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ABSTRACT 

 

In this paper, we consider a class of nonlinear higher-order wave equation with variable exponents 𝑢𝑡𝑡 +
(−∆)𝑚𝑢 + |𝑢𝑡|𝑝(𝑥)−2𝑢𝑡 = |𝑢|𝑞(𝑥)−2𝑢  in a bounded domain 𝛺 ⊂ 𝑅𝑛. We prove a finite time blow up result for 
the solutions with negative initial energy. This improves earlier results in the literature [18]. 
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1. INTRODUCTION 

 

In this paper, we consider the initial-boundary value problem for a class of nonlinear higher-

order wave equation 
 

𝑢𝑡𝑡 + (−∆)𝑚𝑢 + |𝑢𝑡|𝑝(𝑥)−2𝑢𝑡 = |𝑢|𝑞(𝑥)−2𝑢,    (𝑥, 𝑡) ∈ 𝛺 × (0, 𝑇),                                   (1) 
 

with the inital-boundary conditions 
 

𝑢(𝑥, 0) = 𝑢0(𝑥),     𝑢𝑡(𝑥, 0) = 𝑢1(𝑥),    𝑥 ∈ 𝛺,                                                              (2) 
 

and 
 

𝐷𝛼𝑢(𝑥, 𝑡) = 0,     |𝛼| ≤ 𝑚 − 1,   𝑥 ∈ 𝜕𝛺,                                                                    (3)  
 

where 𝐴 = (−∆)𝑚,   𝑚 ≥ 1 is a natural number, 𝛺 is a bounded domain with smooth 

boundary 𝜕𝛺 in 𝑅𝑛  (𝑛 ≥ 1) and 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛),   |𝛼| = ∑ |𝛼𝑖|,    𝐷𝛼 = ∏
𝜕𝛼𝑖

𝜕𝑥
𝑖

𝛼𝑖..
𝑛
𝑖=1

𝑛
𝑖=1  .   

The variable exponents 𝑝(. ) and 𝑞(. ) are given as measurable functions on 𝛺 satisfying 

2 ≤ 𝑝− ≤ 𝑝(𝑥) ≤ 𝑝+ < 𝑞− ≤ 𝑞(𝑥) ≤ 𝑞+ ≤ 𝑞∗                                                       (4) 
 

where 
 

 𝑝− = 𝑒𝑠𝑠𝑖𝑛𝑓𝑝(𝑥)
𝑥∈𝛺

,     𝑝+ = 𝑒𝑠𝑠𝑠𝑢𝑝𝑝(𝑥)
𝑥∈𝛺

,  

 𝑞− = 𝑒𝑠𝑠𝑖𝑛𝑓𝑞(𝑥)
𝑥∈𝛺

,     𝑞+ = 𝑒𝑠𝑠𝑠𝑢𝑝𝑞(𝑥)
𝑥∈𝛺

,  
 

and 
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𝑞∗ = {
∞,     𝑖𝑓 𝑛 = 1,2,

2𝑛

𝑛−2
,   𝑖𝑓 𝑛 ≥ 3.

   

 

When 𝑚 = 1 and 𝑝(𝑥), 𝑞(𝑥) are constants, (1) become the following famous wave equation 
 

𝑢𝑡𝑡 − ∆𝑢 + |𝑢𝑡|𝑝−2𝑢𝑡 = |𝑢|𝑞−2𝑢.                                                                           (5) 
  

Firstly, Levine [8, 9] considered the interaction between the linear damping (𝑝 = 2), and 

source term by using the Concavity method. He showed that solutions blow up in finite time with 

negative initial energy. Later, Georgiev and Todorova in [6] extended the result to the nonlinear 

damping case (𝑝 > 2). See also [11, 16] for the related works of the blow up of the solution (5). 

When 𝑚 = 2 and 𝑝(𝑥), 𝑞(𝑥) are constants, (1) become the following Petrovsky equation 
 

𝑢𝑡𝑡 + ∆2𝑢 + |𝑢𝑡|𝑝−2𝑢𝑡 = |𝑢|𝑞−2𝑢.                                                                           (6) 
 

Messaoudi [12] studied the local existence and blow up of the solution to the equation (6). 

Wu and Tsai [17] obtained global existence and blow up of the solution of the problem (6). Later, 

Chen and Zhou [3] studied blow up of the solution of the problem (6) for positive initial energy. 

When 𝑚 = 1, Messaoudi et al. [13] considered the equation 
 

𝑢𝑡𝑡 − ∆𝑢 + |𝑢𝑡|𝑝(𝑥)−2𝑢𝑡 = |𝑢|𝑞(𝑥)−2𝑢.                                                                     (7) 
 

They studied local existence and blow up of the solutions for the wave equation (7). For more 

results about the variable exponent spaces we refer the readers to [1, 2, 10, 14]. 

Motivated by the above results, in this paper, we prove the blow up result of the solution (1) 

under some conditions. Thus, we try to extend the previous results from constant-exponent 

nonlinearities to higher-order wave equation with variable-exponent nonlinearities. 

The outline of this paper is as follows. In section 2, we state some results about the variable 

exponent Lebesgue and Sobolev spaces 𝐿𝑝(𝑥)(𝛺) and 𝑊1,𝑝(𝑥)(𝛺). In section 3, the blow up 

results will be proved. 

 

2. PRELIMINARIES 

 

In this section, we state some results about the variable exponent Lebesgue and Sobolev 

spaces 𝐿𝑝(𝑥)(𝛺) and 𝑊1,𝑝(𝑥)(𝛺) (see [4, 5, 7, 15]). 
 

Let 𝑝: 𝛺 → [1, ∞] be a measurable function, where 𝛺 is a domain of 𝑅𝑛. We define the variable 

exponent Lebesgue space by 
  

𝐿𝑝(𝑥)(𝛺) = {𝑢: 𝛺 → 𝑅, 𝑢 𝑖𝑠 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒 𝑎𝑛𝑑 ∫ |𝑢|𝑝(𝑥)𝑑𝑥 < ∞
𝛺

},  
 

endowed with the Luxemburg norm 
 

‖𝑢‖𝑝(𝑥) = 𝑖𝑛𝑓 { > 0: ∫ |
𝑢


|

𝑝(𝑥)
𝑑𝑥 ≤ 1

𝛺
},  

 

 𝐿𝑝(𝑥)(𝛺) is a Banach space. 

The variable exponent Sobolev space 𝑊1,𝑝(𝑥)(𝛺) is defined by 
 

𝑊1,𝑝(𝑥)(𝛺) = {𝑢 ∈ 𝐿𝑝(𝑥)(𝛺): ∇𝑢 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛𝑑 |∇𝑢| ∈ 𝐿𝑝(𝑥)(𝛺)}.  
 

Variable exponent Sobolev space is a Banach space with respect to the norm 
 

‖𝑢‖1,𝑝(𝑥) = ‖𝑢‖𝑝(𝑥) + ‖∇𝑢‖𝑝(𝑥).  
 

The space 𝑊0
1,𝑝(𝑥)

(𝛺) is defined as the closure of 𝐶0
∞(𝛺) in 𝑊1,𝑝(𝑥)(𝛺) with respect to the 

norm ‖𝑢‖1,𝑝(𝑥). For 𝑢 ∈ 𝑊0
1,𝑝(𝑥)

(𝛺), we can define an equivalent norm 
 

‖𝑢‖1,𝑝(𝑥) = ‖∇𝑢‖𝑝(𝑥).  
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Let the variable exponent 𝑝(. ) satisfy th e log-Hölder continuity condition: 
 

|𝑝(𝑥) − 𝑝(𝑦)| ≤
𝐴

𝑙𝑜𝑔
1

|𝑥−𝑦|

,     𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝛺  𝑤𝑖𝑡ℎ |𝑥 − 𝑦| < 𝛿,                                         (8) 

 

where 𝐴 > 0 and 0 < 𝛿<1. 
 

Lemma 1 [4] (Poincare inequality) Let 𝛺 be a bounded domain of 𝑅𝑛 and 𝑝(. ) satisfies log-

Hölder condition, then 
 

‖𝑢‖𝑝(.) ≤ 𝑐‖∇𝑢‖𝑝(.),   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝑊0
1,𝑝(.)

(𝛺), 
 

where 𝑐 = 𝑐(𝑝−, 𝑝+, |𝛺|) > 0. 
 

Lemma 2 [4] Let 𝑝(. ) ∈ 𝐶(�̅�) and 𝑞: 𝛺 → [1, ∞) be a measurable function and satisfy 
 

𝑒𝑠𝑠𝑖𝑛𝑓(𝑝∗(𝑥)−𝑞(𝑥))>0.

𝑥∈�̅�
  

 

Then the Sobolev embedding 𝑊0
1,𝑝(.)(𝛺) ↪ 𝐿𝑞(.)(𝛺) is continuous and compact. Where 

 

𝑝∗(𝑥) = {

𝑛𝑝−

𝑛−𝑝− , 𝑖𝑓 𝑝− < 𝑛,

∞, 𝑖𝑓 𝑝− ≥ 𝑛.
  

 

Next, we state the local existence theorem of problem (1), that can be obtained by combining 

arguments in [6, 12, 13]. 
 

Theorem 3 (Local existence). Assume that (4) and (8) and (𝑢0, 𝑢1) ∈ 𝐻0
𝑚(𝛺) × 𝐿2(𝛺) hold, then 

there exists a unique solution 𝑢 of (1) satisfying 
 

𝑢 ∈ 𝐶([0, 𝑇): 𝐻0
𝑚(𝛺)),    𝑢𝑡 ∈ 𝐶([0, 𝑇): 𝐿2(𝛺)) ∩ 𝐿𝑝(.)(𝛺 × (0, 𝑇)).  

 

3. BLOW UP OF SOLUTIONS 

 

In this section, we are going to consider the blow up of the solution for problem (1). Firstly, 

we give following lemma. 
 

Lemma 4 [13] If 𝑞: 𝛺 → [1, ∞) is a measurable function and 
 

2 ≤ 𝑞− ≤ 𝑞(𝑥) ≤ 𝑞+ <
2𝑛

𝑛−2
;   𝑛 ≥ 3                                                                     (9) 

 

holds. Then, we have following inequalities:  
 

(i)  𝜌
𝑞(.)

𝑠

𝑞−
(𝑢) ≤ 𝑐 (‖∇𝑢‖2 + 𝜌𝑞(.)(𝑢)),                                                                        (10) 

 

(ii) ‖𝑢‖𝑞−
𝑠 ≤ 𝑐(‖∇𝑢‖2 + ‖𝑢‖𝑞−

𝑞−

),                                                                          (11) 
 

(iii) 𝜌
𝑞(.)

𝑠

𝑞−
(𝑢) ≤ 𝑐 (|𝐻(𝑡)|+‖𝑢𝑡‖2 + 𝜌𝑞(.)(𝑢)),                                                             (12) 

 

(iv) ‖𝑢‖𝑞−
𝑠 ≤ 𝑐(|𝐻(𝑡)|+‖𝑢𝑡‖2 + ‖𝑢‖𝑞−

𝑞−

),                                                                   (13) 
 

(v) 𝑐‖𝑢‖𝑞−
𝑞−

≤ 𝜌𝑞(.)(𝑢)                                                                                        (14) 
 

for any 𝑢 ∈ 𝐻0
1(𝛺) and 2 ≤ 𝑠 ≤ 𝑞−. Where 𝑐 > 1 a positive constant and 𝐻(𝑡) = −𝐸(𝑡) will 

be specified later. Also where 𝜌𝑞(.)(𝑢) = ∫ |𝑢|𝑞(.)𝑑𝑥.
𝛺

 

Now, we state and prove our blow up result. 
 

Theorem 5 Under the assumptions of Theorem 3, and the initial energy 𝐸(0) < 0. Then the 

solution (1) blows up in finite time 𝑇∗, and 
 

𝑇∗ ≤
1−𝜎

𝜉𝜎𝛹
𝜎

1−𝜎(0)
,  
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where 𝛹(𝑡) and 𝜎 are given in (18) and (19) respectively. 
 

Proof. Multiplying 𝑢𝑡 on two sides of the problem (1) and integrate over the domain Ω, we have 
 

𝑑

𝑑𝑡
[

1

2
‖𝑢𝑡‖2 +

1

2
‖𝐴1 2⁄ 𝑢‖

2
− ∫

1

𝑞(𝑥)
|𝑢|𝑞(𝑥)𝑑𝑥

Ω
] = − ∫

1

𝑝(𝑥)
|𝑢𝑡|𝑝(𝑥)𝑑𝑥,

Ω
  

 

𝐸′(𝑡) = − ∫ |𝑢𝑡|𝑝(𝑥)𝑑𝑥,
Ω

                                                                                        (15) 
 

where 
 

𝐸(𝑡) =
1

2
‖𝑢𝑡‖2 +

1

2
‖𝐴1 2⁄ 𝑢‖

2
− ∫

1

𝑞(𝑥)
|𝑢|𝑞(𝑥)𝑑𝑥

Ω
.                                                     (16) 

 

Set 
 

𝐻(𝑡) = −𝐸(𝑡)  
 

then 𝐸(0) < 0 and (15) gives 𝐻(𝑡) ≥ 𝐻(0) > 0. Also, by the definition 𝐻(𝑡), we have 
 

𝐻(𝑡) = −
1

2
‖𝑢𝑡‖2 −

1

2
‖𝐴1 2⁄ 𝑢‖

2
+ ∫

1

𝑞(𝑥)
|𝑢|𝑞(𝑥)𝑑𝑥

Ω
   

≤ ∫
1

𝑞(𝑥)
|𝑢|𝑞(𝑥)𝑑𝑥

Ω
  

≤
1

𝑞− 𝜌𝑞(.)(𝑢).                                                                                              (17) 
 

Define 
 

𝛹(𝑡) = 𝐻1−𝜎(𝑡) + 𝜀 ∫ 𝑢𝑢𝑡𝑑𝑥
Ω

,                                                                         (18) 
 

where 𝜀 small to be chosen later and 
 

0 < 𝜎 ≤ 𝑚𝑖𝑛 {
𝑞−−𝑝+

(𝑝+−1)𝑞−
,

𝑞−−2

2𝑞−
}.                                                                          (19) 

 

Our goal is to show that 𝛹(𝑡) satisfies a differential inequality of the form 
 

𝛹′(𝑡) ≥ 𝜉𝛹ℶ(𝑡), ℶ > 1. 
 

This, of course, will lead to a blow up in finite time. 

By taking a derivative of (18) and using Eq. (1), we obtain 
 

𝛹′(𝑡) = (1 − 𝜎)𝐻−𝜎(𝑡)𝐻′(𝑡) + 𝜀 ∫ (𝑢𝑡
2 + 𝑢𝑢𝑡𝑡)𝑑𝑥

Ω
  

                  = (1 − 𝜎)𝐻−𝜎(𝑡)𝐻′(𝑡) + 𝜀‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2
 

                              +𝜀 ∫ |𝑢|𝑞(.)𝑑𝑥 −
Ω

𝜀 ∫ 𝑢𝑢𝑡|𝑢𝑡|𝑝(.)−2𝑑𝑥.
𝛺

                                             (20) 
 

By using the definition of the 𝐻(𝑡), it follows that 
 

−𝜀𝑞−(1 − 𝜉)𝐻(𝑡) =
𝜀𝑞−(1−𝜉)

2
‖𝑢𝑡‖2 +

𝜀𝑞−(1−𝜉)

2
‖𝐴1 2⁄ 𝑢‖

2
  

−𝜀𝑞−(1 − 𝜉) ∫
1

𝑞(𝑥)
|𝑢|𝑞(.)𝑑𝑥

Ω
,                                                                                          (21) 

 

where 0 < 𝜉 < 1. 
Adding and subtracting (21) into (20), we obtain 

 

𝛹′(𝑡) ≥ (1 − 𝜎)𝐻−𝜎(𝑡)𝐻′(𝑡) +  𝜀𝑞−(1 − 𝜉)𝐻(𝑡)  

+𝜀 (
𝑞−(1−𝜉)

2
+ 1) ‖𝑢𝑡‖2 + 𝜀 (

𝑞−(1−𝜉)

2
− 1) ‖𝐴1 2⁄ 𝑢‖

2
  

+𝜀𝜉 ∫ |𝑢|𝑞(.)𝑑𝑥 −
Ω

𝜀 ∫ 𝑢𝑢𝑡|𝑢𝑡|𝑝(.)−2𝑑𝑥.
𝛺

                                                                       (22) 
 

Then, for 𝜉 small enough, we get 
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𝛹′(𝑡) ≥ 𝜀𝛽 [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)]  

+(1 − 𝜎)𝐻−𝜎(𝑡)𝐻′(𝑡) − 𝜀 ∫ 𝑢𝑢𝑡|𝑢𝑡|𝑝(.)−2𝑑𝑥
𝛺

                                                           (23) 
 

where 
 

𝛽 = 𝑚𝑖𝑛 {𝑞−(1 − 𝜉), 𝜀𝜉,
𝑞−(1−𝜉)

2
− 1,

𝑞−(1−𝜉)

2
+ 1} > 0  

 

and 
 

𝜌𝑞(.)(𝑢) = ∫ |𝑢|𝑞(.)𝑑𝑥.
𝛺

  
 

In order to estimate the last terms in (23), we make use the following Young inequality 

 𝑋𝑌 ≤
𝛿𝑘𝑋𝑘

𝑘
+

𝛿−𝑙𝑌𝑙

𝑙
, 

where 𝑋, 𝑌 ≥ 0, 𝛿 > 0, 𝑘, 𝑙 ∈ 𝑅+ such that 
1

𝑘
+

1

𝑙
= 1. Consequently, applying the previous 

we have 
 

∫ 𝑢|𝑢𝑡|𝑝(.)−1𝑑𝑥 ≤ ∫
1

𝑝(𝑥)
𝛿𝑝(𝑥)|𝑢|𝑝(𝑥)𝑑𝑥

𝛺𝛺
+ ∫

𝑝(𝑥)−1

𝑝(𝑥)
𝛿

−
𝑝(𝑥)

𝑝(𝑥)−1|𝑢𝑡|𝑝(𝑥)𝑑𝑥
𝛺

  

                                   ≤
1

𝑝− ∫ 𝛿𝑝(𝑥)|𝑢|𝑝(𝑥)𝑑𝑥 +
𝑝+−1

𝑝+ ∫ 𝛿
−

𝑝(𝑥)

𝑝(𝑥)−1|𝑢𝑡|𝑝(𝑥)
𝛺𝛺

𝑑𝑥                         (24) 
 

where 𝛿 is constant depending on the time 𝑡 and specified later. Inserting estimate (24) into 

(23), we get 
 

𝛹′(𝑡) ≥ 𝜀𝛽 [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)]  

             +(1 − 𝜎)𝐻−𝜎(𝑡)𝐻′(𝑡) − 𝜀
1

𝑝− ∫ 𝛿𝑝(𝑥)|𝑢|𝑝(𝑥)𝑑𝑥
𝛺

             

             −𝜀
𝑝+−1

𝑝+ ∫ 𝛿
−

𝑝(𝑥)

𝑝(𝑥)−1|𝑢𝑡|𝑝(𝑥)𝑑𝑥.
𝛺

                                                                   (25) 
 

Therefore, by taking 𝛿 so that 𝛿
−

𝑝(𝑥)

𝑝(𝑥)−1 = 𝑘𝐻−𝜎(𝑡), where 𝑘 > 0 is specified later, we obtain 
 

𝛹′(𝑡) ≥ 𝜀𝛽 [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)]  

                              +(1 − 𝜎)𝐻−𝜎(𝑡)𝐻′(𝑡) − 𝜀
1

𝑝− ∫ 𝑘1−𝑝(𝑥)𝐻𝜎(𝑝(𝑥)−1)(𝑡)|𝑢|𝑝(𝑥)𝑑𝑥
𝛺

  

−𝜀
𝑝+−1

𝑝+ ∫ 𝑘𝐻−𝜎(𝑡)|𝑢𝑡|𝑝(𝑥)𝑑𝑥
𝛺

  

≥ 𝜀𝛽 [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)] 

+(1 − 𝜎)𝐻−𝜎(𝑡)𝐻′(𝑡) − 𝜀
𝑘1−𝑝−

𝑝− 𝐻𝜎(𝑝+−1)(𝑡) ∫ |𝑢|𝑝(𝑥)𝑑𝑥
𝛺

  

−𝜀 (
𝑝+−1

𝑝+ ) 𝑘𝐻−𝜎(𝑡) ∫ |𝑢𝑡|𝑝(𝑥)𝑑𝑥
𝛺

  

≥ 𝜀𝛽 [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)] 

                + ((1 − 𝜎) − 𝜀 (
𝑝+−1

𝑝+ ) 𝑘) 𝐻−𝜎(𝑡)𝐻′(𝑡)  

−𝜀
𝑘1−𝑝−

𝑝− 𝐻𝜎(𝑝+−1)(𝑡) ∫ |𝑢|𝑝(𝑥)𝑑𝑥
𝛺

.                                                                               (26) 
 

By using (14) and (17), we get 
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𝐻𝜎(𝑝+−1)(𝑡) ∫ |𝑢|𝑝(𝑥)𝑑𝑥
𝛺

≤ 𝐻𝜎(𝑝+−1)(𝑡) [∫ |𝑢|𝑝−
𝑑𝑥

𝛺−
+ ∫ |𝑢|𝑝+

𝑑𝑥
𝛺+

]  

           ≤ 𝐻𝜎(𝑝+−1)(𝑡)𝑐 [(∫ |𝑢|𝑞−
𝑑𝑥

𝛺−
)

𝑝−

𝑞−

+ (∫ |𝑢|𝑞−
𝑑𝑥

𝛺+
)

𝑝+

𝑞−

]  

           ≤ 𝐻𝜎(𝑝+−1)(𝑡)𝑐 [‖𝑢‖𝑞−
𝑝−

+ ‖𝑢‖𝑞−
𝑝+

]  

           ≤ 𝑐 (
1

𝑞−
𝜌𝑞(.)(𝑢))

𝜎(𝑝+−1)

[(𝜌𝑞(.)(𝑢))

𝑝−

𝑞−
+ (𝜌𝑞(.)(𝑢))

𝑝+

𝑞−
]  

          = 𝑐1 [(𝜌𝑞(.)(𝑢))

𝑝−

𝑞−+𝜎(𝑝+−1)
+ (𝜌𝑞(.)(𝑢))

𝑝+

𝑞−+𝜎(𝑝+−1)
]                                                   (27) 

 

where 𝛺− = {𝑥 ∈ 𝛺: |𝑢| < 1} and 𝛺+ = {𝑥 ∈ 𝛺: |𝑢| ≥ 1}. 
We then use Lemma 4 and (19), for 

  

𝑠 = 𝑝− + 𝜎𝑞−(𝑝+ − 1) ≤ 𝑞−  
 

and 
 

𝑠 = 𝑝+ + 𝜎𝑞−(𝑝+ − 1) ≤ 𝑞−,    
 

to deduce, from (27), 
 

𝐻𝜎(𝑝+−1)(𝑡) ∫ |𝑢|𝑝(𝑥)𝑑𝑥
𝛺

≤ 𝑐1 [‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)].                                                    (28) 
 

Thus, inserting estimate (28) into (26), we have 
 

𝛹′(𝑡) ≥ 𝜀 (𝛽 −
𝑘1−𝑝−

𝑝− 𝑐1) [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)]   

                                 + [(1 − 𝜎) − 𝜀 (
𝑝+−1

𝑝+ ) 𝑘] 𝐻−𝜎(𝑡)𝐻′(𝑡).                                        (29) 
 

Let us choose 𝑘 large enough so that 𝛾 = 𝛽 −
𝑘1−𝑝−

𝑝− 𝑐1 > 0, and picking 𝜀 small enough such 

that (1 − 𝜎) − 𝜀 (
𝑝+−1

𝑝+ ) 𝑘 ≥ 0 and 

𝛹(𝑡) ≥ 𝛹(0) = 𝐻1−𝜎(0) + 𝜀 ∫ 𝑢0𝑢1𝑑𝑥
𝛺

> 0,    ∀𝑡 ≥ 0.                                         (30) 
 

Consequently, (29) yields 
 

𝛹′(𝑡) ≥ 𝜀𝛾 [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ 𝜌𝑞(.)(𝑢)]  

          ≥ 𝜀𝛾 [𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ |𝑢|𝑞−
𝑞−

],                                                           (31) 
 

due to (14). Therefore we get 
 

𝛹(𝑡) ≥ 𝛹(0) > 0,   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0.  
 

On the other hand, applying Hölder inequality, we obtain 
 

|∫ 𝑢𝑢𝑡𝑑𝑥
Ω

|

1

1−𝜎
≤ ‖𝑢‖

1

1−𝜎‖𝑢𝑡‖
1

1−𝜎   

≤ 𝐶 (‖𝑢‖
𝑞−

1

1−𝜎‖𝑢𝑡‖
1

1−𝜎).   

 

Young inequality gives 
 

|∫ 𝑢𝑢𝑡𝑑𝑥
Ω

|

1

1−𝜎
≤ 𝐶 (‖𝑢‖

𝑞−

𝜇

1−𝜎 + ‖𝑢𝑡‖
𝜃

1−𝜎),                                                                  (32) 
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for 
1

𝜇
+

1

𝜃
= 1. We take 𝜃 = 2(1 − 𝜎), to obtain 

𝜇

1−𝜎
=

2

1−2𝜎
≤ 𝑞− by (19). Therefore, (32) 

becomes 
 

|∫ 𝑢𝑢𝑡𝑑𝑥
Ω

|

1
1−𝜎

≤ 𝐶(‖𝑢𝑡‖2 + ‖𝑢‖𝑞−
𝑠 ), 

 

where 
2

1−2𝜎
≤ 𝑞−. By using (13), we get 

 

|∫ 𝑢𝑢𝑡𝑑𝑥
Ω

|

1
1−𝜎

≤ 𝐶 (‖𝑢𝑡‖2 + ‖𝑢‖𝑞−
𝑞−

+ 𝐻(𝑡)). 

 

Thus, 
 

𝛹
1

1−𝜎(𝑡) ≤ [𝐻1−𝜎(𝑡) + 𝜀 ∫ 𝑢𝑢𝑡𝑑𝑥
Ω

]

1

1−𝜎
  

≤ 2
𝜎

1−𝜎 (𝐻(𝑡) + 𝜀
1

1−𝜎 |∫ 𝑢𝑢𝑡𝑑𝑥
Ω

|

1

1−𝜎
)  

             ≤ 𝐶 (‖𝑢𝑡‖2 + |𝑢|𝑞−
𝑞−

+ 𝐻(𝑡))    

             ≤ 𝐶 (𝐻(𝑡) + ‖𝑢𝑡‖2 + ‖𝐴1 2⁄ 𝑢‖
2

+ |𝑢|𝑞−
𝑞−

)                                                           (33) 
 

where 
 

(𝑎 + 𝑏)𝑝 ≤ 2𝑝−1(𝑎𝑝 + 𝑏𝑝)  
 

is used. By combining of (31) and (33), we arrive 
 

𝛹′(𝑡) ≥ 𝜉𝛹
1

1−𝜎(𝑡),                                                                                                   (34) 
 

where 𝜉 is a positive constant. 

A simple integration (34) over (0, 𝑡) yields 𝛹
𝜎

1−𝜎(𝑡) ≥
1

𝛹−
𝜎

1−𝜎(0)−
𝜉𝜎𝑡

1−𝜎

, which implies that the 

solution blows up in a finite time 𝑇∗, with 
 

𝑇∗ ≤
1−𝜎

𝜉𝜎𝛹
𝜎

1−𝜎(0)
.  

 

This completes the proof of the theorem. 
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