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ABSTRACT

The target of this study is to introduce some fixed point theorems in soft metric spaces which are the
generalizations of Banach fixed point theorem of soft mappings. For this reason, we define the notion of a soft
altering distance function. Then we consider some fixed point theorems in soft metric spaces in terms of these
functions by giving an illustrative example.
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1. INTRODUCTION

Banach contraction principle in metric spaces is one of the most important results in fixed
point theory and nonlinear analysis in general. So far, according to its importance and simplicity,
many authors ([7], [8]) have obtained interesting extensions and generalizations of the Banach
contraction principle.

In 1999, the concept of soft set was introduced by Molodtsov [10], is a new mathematical tool
for dealing with uncertainties. Soft set is a parameterized general mathematical tool which deal
with a collection of approximate descriptions of objects. Works on soft set theory has been
progressing rapidly since Maji et al. [9] introduced several operations of soft sets. Since then, Pei
and Miao [11] and Ali et al. [3] introduced and studied several soft set operations as well. Soft set
theory has also potential applications in many fields.

Das and Samanta [5,6] introduced the notions of soft element, soft real number and soft
point, and discussed their properties. Based on these notions, they introduced the concept of a soft
metric [6]. Wardowski [12] defined the concept of a soft mappings and obtained some fixed point
results. After, Abbas [1] gave the similar definitions about soft cartesian products and soft
mappings with Wardowski. Abbas et al. [1,2] introduced the notion of soft contraction mapping
based on the theory of soft elements of soft metric spaces. They studied fixed points of soft
contraction mappings and obtained among others results.
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2. PRELIMINARIES

Throughout this paper, X refers to an initial universe, and E the set of parameters for X. Let
E; and E, be the non-empty parameter subsets of E. We denote by P (X) the family of all subsets
of X.

Definition 2.1. [10] A pair (F,E) is called a soft set over X if F is a mapping given by F: E —
P(X). In other words, the soft set is a parametrized family of subsets of the set X. Every set
F(e), e € E, from this family may be considered as the set of e — elements of the soft set (F, E),
or as the set of e — approximate elements of the soft set.

For any soft set (F, E;), we can extend the soft set (F, E;) to the soft set (F, E) where
F(e) , ife€E;

(0] , ife¢E;

We denote the collection of soft sets over a common universe X by S(X).

Definition 2.2. [9] Let (F, E;), (G, E,) € S(X). We say that (F, E;) is a soft subset of (G, E,) if
F(e) € G(e) for all e € E;. We write (F,E;) € (G,E,). Two soft sets (F,E;) and (G, E,)
over a common universe X are said to be soft equal if (F,E,) is a soft subset of (G, E,) and
(G, Ey) is a soft subset of (F,E;).

Definition 2.3. [4] The complement of a soft set (F,E;) € S(X) is denoted by (F,E;)¢ =
(F¢, E;), where F€ : E; —» P(X) isamapping given by F¢(e) = X \ F(e),foralle € E;.

Definition 2.4. [9] (1) (Null Soft Set) A soft set (F,E;) € S(X) is said to be a null soft set
denoted by @, if F(e) = @ forall e € E;.

(2) (Absolute Soft Set) A soft set (F, E;) over X is said to be an absolute soft set denoted by
X,ifF(e)=Xforalle € E,.

Definition 2.5. [4] (1) The union of two soft sets (F,E,), (G,E,) € S(X) is the soft set (H, Es),
where E; = E;U E, and H(e)=F(e)U G(e) for all e€ E;. We express it as
(F,Ey) U (G, Ey) = (H, E3).

(2) The intersection of two soft sets (F,E;), (G, E,) € S(X) is the soft set (H, E3), where
E;= E; N E, and H(e) = F(e) n G(e) for all e € E5. We express it as (F,E;) N (G, E,) =
(H,E3).

(3) The difference (H,E) of two soft sets (F, E), (G,E) € S(X), denoted by (F,E) \ (G,E),

is defined by H(e) = F(e) \ G(e)foralle € E.
Definition 2.6. [5] Let R be the set of real numbers and B(R) be the collection of all non-empty
bounded subsets of R and E taken as a set of parameters. Then a mapping F : E - B(R) is
called a soft real set. It is denoted by (F, E), or simply by F. If F is a single valued mapping on E
taking values in R then the pair (F,E) orsimply F, is called a soft element of R or a soft real
number. If F is a single valued mapping on E taking values in R* then F is called a nonnegative
soft real number. We shall denote the set of all nonnegative soft real numbers by R(E)*.

We use notations 7,3, to denote soft real numbers whereas 7, 5, £ will denote a particular
type of soft real numbers such that 7(1) = r for all A € E, which is called a constant soft real
number. For example 0 is the soft real number where 0(1) = 0 forall A € E.

Definition 2.7. [6] The orderings between soft real numbers #, § are defined as follows :

F:E—PX),Fe) = {

i.7 < §iff(A) < s(1)forall 1 €E.
i.# = 5 iff(1) = s(A) forall 1€ E.
ii.# < 5 if#(A) < §(A) forall 1 € E.
iv.7 S § if#(1) > §(A) forall L €E.
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Definition 2.8. [6] (1) A soft set (P,E) € S(X) is said to be a soft point if there is exactly one
A € A such that P(1) = {x} for some x € X and P(u) =@, for all u € E\ {A}. It will be
denoted by P¥. The collection of all soft points of X is denoted by SP(X).
(2) A soft point P;* is said to belongs to a soft set (F,E) if A € E and P(1) = {x} € F(1).
We write it by P{* € (F,E).
(3) Two soft points P¥,P;) are said to be equal if 1 =y and P(1) = P(u). ie, x=y.
Thus Py ;tPﬂy if fx#yori+pu
Proposition 2.1. [6] The union of any collection of soft points can be considered as a soft set and
every soft set can be expressed as union of all soft points belonging to it. i.e., (F,E)=
Upre (76 Pi-
Proposition 2.2. [6] For two soft sets (F,E),(G,E) € S(X), (F,E) € (G,E) © Pf E(F,E) >
Py € (G,E)and hence (F,E) = (G,E) ifandonly if P{ € (F,E) & P € (G,E).
Proposition 2.3. [6] For two soft sets (F, E), (G, E) € S(X) and a soft point P’ € SP(X),
(i) Py E (F.E)= P& (FE)
(i) P € (F,E)T (G,E) © P € (F,E) or Pf € (G,E).
(iiiy P} € (F,E)A (G,E) & P¥ € (F,E) and P{ € (G,E).
Definition 2.9. [1] Let (F,E), (G, E) € S(X). A soft cartesian product of (F,E) and (G,E), is
denoted by (F,E) X (G,E), is defined as
(F,E) X (G,E) = {((e, e2), F(e) X G(ez)) : ey, e, € E}.
Example 2.10. [1] Suppose that X = {hy, hy,hs} and E = {e;, e, e3}. Define soft sets
(F,E)y and (GE) as follows; (F,E)={(ey,{hy, h;}), (es {hs h3}), (e, {h:})},
(G,E) = {(e1,{h1}), (€2, {hq, h3}), (e3, {hq, R D}
Then
( ((81,61), {hy, hp} x {hl})r ((91, ez), {hy, hp} x {hlth})r ]
| ((61: e3), {hy, hp} x {hy, hz}). ((ez. e1), {hy, h3} x {h1}), |
(F.E) X (G,E) = { ((92,62),{h2. h3} x {hy, h3}), ((92. e3), {hy, hs} x {hy, hz}), }
[ ((93re1)’ {he} x {h1})r ((93, ez), {h} X {hy, hs})r |
((93, e3), {h} x {hphz})
Definition 2.11. [1] Let (F, E), (G, E) € S(X). A soft relation R is a soft set such that (R, E x
E) € (F,E) X(G,E).i.e,
(REx E) = {((es, ), Up, X Ue, ) :e1,€, € E,Ue, € Fley), Uy, € Gey)}
We will denote ((el, e3), U, X Uez) € (R,E X E) as (ey, U, )R(ez, U,,).

Definition 2.12. [1] Let (F,E), (G,E) € S(X). A soft relation (T,E X E) € (F,E) X (G,E) is
called a soft mapping from (F, E) to (G, E) if for each soft point Pf € (F,E) there exists only
one soft point B} € (G, E) such that PTP;. We will denote P TP} by T(Py) = B If (T,E x
E) € (F,E) X (G,E) is soft mapping from (F,E) to (G,E), then we write it as
T:(F,E) > (G,E).
Definition 2.13. [1] Let (F,E), (G,E) € S(X) and T: (F,E) = (G, E) be a soft mapping.

a) The image of (H,E) € (F,E) under the soft mapping T is a soft set, denoted by
T((H,E)), defined as follows :

T((H,E)) =0 {T(P}): P{ € (H,E)}
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b) The inverse of (K,E) € (G,E) under the soft mapping T is a soft set, denoted by

T~1((K, E)), defined as follows :
T~*((K,E)) =0 {P}: P{ € (F,E),T(P)) € (K,E)}

Definition 2.14. [6] A mapping d : SP(X) x SP(X) » R(E)* is said to be a soft metric on
the soft set X if d satisfies the following conditions :
(M1) d(Py,B)) S Oforall Pf,P’ € SP(X).
(M2) d(P,B)) = 0 ifandonlyif P{ = B,
(M3) d(P},P)) = d(B},P}) forall P, B € SP(X).
(M4) d(Py,B)) < d(Py,P?) + d(P?,B))forall Py, B, B? € SP(X).

The soft set X with a soft metric d on X is called a soft metric space and denoted by the
triplet (X, d, E) or (X, d), for short.

Example 2.15. [6] Let X c R be a non-empty set and E c R be the non-empty set of parameters.
Let X be the absolute soft set and ¥ be denotes the soft real number such that x(1) = x for all
A € E. The mapping d : SP(X) x SP(X) —» R(E)" defined by d(Py,P}) = |x — y|+ |1— |
forall P", B} € SP(X), is a soft metric on X.

Definition 2.16. [6] Let {Pl’i”} be a sequence of soft points in a soft metric (X, d).

(a) The sequence {Pl’;”} is said to be convergent in (X, d) if there exists a soft point Puy €
SP(X) such that d (PA’:L",PHY) - 0asn— oo,

(b) The sequence {P/ﬁ”} is said to be a Cauchy sequence in (X,d) if for each & S 0 there
exists ny € N such that d (Fﬁf’",PA’;m) < &forallm,n > n,.
Definition 2.17. [6] (Complete Soft Metric Space) A soft~metric space (X, d) is called complete if
every Cauchy sequence in X converges to some point of X.

Definition 2.18. [1] Let (X,d,E) and (¥,p,E*) be two soft metric spaces. A soft mapping
T:(X,d,E)> (Y,p,E*) is said to be soft continuous at a soft point Py € SP(X), if for every

&30, there exists a § S 0 such that p (T(P,{‘),T(Puy)) < & whenever d(Py,B)) < § for all
B} € SP(X). If T is soft continuous at every soft point of X, we say that T is soft continuous on

>

Proposition 2.4. Let (X,d,E) and (V,p,E*) be two soft metric spaces and
T:(X,d,E)> (Y,p,E*) be a soft mapping. For each soft point P{ € SP(X),T(Py) is a soft
point of SP(Y).

3. SOFT FIXED POINT THEOREMS IN TERMS OF SOFT ALTERING DISTANCE
FUNCTION

Definition 3.1. A soft function ¢ : R(E)* = R(E)* is called a soft altering distance function if
1 satisfies the following conditions:

a) () =0.
b) 1 is sequentially continuous. i.e., if P, — Pff, then (PA’;") - PY(PP).
c) 1 is monotone non-decreasing.

Theorem 3.1. Let (X, d) be a complete soft metric space, ¥ : R(E)* = R(E)* be a soft altering
distance function and T : ¥ = X be a soft self mapping satisfying the following inequality
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v(a(rep.r))) 2w (a(r.B)) )
forall P, P} € SP(X) and forsome 0 < ¢ < 1. Then T has a unique fixed point in X.
Proof. Let P, € X and define P,™** = T(P,"), @, = d ( X"“) foralln € N U {0}.

We first prove that T has a flxed point in X. We may assume that @, S 0 for eachn € Nu
{03. From the contraction condition (1), we obtain

o(a(r () r () 2 ev(a(emems))
=w(a (B my)) 2ew(@(mrary))
:>¢(an+1) g Clp(an) < w(an)-
Since 1 is non-decreasing, {a,} is a decreasing sequence of soft real numbers. Hence {a@,}

has a limit point. We put lim,,_,,, @, = @ and suppose that @ > 0. Hence @, = & implies that
Y@ < cy(@ < (@ which is a contradiction. So @ = 0. Therefore {@,} converges to 0.

Now, we prove that { n”} is a Cauchy sequence in (X,d). Suppose it is not a Cauchy

sequence. Then, there exists & S 0 and two subsequence {P ”"},{P;m"} of {PA""} such that
g my n
for every neNuU{0}, we find that n, >my =n, d (&xnk'P;m") = ¢ and
3 m
Xng-1 ,Xmp ) ~ « ~ _ Xny, pXmy
d (P/lnk_1 'P/lmk ) < & Foreachn = 0,weputs, = d( oy Pmk ) Then, we have

g2d(pp) 2 d(R P ) +d (B R) Sy +E

Ny mp an Ank—l Np—1 lmk

Since {@,} converges to 0, {$;,} converges to &. Also {d (Px""+1 plmett

Angss " Am )} converges to .

K+l
From the hypothesis, we deduce

X X ~ X X
d{T(p ™), T(P ™ Scyld(p ™ p
o{a(r ) () 2 evatere))
Xnp+1 pXmp+1 ~ _ Xn, pXmy
= (e (g2 cu(a ()

Letting k — oo, we obtain that (&) < cy(&) < (&) which is a contradiction. Hence,
{P } is a Cauchy sequence. By completeness of (X, d), { } converges to some soft point
P?.

Now, we show that B7 is a fixed point of T. If we substitute Py = P;f:l’:l and Py = BZ in
(1), we obtain

o4t (iz).76) = evfa(er)
=19 (d (pl’:[n, T(Pf))) < cy <d (%’f:l, Pyz)).

Letting n — oo and using the contunity of 1y and contunity of d,

(4 (57()) 2 cv (a(w.8) = v ® =0

which implies (d (PyZ,T(PyZ))) =0 thatis T(P?) = P
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To prove the uniqueness, we assume that P},le,P],ZZ2 be two different fixed points of T. Then,
from (1), we obtain that

Il)(d( (P2, T(PZZ))) 2 oy (a(prp2))
=y (d(p7 p2)) 2 ey (a(pp)) 2 w(a(pip2))
which is a contradiction. Hence T has a unique fixed point in X.
Note. If we consider () = £, then the above theorems reduces the contraction condition
a (T, 1(RY)) Ze.d(PBY)
where 0 £ ¢ < 1, which is given by Abbas [1].

Theorem 3.2. Let (X, d) be a complete soft metric space, ¢ : R(E)* 3 R(E)* be a soft altering
distance function with @(#) = 0 for all # # 0 and T : X = X be a soft self mapping satisfying
the following inequality

a (TP, T(RY)) Zd(Py,BY) - (a(Pf,BY)) @)
forall P, P} € SP(X). Then T has a unique fixed point in X.
Proof. Let P;° € X and define P, "** = T(P,™), @, = d( x”“) forall n € N U {0}.

We first prove that T has a flxed point. We may assume that @, S 0 for each n. From the
contraction condition (2), we obtain

a(r(mm).r () 2 a (e pne) - o (a (i pine))
= a(pn p) Za (B ) - o (a (BB
:an+1 S an_(p(a~n) < an (2-1)

Therefore, {@;} is a decreasing sequence of soft real numbers. Hence {@,} has a limit point.
We put lim,, ., @, = @ and suppose that @ > 0. Since ¢ is non-decreasing, @, = a implies that
¢(@) = 9@ > 0.By(2.1), wehave apy; < @, — (@)

Thus  dpem < @ — M@(@)is a contradiction for M large enough. So @ = 0. Therefore
{@,} converges to 0. As in the above theoremi it is easy to show that {PA’:’} is a Cauchy

sequence in (X, d). By completeness of (X,d), { } converges to some soft point B7.
Now, we show that B? is a fixed point of T. If we substitute P’ = PX" * and Py B7? in

(2), we obtain
d(T (Pxn 1) T(P? )> z d( pn-i Pz) _ (p<d (%a:i_lllpyz))
=d (P"" T(p? )) Zd (P PZ) 0 (d (P,{f:l,PyZ))
Letting n — co and using contunity of 1y and contunity of d,
d(pe.7(P7)) E d(Bz,P7) — o (d(Rf, 7)) =10
which implies d (B7,T(P?)) = 0 that is T(PZ) = P2

To prove the uniqueness, we assume that P *> be two different fixed points of T. Then,
from (2) we obtain that
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d(T(B?), T(PZZ)) 2 a(p?,B2) - ¢ (a(B?,B2))
ﬂd(le PZz (le PZZ) (p(d(PZl PzZ )
= w(d(PZl pZz)) 20

which implies ¢ (d(P},le,PyZz2 ) =0, thatis P;* = P,?. Hence T has a unique fixed point X.

Note. If we consider @(f) = k., 0 < k <1, then the above theorem reduces the contraction
condition
a (T, 7(RY)) Ec.d(PfBY)
where 0 < ¢ < 1, which is given by Abbas [1].
Theorem 3.3. Let (X,d) be a complete soft metric space, ¥, ¢ : R(E)* 3 R(E)* be two soft

altering distance functions with y¥(#) # 0 and () = 0 forall # =0 and T : X = X be a soft
self mapping satisfying the following inequality

" (d (T, T(RY ))) 2Py, B)) - ¢ (d(PE.RY)) @3)
forall P, P} € SP(X). Then T has a unique fixed point in X.

Proof. Let P, € X and define ;™' = T(P,"), @, = d ( ""“) foralln € N U {0}.

We first prove that T has a flxed point in X. We may assume that @, S 0 for eachn € Nu
{0}.. From the contraction condition (3), we obtain

o(a(r () r () 2 (a(ezmm)) - o (a (e

= (a(rrr)) 2w (e (e my)) - o(a(rnn))

= Y(@nr1) < Y@) —9@) < @) (3.1)
Since 1 is non-decreasing, {a,} is a decreasing sequence of soft real numbers. Hence {a,}

has a limit point. We put lim,,_,., @, = @ and suppose that & S 0. Letting n - oo in (3.1) and

using continuity of i, we obtain ¥ (a) < yY(@) — ¢(a) < Y(@) which is a contradiction. So
@ = 0. Therefore {a@;} converges to 0.

Now, we prove that { s } is a Cauchy sequence in (X,d). Suppose it is not a Cauchy

sequence. Then there exists & S 0 and two subsequence {P;""}.{ } of { } such that for
Mk

P;ntk) Sz andd( P 2 g,

every n € N U {0}, we find that n,, > m;, > n, d( s P
k-1 my

Any

Foreachn = 0, we put §, = d (Pa e plm
Nk

T, ) Then, we have

Y~ Xn Xm Xng—1 xn 1 Xm, ~ o — .
= k k) z ( k- ) ( k= k)
£<d (P/lnk 'P/lmk d lnk . +d Ao lek <dy, 4 tE

Since {@,} converges to 0, {$;,} converges to &. Also {d (P/1 "":, %xm’il
nk m

)} converges to £.
k

From the hypothesis, we deduce
Y (d (T (P}:’;k) ,T (P;:::(k)>> Z P (d (I)I::k’%)::‘)) -9 (d (PZ::k‘ P)j::;k))

xnk+1 Xmy+1 ~ X
= (e gme)) 2 w(a(e

~/
~—~
=

~
Fr
2 E
~—
——
|
S
/N
Q
)
S
a-‘w:
S;U
2
~—
N~
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Letting k — oo, we obtain that (&) < Y(&) — (&) € (&) which is a contradiction.
Therefore { o } is a Cauchy sequence. By completeness of (X, d), { } converges to some soft
point P7.

Now, we show that A7 is a fixed point of T. If we substitute Py = P/f;’:l and B = P7 in
(3), we obtain

w(d (T (&’i’i}l),T(Pyz))) 2 w(d (B, PZ)) - q)(d (B, PZ)>
=9 <d (P"" T(P? ))) ( (P, PZ)) _p (d (P;;’:l,Pyz)).

Letting n — oo and using the contunity of 1 and contunity of d,
" (d (p2. T(Pyz))) 2y (a(p7B7)) - o (a(B?. BY))
=y (a(p 7)) Z 9@ - 9@ =0
which implies 1 (d (PyZ,T(PyZ))) =0, thatis T(P?) = PZ.

Note. In Theorem 3.3, if we particularly take @(®) = (1 —k).9(f) for all £ S 0 where
0 £ k < 1, then we obtain the result noted in Theorem 3.1. Again, in Theorem 3.3, if we
particularly take () = £ for all £ S 0 where 0 < k < 1, then we obtain the result noted in
Theorem 3.2.

Example 3.2. Let X =[0,1] and E = {0,1}. According to Example 2.15, the mapping
d:SP(X) x SP(X) - R(E)* given by d(Py,P)) = |x =¥ | + |2 — i | for all P}, B} € SP(X) is
a soft metric on X. Furthermore, the soft metric space (X, d) is complete [1].

Let ¥ : R(E)* S R(E)* be defined as 1 (E) ={ LATOSEST here 22(e) = (Ee)?
#2,ift S1
) 22 if02EE1
foralle € E and ¢ : R(E)* 3 R(E)* be defined as ¢ (£) = iz - .
I ipesi

Let T: X = X be defined as T(P{) = PJ and T(P{) = "/2 for all x € X. We show that T

satisfies all conditions of Theorem 3.3. If Pj = Puy, then the contraction condition is satisfied.
We assume that P;* # B,

¥ (d (T(Pf‘),T(Ply))) =9 (al(P"/2 Py/z)) ¢( ;—g ) = (% |% - yl) = %lf -7l
(

2
= (231417 3 = v (a(P5.RY)) - (d(P". R))

-1 _ 1
y(aCre. ) =v(a(re r)) =w(j3]) =5 25=1-3
=M - o) = (d(P§, P)) — p(d(P§ .Pf‘))
Hence, all conditions of Theorem 3.3 are satisfied. In fact P¢ is the unique fixed point of T.

’ (d (T(ng),T(Ply))) —y (d(P(?, poa_v/z» —y ( _
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4. CONCLUSION

In this paper, we have studied some fixed point results which are the generalizations of
Banach fixed point theorem in soft metric spaces given by Abbas. With another different
contraction conditions, soft metric fixed point theory can be developed further.
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