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ABSTRACT

For the p-Laplacian wave equation with logarithmic nonlinearity of initial value problem is analyzed.
Focusing on the interplay between damped term and logarithmic source, we discuss the local existence of
solutions.
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1. INTRODUCTION

In this paper, we consider the following the p-Laplacian equation with logarithmic
nonlinearity

Uy — div(|Vul|P~2Vu) — Au+u, = kulnlu|, x€ 02, t>0
u(x,0) = up(x), u(x,0) =uy(x), X EN, 1)

u(x,t) = ;—vu(x, t) =0, x€0dN, t>0,

where 2 € R™ (n < p) is a bounded domain with smooth boundary 9.2, p > 2 is a costant
number and k is the smallest positive constant.

Studies of logarithmic nonlinearity have a long history in physics as it occurs naturally in
inflation cosmology, quantum mechanics and nuclear physics [2,3,6]. There is a lot of reference
in the literature which interested in applications of logarithmic nonlinerity. The first well known
working is introduced by [1] . Later, the motivated of this working a lot mathematicians studied
different problem with logarithmic source term see [4,8,16,13,14,12].

Messaoudi, [11] studied the following problem

U — div(|VulP~2vu) — Ay + |ue |9 ue = JulPtu. 3]

He studied decay of solutions of the problem (2) using the techniques combination of the
perturbed energy and potential well methods. Then the problem (2) was studied by Wu and Xue
[17] and Pigkin [15].

In [9], Nhan and Truong considered
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uy — div(|Vu|P~2vu) — Au, = |u|P~2uln|ul, 3)

and established the global existence, blow up and deca y of solutions for p > 2. The problem
(3) was studied by Cao and Liu [5], they proved global boundedness and also blowing-up at
infinity for 1 < p < 2.

The present of our paper is organized as follows: Firstly, we give some notations and lemmas
which will be used throughout this paper. In the last section, we established the local existence of
the solutions the problem.

2. PRELIMINARIES

In this section we will give some notations and lemmas which will be used throughout this
paper. For simplify notations, throughout this paper, we adopt the following abbreviations:

1
llully = lullpcay, lullz = llull and llully, = llullyorgy = (lull, + 1Vull,)?,

for 2 < p. We denote by C and C; = (i = 1,2,...) various positive constants.
(A) The constant k in (1) satisfies 0 < k < k,where k is the positive real number satisfying

_3 2

e 2= k_1
3
Remark 1 The function f(s) = \/% -e z is a continuous and decreasing function on (0, ),
with
3
limg_o+ f(s) = 00, limg, f(s) = —e 2.
Then there exist a unique k; > 0 such that f (k) = 0.

Therefore;
3
e 2 < /Z{,Vs € (0,ky).

We define energy function as follows
1 1 p, 1 k k
E() =5 luell? + S 1Vull} + 21Vl = f ginlulu?dx + 5 llull®. )
Lemma 2 E(t) is a nonincreasing function of t = 0
E'(t) = —lull* < 0. ®)

Proof. We show that E'(t) = —|lu.||?> < 0. Multiplying the equation (1) by u, and integrating on
Q we have

UprUpdX — w(|VulP~*Vu)u,dxc
J quecuedx — Jodiv(IVulP~?Vau,d
+J o VuVuedx + [ Jugudx

= [ kuln|ulu.dx,
S Glahueldx) + & (30 vuldx) + £ (37 Ivuldx)
d k k
E(—;fﬂlnluluztix +5 ||u||2)

= —[lull®,

al1 2,41 py1 2 _k 2 k 2]__ 2
S [5 a2 09ally + SN0l = % f el + % ] = =l

+

E'(t) = —llucll®.
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Lemma 3 [7] (Logarithmic Sob olev Inequality). Let u be any function u € Hy*(22) and a > 0 be
any number

2
Joinlulu?dx < % lull?in]lull? + Z—n IVull? = (1 + lna)|lull?.

Lemma 4 [4] (Logarithmic Gronwall Inequality) Let ¢ > 0,y € L*(0,T,R") and assume that the
function w: [0, T] - [1, oo] satisfies

w()<c (1 + foty(s)w(s) Inw(s) ds),O <t<T,
where

w(t) < cefotcy(s)ds,o <t<T.
3. LOCAL EXISTENCE
In this section we state and prove the local existence result for the problem (1). The proof is
based Faedo-Galerkin method.
Definition 5 A function u defined on [0, T] is called a weak solution of (1) if
wec([0,7): W (@), u €c(l0,T):17®))
and u satisfies
fﬂutt(x, tw(x)dx + fﬂVu(x, t)Vw(x)dx
+/ o[ VulP2Vu(x, OVw () dx + [ ju, (x, Ow(x)dx
= kfnu(x, tinlulx, t)|w(x)dx,
for w € H3(Q).
Theorem 6 Let (ug,u;) € Wol'p(n) x L?(Q). Then the problem (1) has a global weak solution on
[0,T].
Proof. We will use the Faedo-Galerkin method to construct approximate solutions. Let {w,-};il
be an orthogonal basis of the "separable” space Wg'p (Q) which is orthonormal in L%(£2). Let
Vi = span{wy, wa, ..., Wy}
and let the projections of the initial data on the finite dimensional subspace V;,, be given by
ugt(x) = Y7L aqjw; - ug in Wé’p (D)
ui*(x) = XML, bjw; = uy in L2(Q)
forj=1,.2,...,m
We look for the approximate solutions
u™(x,t) = Xjzg M (Ow; (%),
of the approximate problem in V,,,
fn(u?tlw + |[Vu™|P2Vu™Vw + VuVw+ul"w)dx = kfﬂumlnlumlwdx,
u™(0) = ut = Z}"zl(uo,wj) wj, (6)
u(0) = ui* = X7y (u, wy) w.
This leads to a system of ordinary differantial equations for unknown functions h]-m(t). Based
on standard existence theory for ordinary differantial equation, one can obtain functions
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h:[0,tn] = R, j=12,...m

which satisfy (6) in a maximal interval [0, t,,,), 0 < t,,, < T. Next, we show that t,,

U]

=T and

that the local solution is uniformly bounded independent of m and t. For this purpose, let us

replace w by u* in (6) and integrate by parts we obtain
—Em(t) = —[u"l> <0,
where
1 1 1
E™(6) = luft 7 + 5 1vum ] + 11V 2
_k m|2 m ko, my2
o olw™ P infu™ dx + 5 ™12,
Integrating (8) with respect to t from 0 to t, we obtain
E™(t) < E™(0).
By the Logarithmic Sobolev inequality leads to
1 1 p, 1
E™(0) = Sl I1? + S Ivu™ll + S Ive™ |1
=2 [ gl Pinfum™ | dx + 2 ™2,
= 2 12 + v + ;uwmuz + £l 2
-2; Bl + < a2 - (1 + tna) 2]
= I 12 + > 7w ) + (1 ~ 52 vum2
+E[;(1 - 1n||um||2) + (1 + Ina)| [l
Then, using of (10) and taking C = 2E™(0) we get
e + +(1 ——) Va2
2wy + + (5 + kina) 12
s C +;|Iumllzlnllum||2.
Now, choosing
3
ez<a< \/2;”
will make
¥ 4 kina >0 andl—kiz>0
2 2

This selection is possible thanks to (A). So, we have

N 12 + 1IVu™ |l + ™1 + [le™ 12 < c(@ + [lu™ P nllw™)12).

We know that
tou™

u™(.,t) = u™(. 0)+f - (,Ddr.
Then, using Cauchy-Schwarz inequality (a + b)* < 2(a? + b?), we obtain
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@I = [[um,0) + £ 2 r)drllz

< 2l Ol +2 | [ 2 (v )dr||

< 20O + 27 [ I dr. (15)
So, using of inequality (14) and (15) we get

e (O < 2l )12 + 2Te(L + ™ P tnflu™|1?). (16)

If we put C; = max{2]ju™(0)||?,2Tc}, (16) leads to
™12 < 26, (1 + [ ™12 inllu™ | do).
Without loss of generality, we take C; > 1, we have
112 < 26, (1 + ;€0 + I™I2in((Cy + I™112)) dr ).
Thanks to Logarithmic Gronwall inequality, we obtain
[[u™|? < 2C,e?Ct = C,.
Therefore, from inequality (14), it follows that
e 12 + V™ [} + [I7u™ 1% + [[lu™]? < €3 = C(1 + C;In Cy),

where Cs is a positive constant independent of m and t. If these operations (14) are applied to
each term of inequality, this implies

maXge(o, tm)”u 12+ maXg¢e (o, tm)”VUm”p + maXee(o, tm)”VUmH2 + %ax lu™|? < 4Cs )

So, the approximate solution is uniformly bounded independent of m and t. Therefore, we can
extend t,,, to T. Moreover, we obtain

u™, is uniformly bounded in L® <0, T; Wo(l‘p) (!2)) , (18)
ul™, is uniformly bounded in L°°(0, T; L? (.Q)).

Hence we can infer from (17) and (18) that there exists a subsequence of (u™) (still denoted
by (u™), such that

(um - u, weakly* in L (O, T; Wo(l’p)(.(l)),
ul* > u,, weakly” in L°(0,T; L?(12)),
u™ - u,weakly in LZ(O, T; H&(!))),
Lu{" - ug, weakly in L?(0,T; L2()).
Then using (19) and Aubin-Lions lemma, we have
u™ - u, strongly in L?(0,T; L2(2))

(19)

which implies
u™ - u, 2x(0,T).
Since the map s — sin|s|¥ is continuous, we have the convergence
u™n|u™|* - uln|u|*, 2 x (0,T). (20)
By the Sobolev embedding theorem (H3(2) & L*(Q2)), it is clear that [u™in|u™* —

uln|u|k|is bounded in L*(2 % (0,T)). Next, taking into account the Lebesgue bounded
convergence theorem, we have
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u™n|u™|* - uln|ul* strongly in L?(0,T; L2(2)) (21)
We integrate (6) over (0,t) to obtain, Vvw € V,,
k fotfumlnlumlwdxds = [ui'wdx — fﬂu{"wdx
+f0t J o|Vu™ P 2VumVwdxds
+ fot S Vu"Vwdxds + fot J quitwdxds.
Convergences (19), (21) are sufficient to pass to the limit in (22)

Jquewdx = [ juywdx — fot J o|VulP~2VuVwdxds

- fot J o VuVwdxds — fot Jquewdxds [ +k fot J quin|ulwdxds. (22)

which implies that (22) is valid Yw € H} (£2).Using the fact that the terms in the right-hand
side of (23) are absolutely continuous since they are functions of t defined by integrals over
(0,t), hence it is differentiable for a.e. t € R*. Thus, differentiating (23), we obtain, for a.e.

t € (0,T) and any Yw € H3(0),
S quCe, O)infulx, O w(x, Odx = [ que G, Ow(x)dx
+/ o |VulP~2Vu(x, £)Vw(x)
+J o Vulx, Vw(x)dx
+J que Ce, OW(x)dx, (23)

If we take initial data, we note that
u™ - u,weakly in L? (O, T; %(1'p) (.(2)) ,
ul > uy, weakly in L2(0,T; L2(2)).
Thus, using Lion's Lemma [10], we have
u™ - u,in C([0,T]; L2(12)).
Therefore, u™(x, 0) makes sense and
u™(x,0) - u(x, 0),in L>(2)
We have
u™(x,0) > ug(x, 0), in (H(2) N LP (1))
Hence
u(x) = up(x)

Now, multiply (6) by ¢ € €;°(0,T) and integrate over (0,T), we obtain for vw € V,,, and
because of

W) = ute) +ume'(t)
we get
— [ J quitwe' (®)dx = [ o IVu™[P-2VumVwe (t)dxdt
- fot S VumVwe(t)dxdt — fot S quitwo (t)dxdt
+k fot S qu™in|u™|we(t)dxdt.
As - oo, we have for vw € H} () and ¢ € C§(0,T)
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— I quewe' ®©)dx = [} [ o |VulP-2VuVwe (t)dxdt
- fot fQVuVW(p(t)dxdt - fot fﬂutwga(t)dxdt
+k fot J quinlulwe(t)dxdt.
This means
Uy € LZ[O, T), H2(0),
on the other hand, because of
U € L*[0,T), L2(2),

we obtain
Uy € C[0,T), H2(Q).
So that
ul(x,0) - u.(x,0), H*(2),
but
u*(x,0) = uf"(x) - u'(x), L*(2).
Hence

us(x,0) = uy (x).
This finished the proof of the theorem.
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