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ABSTRACT

In this work, the boundedness for higher order commutators of Hardy-Type integrals is obtained on Herz—
Morrey spaces with variable exponent MKEFJ&(R“) applying some properties of variable exponent.
Keywords: Variable exponent, hardy-type integral, Herz—Morrey space.

1. INTRODUCTION

The first generalization of Herz spaces in view of variable exponent is established by Izuki [9,
10]. And in 2012, Almeida and Drihem [11] discuss the boundedness of a wide class of sublinear
operators on Herz spaces KE8"’(R“) and MKEE%"’ (R™) with variable exponent 8(.) and q(.).

Last twenty-five century, the variable exponent function spaces and the operator theory are
applicable to the modeling for electrorheological fluids, mechanics of the continuum medium and
image restoration (see for example [1-8, 20, 21, 22, 23, 24, 25] and references therein), etc.

Meanwhile, they also established Hardy-Littlewood—Sobolev theorems for fractional
integrals on variable Herz spaces. In 2013, Samko [12, 13] introduced a new Herz type function
spaces with variable exponent, where all the three parameters are variable, and proved the
boundedness of some sublinear operators. In recently, Wu J. [14, 15] and Wu J. and Zhao W. [17]

considers the boundedness for sublinear operators and commutators of fractional integrals on
Herz—Morrey spaces MKS.(A)('-))L(RH) with variable exponent q(.) but fixed B € R and p € (0, o).
The BMO space and the BMO norm are defined, respectively, as follows:

BMO(R™) = {d € L}, (R™: ldllzmorm) < ©},
ldllsmor) = supxes 75, [ 14Cx) = dpldx.

We will denote by |D| the Lebesgue measure and by yp the characteristic function for a
measurable set D c R™. Given a function f, we denote the mean value of f on D by f, =
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T f f(x)dx. C denotes a constant that is independent of the main parameters involved but
whose value may differ from line to line. For any index 1 < q(x) < o, we denote by g’ (x) its
conjugate index, namely, q¢'(x) = 49 por A~D, we mean that there is a constant C > 0 such

q(0)-1’
that C-1D < A < CD.
2. PRELIMINARIES

In this section, we give the definition of Herz—Morrey spaces, and state some properties. Let
@ be a measurable set in R™ with |®] > 0.
Let By = {x € R™:|x| < 2!}, A, = B{\B¢_ and x, = x4, fort € Z.

Definition 2.1. (see [17]) Suppose that 0 < 1 < 00,0 < p < o0, q(.) € T(R™) and B(.):R™" > R
with B(.) € L*(R™). The variable exponent Herz—Morrey space MKB() (y(R™) is defined by

SBOA
MKEQA(R™) = {1 € LD R™OD: 101 g < 2}
where,

1
/
1 o ey = Supeyez 2 (Ziall2P0f 2ell o))

Compare the variable exponent Herz—Morrey space MK (q)(A)(R“) with the variable exponent

Herz space [11] KE8'p(R“), where
>BC), . o 14
REOP@R™ = {f € LIS R™{0D: T2 |28 e oy < 0}

Obviously, KBO};(R“) = KB()"(R“) When B(.) is constant, we have MKB(”(R")
MKg:g(_)(R“) (see [18]). If both B(.) and q(.) are constants, and A = 0, then MKB(”)(R") =

Kg'p(R“) are classical Herz spaces. When A = 0 and S(.) is a constant, we can see that our result
below generalizes the result in the setting of the variable exponent Herz space, which proved by
Izuki in [16]. So in this work, we only give the result when 2 > 0.

Proposition 2.2. (see [17]) Suppose that g;(.) € T(R") NT(R™), 0 < 1 < % and define the

variable exponent g, (.) by

1 1 1

@0 @0 n (€
Then we have [|[Hf || azgny < Cllf || a1 rny Tor all f € LI1(R™).

Lemma2.3.b € BMO(R™),k € N and i,j € Z with i < j. Then we have

-1 k 1 k k
C7Hld sapormy < Supe m”%s(d —dp) ||Lq(Rn) < Clldlgyocrmy
k PN AT AL
s, (= s < €G = DX 1M moqer [, | g
The above result is proved by Izuki [9]. We remark that Lemma 2.3 is a generalization of

well-known properties for BMO spaces.

Proposition 2.4. (see [17]) Let q(.) € T(R™),p € (0,) and 0 < A < oo. If real-valued function
B() € L°(R™) N T°°(R™) N TL°(R™), then

LI(R™) |XBJ‘||
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Y
”f”M['(B(.),A(Rn) SUPyez 2” t°’1( ool 2C f)(t“Lq(Rn)) ’

Yo
~ max {supt0<o 27tk (Z 2tﬁ(o)p”f?(t”Lq(R")) ’

toEZ
Yp —tod tB f K
2-to ( 02 P || Xt“z,‘i(R"))

Where tl = t3 = to, EZ = _1
Lemma 2.5. (see [8, 19] Generalized Holder’s inequality) Suppose that g(.) € [(R™), then for
any f € LYO(R™) and any g € L9 O(R™), we have

fRnlf(x)g(x)ldx < Cq”f”Lq(-)(Rn)”g”Lq'(.)(Rn)

1
q+

Supty=0 <2 tod (Z ZtB(O)p”f)(t”Lq(Rn))

to€Z

where C; = 1+

3. RESULT AND DISCUSSION

Theorem 3.1. Suppose that g;(.) € T(R™) N T“’g (R™). Define the variable exponent g,(.) by
(1). Let kEN,0<p; <p<o0,0<a <( R ,A=0 and B(.) € L*(R™) be log-Holder
contlnuous both at the orlgln and at infinity, with 1 —nd, < B(0) < Bo < A+ nd;, where
6, € ( s ) and &, € ( s ) are the constants appearing in (See [17, Remark 2.13]). Then
forall d € BMO(R™), we obtain

|HZ2 (O] MKEO2 (rn) <cldll¥ MO(R")”f”M]‘(gi-’);\l(Rn)-
Proof of Theorem 3.1. If B(.) be constant exponent, then the above result can be founded in [15].

When A = 0, the above result is also valid. For any f € MKﬁfLi‘(R“) and d € BMO(R™). If we
denote f; = fx; = Xa; for each j € Z, then we can write

fO) = X7 o fOx;(x) = X2 _oo £ ().
Because of 0 < % < 1, we apply inequality

p1 1
CE wlaiDrz < X2 _ola;lez, @

and Proposition 2.4 , we obtain
P
/
||HE a(f)HMKBm(Rn) SUPgyez 2704 (Zioz_ ||2tﬁ()de(f)Xk”qu(Rn)) .

/pz
~ max {supiziﬁ 2 toAps (Z o 202 || K d(f))(tlquz(Rn)) ,

I 1/ P1/
suptoe22‘t°’“’1( Ztﬁ(o)pZIIk(f))(tlqu(Rn)) p2+( o 2tPp2 || HE d(f)Xk”qu(Rn)) pz]}

to=0
P1
/
< max{suptoezz toAps (Z 2f3(0)p1||Hka(f))(t”qu(Rn)) ”,

to<0

I P1/ P1/
Suptoezz—tullh (Zt_zl—oo Ztﬁ(o)plllH d(f))(t”qu(Rn)) Pz +( EO:O ztﬁooplllH d(f))(t“qu(Rn)) p2:|}

£020
= maX{El, EZ + E3},

where
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E; = suptez 27001 (2 Ztﬁ(o)plllH d(f)Xf“LqZ(R"))

to<0
Ey = suproez 27041 (B2 o0 28O | HE 4 (e} o)
to20
E; = supg,ez 2™t (2?:0 Ztﬁ”m”H (f)Xt“qu(Rn))
to20

It is not difficult to find that the estimate of E; is analogous to that of E,; therefore, the
estimates for E; and E5 will be considered here. To E;, we have

Ey = supt,ez 2~ toApy (Z Ztﬁ(O)pl”de(f)Xt”qu(Rn))

£9<0

© 121

< Csup; izo 2 toAps (2 Zt‘g 0)p1 (Zt Zoo”H d(f))(]”qu(Rn)) )
© D1

+Csup£ iZO 2” toAps (2 Zt'g 0P (25“’% 1 |H d(f)X]”qu(Rn)) )
P

+C sup¢,ez 2 toAP: (Zii_w 20RO ( ;.;t+2||H§,d(f)Xj”LQZ(R")) 1)

£9<0

= C(E11 + E12 + E13).
First we estimate E;,. Using [17, Propositions 2.9] and Proposition 2.4, we have

_ t D1
E12 =C SUpt,ez 2 toApy (Ztoz—oo 2(5;8(0)1)1 (Zj’"’% 1||H(}16,d(f)Xj”qu(Rn)) )
t,<0
kp
< C“d“BMlO(R")”f”MKB())\(Rn)
For E;;. Note that when x € Ay, j <t —2, and y € A;. Therefore, using the generalized
Holder’s inequality (see Lemma 2.5), we have

|Hea () COxe (0]

k
s Czt(a_n)”f]'”qu(Rn) <|d(x) - dBj| ||Xj||L‘I'1(-)(R") + ||(d - dBj) Xj

)Xt(x)-

L4"10@R™)
Thus, from Lemma 2.3, and note that [|xll o ggny < [|Xs,]| pogmy. it follows that

”Ha,d(f]')XtHqu(Rn)

< €25 (e = Nl zmorm 1l o, oy ©)

Note that yp,(x) < C27"*H,(xp,)(x) (see [19]), by Proposition 2.2 and [17, Lemma 2.12],
we obtain

|XBJ' ||Lq,1(')(Rn) ||XBr||qu(.)(Rn)

”XBt”qu(-)(Rn) = Cz_ta”XBt”qu(-)(Rn) &)
Using [17, Lemma 2.12], [17, Remark 2.13] and (4), we have

25 | 18 snamy = € 1, g 1 e

-C ”XBJ'”Lq'l(.)(Rn) < Cz(i—f)n51, (5)
”XBt”Lq’l(.)(Rn)
On the other hand, note the following fact (;, (j= 1, 2, 3) come from Proposition 2.4)
i (<0,(G=123)

”f}HLlh(Rn) < CZ](A ﬁ(o))“f” KB()A(R") (6)
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(=0,(G=123)
”f}”qu(Rn) Czj(l ﬁoo)“f”MKB()X(Rn) (7)

Definition 2.1, Proposition 2.4 and the condition of B(.), are used in above facts. Thus,
combining (3), (5) and (6), and using B(0) < B < A+ ndy, it follows that

Eyq = Csupc ez 2" todp (Z 2tﬁ(0)p1( ]__oo”H d(f)Xt”qu(Rn))pl) <

to<0
k.p
om0

Now, let us turn to estimate for E;;. Note that when x € 4y, j=t+2, and y € 4;.
Therefore, using the generalized Holder’s inequality (see Lemma 2.5), we have

|HE () COxe (0]

< C2 Mgy (1469 = o sl 00+ 12 = ) 111 ) 260
Using Lemma 2.3, it follows that

[1#15a (£ el oy

< €27« G = O Wl Ewoqwm il s gony 128, gny el ez gny (8)

Note that yp,(x) < C27/%H,(x5,)(x) (see [19]), by Proposition 2.2 and [17, Lemma 2.12],
we obtain

< |

||XBi||qu(-)(Rn) L4 1()(R")

Thus, we have

zj(a—n) ”XBI ||Lq 1()(Rn) ”XBJ ”qu()(Rn)
Using [17, Lemma 2.12; Remark 2.13] and (9), we have

©)

llxs, ”qu(-)(Rn)

”XBt”qu(-)(Rn) =C ||XB]'| ||XBt||qu(-)(R") =

2 o |
Bj L9220 (R™) ")(Bj "qu(_)(Rn)

C2t=Nns, (10)
Thus, combining (6), (8) and (10), and using 1 — né, < B(0) < B, it follows that

Eq3 = supeez 27 toAPs (Z ZtB(o)pl( % cr2|| He d(f))(t”qu(Rn)) ) =

to<0
Clidlghs e LF 1P

qul(-)(Rn)

MKEO2 (Rny’
Combining the estimates for E;4, E;, and E; 5 yields
Ey < Clidlghowm I gon o
0= C0amoun g
For E5, similar to the estimate of E;, using Propositions 2.2-2.4, Lemmas 2.3-2.5, [17,
Lemma 2.12; Remark 2.13], (2)—(5), (7)—(10), we have

k,p
B3 = Il on I 02 oy
Joint the estimates for E;, E, and E3, we obtain

|HE a(f)”MKBm(Rn) < C||d||BMo(Rn)||f||MKBm(Rn)
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This finishes the proof of Theorem 3.1.
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