2005) Neutrosophic set, a generalisation of the intuitionistic fuzzy sets,
Inter J Pure Appl Math, 24, 287-297.

[4] Turksen, 1. (1996) Interval valued fuzzy sets based on normal forms, Fuzzy Sets and
Systems, 20, 191-210.

[5] Atanassov K., Gargov G. (1989) Interval valued intuitionistic fuzzy sets, Inf Comp, 31,
343-349.

[6] Smarandache, F. (2003) A unifying field in logics: Neutrosophic logic. Neutrosophy,
neutrosophic set, neutrosophic probability and statistics. Phoenix, Xiquan.

[71 Yager, R.R. (2013) Pythagorean fuzzy subsets. Proc Joint IFSA World Congress and
NAFIPS Annual Meeting, Edmonton, Canada, 2013.

[8] Kramosil 1., Michalek J. (1975) Fuzzy metric and statistical metric spaces, Kybernetika,
11, 336-344.

[9] Kaleva O., Seikkala S. (1984) On fuzzy metric spaces, Fuzzy Sets and Systems 12, 215-
229.

[10] George A., Veeramani P. (1994) On some results in fuzzy metric spaces, Fuzzy Sets and
Systems, 64, 395-399.

[11] George A., Veeramani P. (1997) On some results of analysis for fuzzy metric spaces,
Fuzzy Sets and Systems, 90, 365—368.

[12] Park, J.H. (2004) Intuitionistic fuzzy metric spaces, Chaos Solitons and Fractals, 22,
1039-1046.

[13] Heilpern, S. (1981) Fuzzy mappings and fixed point theorems, J Math Anal Appl, 83,
566-569.

[14] Bose R.K., Sahani D. (1987) Fuzzy mappings and fixed point theorems, Fuzzy Sets and
Systems, 231, 53-58.

[15] Alaca, C., Turkoglu D., Yildiz C. (2006) Fixed points in intuitionistic fuzzy metric spaces,
Chaos Solitons and Fractals 29, 1073-1078.

[16] Gregori V., Sapane A. (2002) On fixed-point theorems in fuzzy metric spaces, Fuzzy Sets
and Systems, 125, 245-252.

[17] Imdad M., Ali J. (2006) Some common fixed point theorems in fuzzy metric spaces,
Mathematical Communications, 11, 153-163.

[18] Mihet, D. (2004) A Banach contraction theorem in fuzzy metric spaces, Fuzzy Sets and
Systems, 44, 431-439.

[19] Turkoglu D., Alaca C., Cho Y.J., Yildiz C. (2006) Common fixed point theorems in
intuitionistic fuzzy metric spaces, J Appl Math Comput, 22, 411-424.

[20]  Hussain N., Khaleghizadeh S., Salimi P., Abdou A.A.N. (2014) A New Approach to fixed
point results in triangular intuitionistic fuzzy metric spaces, Abstract and Applied
Analysis, 2014, 1-16.

[21] Kirisci M., Simsek N., Akyigit M. Fixed point results for a new metric space.
mathematical Methods in the Applied Sciences(to apeear).

229



N. Simsek, M. Kirisci | Sigma J Eng & Nat Sci 10 (2), 221-230, 2019

[22]
[23]
[24]
[25]
[26]

[27]
(28]

Mohamad, A. (2007) Fixed-point theorems in intuitionistic fuzzy metric spaces, Chaos
Solitons and Fractals, 34, 1689-1695.

Kirigei, M. (2017) Integrated and differentiated spaces of triangular fuzzy numbers, Fas
Math, 59, 75-89.

Wang H., Smarandache F., Zhang Y.Q., Sunderraman R. (1996) Single valued
neutrosophic sets, Fuzzy Sets and Systems, 4, 410-413.

Ye, J. (2014) A multicriteria decision-making method using aggregation operators for
simplified neutrosophic sets, J Intell Fuzzy Syst, 26, 2459-2466.

Peng J.J., Wang J.Q., Wang J., Zhang H.Y., Chen, X.H. (2016) Simplified neutrosophic
sets and their applications in multi-criteria group decision-making problems, International
Journal of Systems Science, 47, 2342-2358.

Menger, K.M. (1942) Statistical metrics, Proc Nat Acad Sci, 28, 535-537.

Kirigci M, Simsek N. (2019) Neutrosophic metric spaces, arXiv:1907.00798.

230



