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ABSTRACT

In this paper, the value of deviation of a function f from its nth generalized de la Vallée-Poussin mean
V.24, f) with respect to the nonlinear trigonometric system is estimated for the classes of 2m-periodic
functions in the uniform norm ||. [|l¢cry and in the generalized Holder norm ||. ||a,B where f € H®«(T) and
0<fp<a<sl
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1. INTRODUCTION

Trigonometric (or equivalently exponential) Fourier series are most common tools for
studying approximation properties of 2m-periodic functions on the real line. There are many
methods such as summation of partial sums of Fourier series which are used in approximation
theory (Cesaro, Abel-Poisson means, de la Vallée-Poussin, etc.). These methods are used by
several authors to study approximation properties of functions in C(T) (the space of 2m-periodic
continuous functions on R), H*(T) and H®«(T) (the Holder class and generalized Holder class
of 2m-periodic functions, where 0 < @ < 1 and w, € M,). Results of these studies can be found
in the monographs [1-4], and in the survey [5]. Furthermore some kinds of results “Korovkin-type
theorems” discovered such a property for the functions 1, cos and sin in C(T) by Korovkin in
1953. These theorems of Korovkin are actually equivalent to the trigonometric version of the
classical Weierstrass approximation theorem. These theorems exhibit a variety of test subsets of
functions which guarantee that the approximation (or the convergence) property holds on the
whole space provided it holds on them. After his discovery, Korovkin-type approximation theory
have been extending by several mathematicians [6-7]. Also, for some special classes, namely
Holder classes of continuous 2m-periodic functions, there are several approximation results. For
example, S. Prossdorf studied the degree of approximation of Cesaro means of Fourier series of
functions in Holder classes [8] and Z. Stypinski used generalized de la Vallée-Poussin means of
Fourier series and extended results of S. Prossdorf [9]. Later, Leindler defined more general
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classes than Holder classes (the generalized Holder classes) and investigated approximation
properties of generalized de la Vallée-Poussin means of series [1]. Results of these studies and
more results on Holder approximation can be found in [10].

A family of nonlinear Fourier bases e*%®, k € Z, as the extension of the classical Fourier
basis, defined by the nontangential boundary value of the Mdbius transformation and applied to
signal processing [11-15].

In [16], the author established the Jackson’s and Bernstein’s theorems for approximation of
functions in LP(T), 1 < p < oo, by the nonlinear Fourier basis. In [17], the order of convergence
of classical and generalized de la Vallée-Poussin means of of Fourier series by nonlinear basis of
continuous functions is investigated in uniform and Hélder norms.

The aim of this article is to obtain estimates for the approximation order of generalized de la
Vallée Poussin means of series with nonlinear Fourier basis in uniform and generalized Holder
norms.

2. SERIES BY NONLINEAR FOURIER BASIS

In this section, we shall give the definition and basic properties of series by nonlinear Fourier
basis. We also give the definition of the generalized Holder classes.

LetD = {z € C:|z| < 1} and a € D. We consider the Mobius transformation

Z—a
Tq(2) = 1_az

which is a conformal automorphism of D. The nonlinear phase function 6, is defined through

the relation
. . it_
etha(t) = Ta(elt) — f_d::ﬂ

where ra(e“) stands for radial boundary value of t,. It is easy to see that 6,(t + 27) =

6,(t) + 2m, and if we set a = |a|eita then

6a(t) = pa(t): =

1-lal®
1-2|a| cos(t—tg)
which satisfies
1+|al
1-|a|’

1-lal
< <
T S Pa®) <

Let T = R/2mZ. The space L2 (T) consists of measurable functions f: T — C such that
1
- F O pa(Bdt < oo

becomes a Hilbert space with respect to the inner product

1 _
<f.9>a= 5 Jp f(x) g()pa(x)dx
and the set
{0 k € 7}

is an orthonormal basis for L3(T) (see [11] and [12]). In the case a = 0 we obtain the
classical Fourier basis {e?**: k € Z} for the space L3(T) = L?(T).

Fourier series of a function f € L?(T) with respect to the orthonormal basis {e%™): k € 7}
become
FO)~ T %% ci(f) etkbal® 2.1)

where
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() = = [ F) ei0ap, (x)dx, k € T,

If we denote the nth par tial sum of this series by S5 (f)(x) then we have
SEE) = o= fi f(E) Da(Ba(®) = 0a(t))Pa()dlt

= i Jp F®)F(8,(x) + )Dy(t)dt

where F := f o 871 and D,, is the Dirichlet kernel of order n.
For each natural number n, let t& be the set of all nonlinear trigonometric polynomials of
degree at most n, that is

té:=span{e*0); [k| < n},
and let E2(f) be the approximation error of f € C(T) by elements of t% i. e.
ER(f) = infrengllf — Tlloo.
Let A ={A,,} be a sequence of integers such that 1, =1 and 0< A,,; — A, < 1. The
sequence of generalized de la Vallée Pousin means of the series (2.1) is defined by
1 —
V@ f) = 3Bk, Sk ().
In special case A, =1(n=1.2,..) K*(A,f) become S2_,(f) and in the case A, =
n (n = 1,2, ...) have the Fejér means
VL) = 08y (F) = - ZR S

In the special case, 1, = nthe means V;*(4, f) coincide with the Cesaro (C,1) means of
(2.2).
We refer to [11] and [16] for more detailed information on Fourier series by nonlinear basis.

3. APPROXIMATION IN THE GENERALIZED HOLDER NORM

We denote by C(T) the Banach space of continuous functions f: R — C equipped with the
norm

Ifllo = supxerlf (I.
The modulus of continuity of f € C(T) is defined by

w(f,t):=sup xyer |f(x) = fO)I
lx—y|st
fort > 0.
For any modulus of continuity w, we define the generalized Holder class H* (T) as the set of
functions f € C(T) for which

F (O-F ()]
AP = SUPees ™o ey <

and the norm on H*(T) as

Iflle = llflleo + A

If w(§) =6%0 < a <1, then we write H*(T) instead of H*(T) and ||f||, instead of ||f|| -
In [1], L. Leindler introduced a certain class of moduli of continuity for 0 < a < 1, let M,
denote the class of moduli of continuity w, having the following properties:

(i) for any @’ > a, there exists a natural number x = p(a") such that
24 4, (27H) > 20, (27), (n = 1,2, ...),
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for every natural number v, there exists a natural number N (v) such that
297 0, (2777Y) > 2w, (27, (n > N(v)).

It is clear that w(6) = 6% € M, but w,(6) is an extension of w(§) = §%. Consequently, in
general, H*«(T) is larger than H*(T).

Itisknownthatif 0 < f < a <1, wg € Mp and w, € M, then the function w“/wﬁ is non-
decreasing [18].

We shall use the notation A< B at inequalities if there exists an absolute constant ¢ > 0, such
that A < ¢B holds for quantities A and B.
4. AUXILIARY RESULTS

Lemmal[l]If0<f <a <1, wg € My, w, € M, and f € H*«(T), then

n (uﬁ(z_k) (A)B(z_n)
k=1 wa(Z‘k) = Rqg,p N CED) (41)
and
o wﬁ(z‘k) wﬁ(z‘")
Zk:n wa(Z"‘) = KQ.B wg(27M) (42)

hold where K, z a positive constant independent of n.
Lemma 2 [1] For any nonnegative sequence a,,, the inequality
Y ian, <Ka,m=12,.;K>0
holds if and only if there exist a positive number c and a natural number p such that for any n,
Any1 < Cay
and
An+1 2 20y

are valid.
Let ¢ be an increasing positive function on (0, ). The @-norm of a function f € C(T) is
defined by

o FG-fOIl _ Ilf =f(+&)lleo
1fllg = 1flleo + 5Py LD = I, + supssg LD,

It is clear that, special case ¢(6) = 6*(0 < a < 1), we have [[fll, = [Iflq-
The following important result was obtained in [19].

Lemma 3 Let {A,} be a sequence of linear convolution operators from C(T) into C(T) and let ¢
be an increasing positive function on (0, ). Then

14n(F) = fllp = 14n(F) = fllo (1 +$) +sup, gt 220 (1 4 14,1 (4.3)

o)
holds for every f € C(T), where ||A4,,|| is the operator norm of 4,,.
Lemma 4 [16] Let f € C(T). Then we have
SHolf,8) < 0(f 051, 0)e0 < T 0(f, en

5. MAIN RESULTS

Our main results are following.
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Let A ={A,,} be a sequence of integers such that A, =1 and 0< A,,; — A, < 1. The
sequence of generalized de la Vallée Pousin means of the series (2.1) is defined by

Q) = 3 SRna, SEU).
In special case 1, =1(n=1.2,..) K2, f) become S2_,(f) and in the case A, =
n(n = 1,2,..) have the Fejér means
Theorem 1 [17] Let A = {1,,} be a sequence of integers such that 1; =1 and 0< 1,,,; — 4, <
1. If f € C(T) satisfies |f(x)| < M, then the estimate

VA Dlleo < M (3 + log 2222) (5.1)

holds for every natural number n.

Theorem 2 [17] f € C(T) the degree of approximation by the sequence {;*(4, f)} of generalized
de la Vallée Poussin means is estimated as

2n—-1,
n

If = V2@ Pl = (3 +log™2) B2, ().

We obtained the following estimation for the deviation of ,2(A, f) from f € H®«(T) in the
uniform norm.

Theorem3 Let0 < B < a <1, wg € Mg, w, € M, and f € H*«(T). Then
(%) 0a(1/2n), @ <1orf >0

1-|al

If =Vt Dl s (6.2)

(%) wa(1/2)(1 + logAy), @ = 1and f =0

1-la|

The estimation of f — ;2(4, f) in the generalized Holder norm is obtained in the following
theorem.

Theorem4 Let0 < B < a <1, wg € Mg, w, € M, and f € H*«(T). Then the estimate

1
(1i|2a|) :’*8 we(1/2) logi—:, a<lorf>0

Nf =V Ol S
wa(1/An)(1 +log4,)log=", @ =1and § = 0

. (5.3)
|(22) 2

holds.

Corollary 1 LetIf0 < B <a < 1land f € H*(T). Then
1+a g 1 2n
(1—Ia|) n Analogln, a<l1

(e (o e

If =Vt @A PDllg s

6. PROOFS OF MAIN RESULTS

Proof of Theorem 3. Let
7 (28) = F(0a(x) + 28) — F(0,(x) — 2t) — 2 (x)
where F := f o 8;1. A standart computation gives that

VL) — F0O = 1= 3 62 @OK, (1)t

where
sinA,t sin(2n-2A,)t
sin?t '
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Hence,

VA, ) = FOOI S 1 3192 01K (Ddr.
Therefore, since f € H*(IM) from Lemma 4 it is clear that

162201 5 () wal). (61)

Let us split the integral | into three parts and by using Lemma 5:

1-al

T 1 S 3
= fngozn_ln+fln1 tfi=hL+L+1;

2n-1An An

These integrals by (4. 1) (4.2) and (6.1) can be estimated by elementary methods:

2n-—. An 2n-—. ln we(t)
11 ~ An f /1 |¢x (Zt)ldt S (1 Ial)l wp (Zn An)f wg(t) dt
wq(1/2n-2y)
s (1 Ial) wﬁ(l/zn An)w p(1/2n-1y)

(3 ,a,)wa(l/an)

_12_}L f/ln A, I¢Xt(t)| (1 |a|) ( )f/ln :{:)a((tt))

2n-An

= (1 la |) wg(1/ ) Ty Anfk wa®

ta) (t)

2n— /1n wa(l/k)
S (1 la |) wp(1/An) ) =t kag(/k)
S (1—|a|

log2n—21, w(2™™)
) a)[;(l//ln) Zk log A, ka(Z‘m)
wa(1/2y)
= (1 Ial) wp(1/ ) 51/ 2)
s (e I)wa(l/an)
and finally by using Lemma 1, we have

I¢x(t)l wq(t)
I3 ~f dt <f (1 Ial) dt

2w
< wa(Z "‘) wq(1/k)
(1 I |) wﬁ("/z)zk Tkwgz™ ~ (1 Ial)zk 10p(/k)

12 10g An om @a(2™™)

< —_a= 7

Iy = (l—lal) Ym=o" 2 wp(2™™)

Here the last sum can be estimated easily if @ < 1; namely then

log Ay m Wa(2™™) 1 log An om _m wa(1/2n)
Zm:O 2 wpg(2™™) = wg(1/2n )Z 2hw (2 ) = An wp(1/2n)
(see Lemma 1 and (5.1) with a’ = 1).
If @ =1 and B = 0 we obtain the same upper estimation for this sum but then (5.1) holds if
andonly if ' > 1 (= «). Using the monocity of the sequence 2m(+5/2) ¢y (27™) we get that

Zlogln om wy(27™ <A, (1+ﬁ/2)w (/1) Zlog/ln 1

m=0 wB(Z‘m) m=0 ZmB/ZwB(Z‘m)

and if we show that

Enyr 2 (g 5 27 (wp2m) 62
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holds, then our statement is verified.
To prove (6.2) first we show that there exists a natural number y such that

-1 -1
2-mp/2 (wﬂ(z—m)) > p-mp/2 (wﬁ(z—m)) ) (6.3)
Since wg(8) € M thus, for any u, there exists an index N () such that if m > N(u) then
2MBwp(27MH) < 2wp(27™);
and if u > 4/p then hence, we get that
2B wp (27 ) < 2 2mBI2 g (27™),

which implies (6.2).
A standart calculation similar to the proof Lemma 2 shows that (6.3) implies (6.2).
In the case @ = 1 and B = 0 the sum investigated before does not exceed

w1(1/2An)
K1,(1 +logln) e/

Namely, {2™w,(27™)/wy(27™)} is nondecreasing sequence.
Consequently, collecting the partial results, we have that

(22) @u(1/2), @ <10rB >0
(1 Ial) we(1/2,)(1 +1ogl,), a=1andf =0

whence (5.2) obviously follows.

Proof of Theorem 4. Let 0 < 8 < a < 1and f € H®=(T). By using (4.3) inequality with taking
Ap=Vt, ¢ = wp(8) and [If ||, = IIf1l. Then (4.3) gives the following inequality

1
—I, s
I M

VA = Flloy S IGEF) = Flloo | 1+ —r +sup0<5<12“’“ D1+ 12l
& e o

For @ < 1 from Theorem 1 ve Theorem 3, we have

wq(8) 2n-21,
126 = Fllay = (257) “’“(1/’1")< w (1/n>> T SUPo<st2 @) (1 +(3+ loga_n))'

Since f € H*=(T),

I = Flay = (72) 00 (2) (14 ) + 5upacacs? 8 (3 4 tog22).

For a = 1, we have

V() = fllwy = (1 Ial) ( )(1+10g/1n) <1+ ()>+2 E’i‘%sup0<6<_(4+log2"_'1”)_

An

1=
<

m
)
I

Therefore, we have

( 12 ) wp(1/n)

1-lal/ we(1/n)

( 12 )wﬁ(l/n) (1/2,)(1 + log 4, )log ,a=1landB =0

1-lal/ we(1/n) Va

wa(l/ln)logz—n, a<lorf>0

If = %E Al S

whence (5.3) obviously follows.
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7. CONCLUSION

The nonlinear Fourier basis {e%%(® k e 7} defined by the nontangential boundary value of
the Mobius transformation as a typical family of mono-component signals. This basis has
attracted much attention in the field of nonlinear and nonstationary signal processing in recent
years. In the present paper, we give rate of convergence of nth generalized de la Vall¢e-Poussin
mean V;2(4, ) of series by nonlinear Fourier basis. Furthermore approximation problems for nth
generalized de la Vallée-Poussin mean of series by nonlinear Fourier basis are investigated in the
uniform norms and in the generalized Hélder norms.
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