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ABSTRACT 

 

We introduce and study some equivalence relations on a canonical hypergroup to construct a quotient of such 

hyperstructures. In this regard, we study the relationships among these relations and obtain some conditions 

such that the extracted quotient structures are equal. Finally, the relationship between the heart of a canonical 

hypergroup and its quotient via an equivalence relation is studied and some related basic results are obtained. 
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1. INTRODUCTION  

 

The concept of hyperstructure, especially hypergroup, was introduced by Marty in 1934 

[16]‎. ‎Hyperstructures‎ ‎have many applications to other areas‎ of various sciences‎. Many books and 

papers have been published related to the‎ applications of hyperstructures in the fields of 

geometry‎, ‎hypergraphs‎, ‎binary relations‎, lattices, fuzzy sets‎ and rough 

sets‎, ‎automata‎, ‎cryptography‎, ‎combinatorics‎, ‎codes‎, ‎artificial intelligence‎, probabilistic‎, ‎etc, for 

example, see [1-6, 8, 11, 17]. 

Canonical hypergroup as a special kind of hypergroups is indeed a natural generalization of 

the concept of abelian group. This kind of hypergroup is a basic addidive hyperstructure of many 

hyperstructures, e.g., Krasner hypermodules [19]. ‎As it is well known‎, ‎after‎ introducing an 

algebraic structure‎, ‎defining and studying its quotient by some substructure is a natural matter‎. In 

this regard ‎we chiefly study the concept of quotient of a canonical hypergroup in detail‎. 

‎ This paper is organized as follows‎. In Section 2‎, ‎we state some basic and fundamental 

concepts of hyperstructures theory‎. In Section 3‎, we study some relations on a canonical 

hypergroup‎, ‎the related quotients and the relationship among them. 

 

2. PRELIMINARIES  
 

Here‎, ‎we state some requirements‎. Let‎ 𝑃(𝑋) denote the set of all subsets of 𝑋‎, ‎𝑃(𝑋)∗ = 

𝑃(𝑋) ∖ {∅} and let 𝐻 be a non-empty set‎. Then 𝐻 together with the map 
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∙ :  𝐻 × 𝐻 ⟶ 𝑃(𝐻)∗ 

(𝑎, 𝑏) ⟼ 𝑎 ∙ 𝑏 
 

denoted by (𝐻,∙) is called a hypergroupoid and ∙ is called a hyperproduct or hyperoperation 

on 𝐻‎. ‎Let 𝐴, 𝐵 ⊆ 𝐻‎. ‎The hyperproduct‎ 𝐴 ∙ 𝐵 is defined as 𝐴 ∙ 𝐵 =∪(𝑎,𝑏)∈𝐴×𝐵 𝑎 ∙ 𝑏. If there is no 

confusion‎, ‎then for simplicity {𝑎}‎, 𝐴 ∙ {𝑏} and‎ {𝑎} ∙ 𝐵 are denoted by 𝑎‎, 𝐴 ∙ 𝑏 and‎ ‎𝑎 ∙ 𝐵‎, 

respectively‎. ‎Also‎, ‎we use 𝑎𝑏 instead of 𝑎 ∙ 𝑏 for 𝑎, 𝑏 ∈ 𝐻. 
 

Definition 2.1. A non-empty set 𝑆 together with the hyperoperation ∙‎, ‎denoted by (𝐻,∙) is called a 

semihypergroup if for all 𝑥, 𝑦, 𝑧 ∈ 𝑆‎, ‎(𝑥 ∙ 𝑦) ∙ 𝑧 = 𝑥 ∙ (𝑦 ∙ 𝑧)‎. 
 

Definition 2.2. A semihypergroup (𝐻,∙) satisfying 𝑥 ∙ 𝐻 = 𝐻 ∙ 𝑥 = 𝐻 for every 𝑥 ∈ 𝐻‎, ‎is called a 

hypergroup‎. 
 

Let 𝐻 be a semihypergroup and 𝒰(𝐻) denote the set of all finite hyperproducts of elements of 

𝐻‎. Let 𝛽 be the relation ⋃𝑛≥1𝛽𝑛‎, ‎where‎ 𝛽1 is the diagonal relation and for every integer 𝑛 >
1‎, ‎𝛽𝑛 is the relation‎: 
 

𝑥𝛽𝑛𝑦 ⟺ ∃(𝑥1, 𝑥2, … , 𝑥𝑛) ∈ 𝐻𝑛:  𝑥, 𝑦 ∈ ∏ 𝑥𝑖
𝑛
𝑖=1 . 

 

By 𝛽̂ we mean the transitive closure of 𝛽‎. 
 

Remark 2.3.‎ For 𝑥, 𝑦 ∈ 𝐻, 𝑥𝛽̂𝑦 if and only if there exist 𝑛 ∈ ℕ‎, ‎𝑥1, 𝑥2, … , ‎𝑥𝑛 ∈ 𝐻 and 

𝑢1, 𝑢2, … , ‎𝑢𝑛−1 ∈ 𝒰(𝐻) such that 𝑥 = 𝑥1‎, ‎𝑥𝑛 = 𝑦 and‎ 𝑥𝑖 , 𝑥𝑖+1 ∈ 𝑢𝑖 for 1 ≤ 𝑖 ≤ 𝑛 − 1‎, ‎that is‎ 

𝑥 = 𝑥1𝛽𝑥2𝛽𝑥3 … 𝑥𝑛−1𝛽𝑥𝑛 = 𝑦. 
 

In other words‎, ‎𝑥𝛽̂𝑦 if and only if‎ there are 𝑛 ∈ ℕ‎‎, ‎‎𝑥1, 𝑥2, … , ‎𝑥𝑛 ∈ 𝐻 and ‎‎𝑖1, 𝑖2, … , ‎𝑖𝑛−1 ∈ ℕ 

such that 𝑥 = 𝑥1𝛽𝑖1
𝑥2𝛽𝑖2

𝑥3 … 𝑥𝑛−1𝛽𝑖𝑛−1
𝑥𝑛 = 𝑦. 

The relation 𝛽  was introduced by Koskas [15] and studied mainly by‎ Corsini [7]‎. Referring to 

[10, 21]‎, ‎there is a relation denoted by 𝛽∗ and called the fundamental relation of 

(semi)hypergroup 𝐻, ‎as the smallest equivalence relation such that (𝐻/𝛽∗,⊗) is a 

(semi)group‎, ‎where‎ 
 

‎𝛽∗(𝑥) ⊗ 𝛽∗(𝑦) = 𝛽∗(𝑧)  ∀𝑥, 𝑦 ∈ 𝐻‎, ∀𝑧 ∈ 𝑥𝑦. 
 

The quotient (𝐻/𝛽∗,⊗) is called the fundamental (semi)group of the (semi)hypergroup (𝐻,∙)‎.  

It is shown that the fundamental relation of a hypergroup 𝛽∗  is indeed 𝛽̂ ‎, ‎i.e.‎, ‎𝛽̂ = 𝛽∗ (see [21])‎. 

As a very important result‎, ‎Freni [14] proved 𝛽 is transitive on‎ hypergroups‎, ‎i.e‎, ‎𝛽 = 𝛽̂‎. 
 

Remark 2.4.‎ For every two distinct hypergroups 𝐻 and 𝐾 with K⊆H‎, ‎we use 𝛽𝐾
∗  and 𝛽𝐻

∗  to‎ 

distinguish their fundamental relations‎. ‎Note that 𝛽𝐾
∗ ⊆ 𝛽𝐻

∗  for all 𝑥 ∈ 𝐾‎. 
 

Definition 2.5.‎ [10, Definition 2.5.18] Let (𝐻,∙) is a hypergroup and consider the canonical‎ 

projection 𝜑𝐻: 𝐻 ⟶  𝐻/𝛽∗ with 𝜑𝐻(𝑥) = 𝛽∗(𝑥)‎. ‎The heart of 𝐻 is the set‎ 𝜔𝐻 = {𝑥 ∈
𝐻| 𝜑𝐻(𝑥) = 1}‎, ‎where 1 is the identity of the group 𝐻/𝛽∗‎. 
 

Definition 2.6.‎ Let 𝑒 be an element of the semihypergroup (𝐻, +)  such that 𝑒 + 𝑥 = 𝑥 for all 

𝑥 ∈ 𝐻‎. ‎Then 𝑒 is called a left scalar identity‎. 
 

Similarly, a right scalar identity is defined‎. An element 𝑥 of the semihypergroup (𝐻, +) is 

called a scalar identity if it is a left and right scalar identity‎. ‎Every scalar identity is unique‎. We 

denote the scalar identity of  𝐻 by 0𝐻. 

Let 0𝐻 be the scalar identity of hypergroup (𝐻, +)  and 𝑥 ∈ 𝐻‎. ‎An element 𝑥′ ∈ 𝐻 is called an 

inverse of 𝑥 in (𝐻, +) if 0𝐻 ∈ 𝑥 + 𝑥′ ∩ 𝑥′ + 𝑥. 

A semihypergroup with a scalar identity is called a hypermonoid‎. 
 

Definition 2.7.‎ A non-empty set 𝑀 together with the hyperoperation + is called a canonical 

hypergroup if the following‎ axioms hold‎: 
 

1. (𝑀, +) ‎is a semihypergroup (associativity);‎ 
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2. ‎ (𝑀, +) is commutative (commutativity); 

3. ‎ there is a scalar identity 0𝑀 (existence of scalar identity);‎ 

4. ‎ for every 𝑥 ∈ 𝑀‎, ‎there is a unique element denoted by −𝑥 called inverse of 𝑥 such that 

0𝑀 ∈ 𝑥 + (−𝑥), ‎which for simplicity‎, ‎we write 0𝑀 ∈ 𝑥 − 𝑥 (existence of inverse);‎ 

5. ‎∀𝑥, 𝑦, 𝑧 ∈ 𝑀:  𝑥 ∈ 𝑦 + 𝑧 ⟹ 𝑦 ∈ 𝑥 − 𝑧 (reversibility)‎. 
 

Sometimes‎, ‎for simplicity‎, ‎we use 𝑀 instead of (𝑀, +)‎. 
 

Definition 2.8.‎ A non-empty subset 𝑁 of 𝑀 is called a canonical subhypergroup of 𝑀‎, ‎denoted by 

𝑁 ≤ 𝑀‎ ‎if it is a canonical hypergroup itself‎. 
 

It is easy to verify that 𝑁 ≤ 𝑀 if and only if 𝑁 ≠ ∅ and 𝑥 − 𝑦 ⊆ 𝑁 for all 𝑥, 𝑦 ∈
𝑁‎. ‎Clearly‎, ‎always 0𝑀 ∈ 𝑁‎. 

For more basic concepts and definitions about hyperstructures, we refer the reader to the 

books [7-10] and the papers [12-14, 18]. 

 

3. MAIN RESULTS 

 

3.1.  Structure of 𝑴/𝑵 

 

Here‎, ‎we plan to study (the structure of ) a quotient of a canonical hypergroup by some its 

canonical subhypergroup‎. Let (𝑀, +) be a canonical hypergroup‎, 𝑁 be an arbitrary canonical 

subhypergroup of 𝑀 and set 𝑀/𝑁: = {𝑥 + 𝑁| 𝑥 ∈ 𝑀}‎. Consider‎ the hyperaddition +′ on 𝑀/𝑁 

defined as‎ 
 

(𝑥 + 𝑁) + ′(𝑦 + 𝑁) = {𝑡 + 𝑁| 𝑡 ∈ 𝑥 + 𝑦}‎.                                                                                (3.1) 
 

In order to be more ready and familiar with the hyperoperation +′ (or −′ later on) defined on 

𝑀/𝑁 in the next subsections‎, first we intentionally study the structure of (𝑀/𝑁, +′) in detail‎. 

In the sequel‎, ‎−𝑥 denotes the inverse of 𝑥 in 𝑀 and we write 𝑥 − 𝑦 instead of 𝑥 + (−𝑦)‎. Also‎, ‎for  

convenience‎, ‎we use 𝑥̅ instead of 𝑥 + 𝑁‎. 
 

Lemma 3.1.‎ 𝑥̅ ∩ 𝑥′̅ ≠ ∅ implies 𝑥̅ = 𝑥′̅‎. 
 

Proof. Let 𝑡 ∈ 𝑥̅ ∩ 𝑥′̅‎. ‎Clearly 𝑡 ∈ 𝑥 + 𝑛′ and 𝑡 ∈ 𝑥′ + 𝑛′′ for some 𝑛′, 𝑛′′ ∈ 𝑁‎. Since 𝑥′ ∈ 𝑡 −
𝑛′′‎, ‎we have 𝑥′ ∈ 𝑡 − 𝑛′′ ⊆ 𝑥 + 𝑛′ − 𝑛′′ ⊆ 𝑥 + 𝑁‎. ‎So 𝑥′ + 𝑁 ⊆ 𝑥 + 𝑁 + 𝑁 = 𝑥 + 𝑁 and thus 

𝑥̅ ⊆ 𝑥′̅‎. ‎Similarly, 𝑥′̅ ⊆ 𝑥̅‎.  
 

We prove (𝑀/𝑁, +′) is a canonical hypergroup‎. ‎Indeed,‎ 
 

Proposition 3.2.‎ For every canonical hypergroup 𝑀‎, ‎if 𝑁 ≤ 𝑀‎, ‎then‎ ‎(𝑀/𝑁, +′) is a canonical 

hypergroup‎. 
 

Proof. ‎We first show that +′ is well defined‎, ‎i.e.‎, ‎if 𝑥1̅̅̅ = 𝑥2̅̅ ̅‎ and 𝑦1̅̅ ̅ = 𝑦2̅̅ ̅‎ ‎, ‎then 𝑥1̅̅̅+′ 𝑦1̅̅ ̅ =
𝑥2̅̅ ̅+′ 𝑦2̅̅ ̅.  
 

Let 𝑧̅ ∈ 𝑥1̅̅̅+′ 𝑦1̅̅ ̅‎. ‎Then there exists some 𝑡 ∈ 𝑥1 + 𝑦1 such that 𝑧̅ = 𝑡̅  or 𝑧 + 𝑁 = 𝑡 + 𝑁‎. ‎So 

𝑧 ∈ 𝑡 + 𝑛 for some 𝑛 ∈ ℕ‎. ‎Thus 𝑧 ∈ 𝑡 + 𝑛 ⊆ 𝑥1 + 𝑦1 + 𝑛‎. ‎On the other hand, 𝑥1̅̅̅ = 𝑥2̅̅ ̅‎‎ and 

𝑦1̅̅ ̅ = 𝑦2̅̅ ̅‎  imply that 𝑥1 ∈ 𝑥2 + 𝑛1 and 𝑦1 ∈ 𝑦2 + 𝑛2 for some 𝑛1, 𝑛2 ∈ ℕ‎. ‎Thus 𝑧 ∈ 𝑥1 + 𝑦1 +
𝑛 ⊆ 𝑥2 + 𝑦2 + 𝑛1 + 𝑛2 + 𝑛 from commutativity‎. ‎So 𝑧 ∈ 𝑡′ + 𝑛3 for some t'∈ 𝑥2 + 𝑦2 and some 

𝑛3 ∈ ℕ‎, ‎and thus 𝑧 ∈ 𝑡′̅ ∩ 𝑧̅‎. Hence from Lemma 3.1‎, ‎𝑡′̅ = 𝑧̅‎ which 𝑡′̅ ∈ 𝑥2̅̅ ̅+′ 𝑦2̅̅ ̅‎. ‎Thus 𝑥1̅̅̅+′ 𝑦1̅̅ ̅ ⊆
𝑥2̅̅ ̅+′ 𝑦2̅̅ ̅‎‎. ‎‎Similarly, 𝑥2̅̅ ̅+′ 𝑦2̅̅ ̅ ⊆ 𝑥1̅̅̅+′ 𝑦1̅̅ ̅‎‎. ‎Consequently, 𝑥1̅̅̅+′ 𝑦1̅̅ ̅ = 𝑥2̅̅ ̅+′ 𝑦2̅̅ ̅‎‎. 
‎Associative axiom: 
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‎(𝑥̅ +′ 𝑦̅)+′𝑧̅ = ( ⋃ {𝑤̅}

𝑤∈𝑥+𝑦

)+′𝑧̅ 

‎= ( ⋃ (𝑤̅

𝑤∈𝑥+𝑦

+′𝑧̅)‎= ⋃ {𝑡̅}
𝑤∈𝑥+𝑦
𝑡∈𝑤+𝑧

 

‎ 

= ⋃ {𝑡̅}

𝑤∈(𝑥+𝑦)+𝑧

‎= ⋃ {𝑡̅}

𝑤∈𝑥+(𝑦+𝑧)

 

= ⋃ {𝑡̅}
𝑣∈𝑦+𝑧
𝑢∈𝑥+𝑣

= ( ⋃ (𝑥̅

𝑣∈𝑦+𝑧

+′𝑣̅) 

= 𝑥̅+′(⋃ {𝑣̅}𝑣∈𝑦+𝑧 ) = 𝑥̅+′(𝑦̅+′𝑧̅) 
 

Commutativity axiom: 

Clearly, 𝑥̅ + ′𝑦̅ = {𝑡̅| 𝑡 ∈ 𝑥 + 𝑦} = {𝑡̅| 𝑡 ∈ 𝑦 + 𝑥} = 𝑦̅ + ′𝑥̅.‎ 

Existence of (the unique) scalar identity: 

0𝑀
̅̅ ̅̅ = 𝑁 is the identity of (𝑀/𝑁, +′)‎. In fact, 

‎0𝑀
̅̅ ̅̅ +′𝑥̅ = {𝑡̅ | 𝑡 ∈ 0𝑀 + 𝑥} = {𝑡̅| 𝑡 ∈ {𝑥}} = {𝑥̅}. Similarly, 𝑥̅ + ′0_𝑀̅̅ ̅̅ ̅̅ = {𝑥̅}.‎ 

‎Existence of inverse of an element: 

𝑥̅ has an inverse and that is −𝑥̅̅ ̅̅ ‎. ‎Indeed‎, 
 

‎𝑥̅ + ′(−𝑥̅̅ ̅̅ ) = { 𝑡̅| 𝑡 ∈ 𝑥 + (−𝑥)} = {𝑡̅| 𝑡 ∈ 𝑥 − 𝑥} ∋ 0𝑀
̅̅ ̅̅ , 

 

since 0𝑀 ∈ 𝑥 − 𝑥‎. ‎(Also 0𝑀
̅̅ ̅̅ ∈ (−𝑥̅̅ ̅̅ ) + ′𝑥̅ from commutativity.)‎ So −𝑥̅̅ ̅̅  is the inverse of 𝑥̅‎. ‎In 

order to show the uniqueness of inverse‎, ‎let 𝑦̅ ∈ 𝑀/𝑁 such that 0𝑀
̅̅ ̅̅ ∈ 𝑥̅ + ′𝑦̅‎. ‎Then 0𝑀

̅̅ ̅̅ ∈ {𝑡̅| 𝑡 ∈
𝑥 + 𝑦} = {𝑡̅| 𝑡 ∈ 𝑥 + 𝑦}‎. So there exists some 𝑧 ∈ 𝑥 + 𝑦 such that 0𝑀

̅̅ ̅̅ = 𝑧̅ or 𝑁 = 𝑧 + 𝑁‎. ‎So 

𝑧 = 𝑛 for some 𝑛 ∈ ℕ‎. ‎From the reversibility axiom we have 𝑦 ∈ −‎𝑥 + 𝑛 ⊆ −𝑥 +
𝑁.‎ ‎Consequently 𝑦‎∈ ‎− 𝑥 + 𝑁.‎ ‎Now‎ since 𝑦 ∈ 𝑦̅ ∩ −𝑥̅̅ ̅̅ ‎, ‎we get 𝑦̅ = −𝑥̅̅ ̅̅  by Lemma 3.1. 

Sometimes we may use 0M/N and −′𝑥̅ to denote 0𝑀 and −𝑥̅̅ ̅̅  (the inverse of 

𝑥̅)‎, ‎respectively‎. ‎So we can speak of hyperoperation −′ on 𝑀/𝑁 and write 𝑥̅ − ′𝑦̅‎ instead of 

𝑥̅ + ′(−′𝑦̅)‎. 
 

‎ Reversibility axiom: 
 

𝑥̅ ∈ 𝑦̅+′𝑧̅ ⟹ ∃𝑡 ∈ 𝑦 + 𝑧, 𝑥̅ = 𝑡̅ 
⟹ 𝑦 ∈ 𝑡 − 𝑧,  𝑥̅ = 𝑡̅ 

⟹  𝑦̅ ∈ 𝑡̅−′  𝑧̅,  𝑥̅ = 𝑡̅‎ 
 

So 𝑦̅ ∈ 𝑥̅ + ’(−𝑧̅̅ ̅̅ ). 

Hence (𝑀/𝑁, +′) is a canonical hypergroup‎. 

The  following result states another way to present the hyperoperation +′ in (3.1)‎. 
 

Proposition 3.3.‎ The hyperoperation +′ on 𝑀/𝑁 is the same as +′′ defined by‎: 
 

𝑥̅+′′𝑦̅: = {𝑡̅| 𝑡 ∈ 𝑥̅ + 𝑦̅}‎. 
 

Proof. Let 𝐴 = {𝑡 + 𝑁| 𝑡 ∈  𝑥 + 𝑦} and‎ 𝐵 = {𝑡 + 𝑁| 𝑡 ∈ 𝑥 + 𝑁 + 𝑦 + 𝑁}‎. ‎We show 𝐴 = 𝐵‎. Let 

𝑡 + 𝑁 ∈ 𝐴‎. Then clearly‎, ‎𝑡 ∈  𝑥 + 𝑦 ⊆ 𝑥 + 𝑁 + 𝑦 + 𝑁 implies‎ 𝑡 + 𝑁 ∈ 𝐵. ‎So‎ 𝐴 ⊆
𝐵‎. ‎Conversely‎, ‎suppose 𝑡 + 𝑁 ∈ 𝐵‎. ‎So there exists‎ 𝑝 ∈ 𝑥 + 𝑦 and 𝑛 ∈ 𝑁 + 𝑁 ⊆ 𝑁 such that 

𝑡 ∈ 𝑝 + 𝑛‎. ‎Clearly‎, 𝑡 ∈ 𝑡̅ ∩ 𝑝̅‎. ‎Hence 𝑡̅ = 𝑝̅ by Lemma 3.1‎. ‎On the other hand‎, 𝑝 ∈ 𝑥 + 𝑦 implies 

𝑝̅ ∈ 𝐴‎. ‎So 𝑡̅ ∈ 𝐴‎. ‎Consequently‎, ‎𝐵 ⊆ 𝐴‎. 
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3.2.  Equivalent quotients to 𝑴/𝑵 

 

Let (𝑀, +) be a canonical hypergroup and‎ 𝑁 ≤ 𝑀. ‎In this section‎, ‎we investigate some 

relations 𝜌 on a canonical hypergroup 𝑀 and conditions such that 𝑀/𝜌 is the same as 𝑀/𝑁. 

We begin with the following result‎: 
 

Lemma 3.4.‎In any canonical hypergroup 𝐴 for all 𝑥, 𝑦 ∈ 𝐴‎, ‎𝑥 = 𝑦 if and only if 0𝐴 ∈ 𝑥 − 𝑦‎. 
 

Proof. Let 𝑥 = 𝑦 ∈ 𝐴. ‎Then we have‎ 𝑥 − 𝑦 = 𝑦 − 𝑦 ∋ 0𝐴‎. Conversely‎, ‎let 0𝐴 ∈ 𝑥 − 𝑦 = 𝑥 +
(−𝑦) and thus 0𝐴 ∈ (−𝑦) + 𝑥‎. On the other hand, it is clear that always‎ 0𝐴 ∈ 𝑦 + (−𝑦) =
(−𝑦) + 𝑦. So 𝑥 and 𝑦 are inverses of −𝑦‎. ‎F‎‎or the uniqueness of inverse (of −𝑦)‎, ‎we have 𝑥 = 𝑦‎. 
 
 

Remark 3.5. Note that by reversibility axiom‎, ‎we can also prove that 0𝐴 ∈ 𝑥 − 𝑦 implies 𝑥 = 𝑦‎. 
If we apply Lemma 3.4 for 𝑀/𝑁‎, ‎then we have‎ 
 

𝑥̅ = 𝑦̅ ⟹  𝑁 = 0𝑀
𝑁

∈ 𝑥̅ − ′𝑦̅ = 𝑥̅ + ′−𝑦̅̅ ̅̅  

‎⟹ ∃𝑡 ∈  𝑥 − 𝑦, 0𝑀/𝑁 = 𝑁 = 𝑡̅‎ 

⟹ ∃𝑡 ∈  𝑥 − 𝑦, 𝑁 = 𝑡 + 𝑁‎ 

⟹ ∃𝑡 ∈  𝑥 − 𝑦, 𝑡 ∈ 𝑁‎ 

⟹ 𝑡 ∈  𝑥 − 𝑦 ∩ 𝑁 ≠ ∅‎ 
 

On the other hand, 
 

𝑡 ∈  𝑥 − 𝑦 ∩ 𝑁 ≠ ∅‎⟹ 𝑡 ∈  𝑥 + (−𝑦), 𝑡 ∈ 𝑁 

⟹ 𝑡 + 𝑁 ∈  𝑥̅+′(−𝑦̅̅ ̅̅ ) = 𝑥̅ − ′𝑦̅, 𝑡 ∈ 𝑁 

⟹ 0𝑀/𝑁 = 𝑁 = 𝑡 + 𝑁 ∈ 𝑥̅ − ′𝑦̅ 
 

Hence from Lemma 3.4, we have 𝑥̅ = 𝑦̅‎. ‎Thus‎ 
 

Proposition 3.6.‎ 𝑥̅ = 𝑦̅ if and only if 𝑥 − 𝑦 ∩ 𝑁 ≠ ∅‎. 
 

Proposition 3.7.‎ ‎{𝑁} = 𝑥̅ − ′𝑦̅ if and only if 𝑥 − 𝑦 ⊆ 𝑁‎. 
 

Proof. 
 

‎{𝑁} = 𝑥̅−′ 𝑦̅ ⟺ {𝑁} = 𝑥̅+′ −𝑦̅̅ ̅̅ = {𝑡 + 𝑁| 𝑡 ∈ 𝑥 + (−𝑦)}‎ 
‎⟺ 𝑁 = 𝑡 + 𝑁, ∀𝑡 ∈ 𝑥 − 𝑦‎ 

⟺ ∀𝑛 ∈ 𝑁, ∀𝑡 ∈ 𝑥 − 𝑦:  𝑡 + 𝑛 ⊆ 𝑁‎ 

‎⟺ {𝑡} = 𝑡 + 0𝑁 ⊆ 𝑁, ∀𝑡 ∈ 𝑥 − 𝑦‎ 
‎⟺ 𝑥 − 𝑦 ⊆ 𝑁‎. 

 

Lemma 3.8. Let 𝑁 be a canonical subhypergroup of 𝑀 such that 𝑥̅ − ′𝑦̅ is a singleton‎. ‎Then‎ 
 

‎𝑥 − 𝑦 ∩ 𝑁 ≠ ∅ ⟺ 𝑥̅ = 𝑦̅ 

‎⟺ 𝑁 ∈ 𝑥̅ − ′𝑦̅‎ 
‎⟺ 𝑥̅ − ′𝑦̅ = {𝑁} 

⟺ 𝑥 − 𝑦 ⊆ 𝑁‎.  
 

Proof.‎ From Proposition 3.6‎, ‎ 𝑥 − 𝑦 ∩ 𝑁 ≠ ∅ if and only if 𝑥̅ = 𝑦̅‎. a ‎ ht ‎ Bssumption and 

applying Lemma 3.4 for‎ 𝐴 = 𝑀/𝑁, we have 𝑥̅ = 𝑦̅ if and only if {𝑁} = 𝑥̅ − ′𝑦̅‎. ‎Finally, use 

Proposition 3.7‎. 
 

‎ The next result is just for clarifying the likelihood of confusion may be caused by + or +′ in 

the study of the quotient 𝑀/𝑁‎. 
 

Proposition 3.9. 𝑥̅ + 𝑦̅ = 𝑁 if and only if 𝑥 + 𝑦 ⊆ 𝑁, ‎i.e.‎, 
 

𝑥 + 𝑁 + 𝑦 + 𝑁 = 𝑁 ⟺ 𝑥 + 𝑦 ⊆ 𝑁. 
 

Proof. From commutativity and since 𝑁 + 𝑁 = 𝑁, we have‎ 
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𝑥 + 𝑁 + 𝑦 + 𝑁 = 𝑁 ⟹ 𝑥 + 𝑦 + 𝑁 = 𝑁. 
 

So for every 𝑡 ∈ 𝑥 + 𝑦, we have 𝑡 + 𝑁 ⊆ 𝑁‎. ‎Thus‎ for every 𝑡 ∈ 𝑥 + 𝑦, and for all 𝑛 ∈ ℕ‎, 

‎𝑡 + 𝑛 ⊆ 𝑁‎. ‎In particular {𝑡} = 𝑡 + 0𝑁 ⊆ 𝑁 and consequently‎, ‎𝑥 + 𝑦 ⊆ 𝑁‎. ‎Conversely‎, ‎suppose 

𝑥 + 𝑦 ⊆ 𝑁‎. ‎So for every 𝑡 ∈ 𝑥 + 𝑦‎, ‎from the reproductivity axiom 𝑡 + 𝑁 = 𝑁‎. ‎Thus 𝑥 + 𝑦 + 𝑁 =
𝑁. ‎Now from commutativity and since 𝑁 + 𝑁 = 𝑁 we have 𝑁 = 𝑥 + 𝑦 + 𝑁 = 𝑥 + 𝑦 + 𝑁 + 𝑁 =
𝑥 + 𝑁 + 𝑦 + 𝑁. 

Now let 𝑀 be a canonical hypergroup and 𝑁 be a canonical subhypergroup of 𝑀‎. ‎Consider 

the following relations on 𝑀‎: 

for all 𝑥, 𝑦 ∈ 𝑀‎, 
 

‎𝑥𝜌1𝑦 ⟺ 𝑥 + 𝑁 = 𝑦 + 𝑁 

𝑥𝜌2𝑦 ⟺ 𝑥 ∈ 𝑦 + 𝑁 

𝑥𝜌3𝑦 ⟺ 𝑥 − 𝑦 ⊆ 𝑁 

𝑥𝜌4𝑦 ⟺ 𝑥 − 𝑦 ∩ 𝑁 ≠ ∅. 
 

In the sequel‎, ‎our aim is to study the relationship among these relations‎. 
 

Proposition 3.10. Let 𝑁 be a canonical subhypergroup of 𝑀‎. ‎Then‎ 
 

1. 𝑥𝜌1𝑦 ⟺ 𝑥𝜌2𝑦‎, 
2. 𝑥𝜌2𝑦 ⟺ 𝑥𝜌4𝑦. 

 

Proof. 1. Let 𝜌1𝑦 ‎‎ , i.e.‎, ‎𝑥̅ = 𝑦̅‎. ‎So 𝑥 + 𝑁 = 𝑦 + 𝑁 implies that 𝑥 ∈ 𝑦 + 𝑁‎. ‎Thus 

𝑥𝜌2𝑦. ‎Conversely‎, ‎let 𝑥𝜌2𝑦‎‎, ‎i.e‎, ‎𝑥 ∈ 𝑦̅‎. ‎Since 𝑥 ∈ 𝑥̅ ∩ 𝑦̅‎, ‎we have 𝑥̅ = 𝑦̅ from Lemma 3.1‎. ‎Thus 

the result is true‎. 
 

2. Let 𝜌2𝑦‎ . ‎So 𝑥 ∈ 𝑦 + 𝑁 and thus 𝑥 ∈ 𝑦 + 𝑛 for some 𝑛 ∈ ℕ. ‎The reversibility axiom 

implies 𝑛 ∈ −‎𝑦 + 𝑥 ∩ 𝑁 ≠ ∅‎. ‎From the commutativity axiom 𝑥 − 𝑦 ∩ 𝑁 ≠ ∅‎. ‎Thus 𝑥𝜌4𝑦. If 

𝑥𝜌4𝑦‎‎, ‎then 𝑥 − 𝑦 ∩ 𝑁 ≠ ∅ and thus there exists some 𝑛 ∈ 𝑥 − 𝑦 ∩ 𝑁‎. ‎So 𝑥 ∈ 𝑛 + 𝑦 or 𝑥 ∈ 𝑦 + 𝑛 

by the commutativity axiom‎. ‎Therefore 𝑥 ∈ 𝑦 + 𝑁‎. ‎This implies 𝑥𝜌2𝑦‎. ‎Hence‎ 𝑥𝜌2𝑦 if and only if 

𝑥𝜌4𝑦‎. 
 

Remark 3.11. Clearly, 𝜌1 is an equivalence relation on 𝑀‎. 
 

Theorem 3.12. Let 𝑁 be a canonical subhypergroup of 𝑀‎. ‎Then 𝜌1 = 𝜌2 = 𝜌4 as equivalence 

relations and‎ 𝜌1(𝑥) = 𝜌2(𝑥) = 𝜌4 (x)=x+N‎. 
 

Proof.‎ From Proposition 3.10 and Remark 3.11, 𝜌1 = 𝜌2 = 𝜌4‎. ‎The latter statement is followed 

from 𝜌1 (x)=x+N‎. 
 

In this section, we give a condition that implies 𝜌1 = 𝜌2 = 𝜌3 = 𝜌4 and then obtain some 

results‎. 
 

Lemma 3.13. Let 𝑁 be a canonical subhypergroup of 𝑀 such that 𝑥̅ − ′𝑦̅ is a singleton‎. ‎Then‎ 
 

𝑥𝜌4𝑦 ⟺ 𝑥𝜌1𝑦 ⟺ 𝑥𝜌3𝑦. 
 

Proof. According to Lemma 3.8‎, ‎it is clear‎. 
 

Proposition 3.14. ‎Let 𝑁 be a canonical subhypergroup of 𝑀 such that 𝑥̅ − ′𝑦̅ is a singleton for all 

𝑥, 𝑦 ∈ 𝑀‎. ‎Then‎ 𝜌1 = 𝜌2 = 𝜌3 = 𝜌4‎. 
 

Proof. From Proposition 3.10 and Lemma 3.13‎, 𝜌1 = 𝜌2 = 𝜌3 = 𝜌4‎. 
 

Corollary 3.15. Let 𝑁 be a canonical subhypergroup of 𝑀 such that (𝑀/𝑁, +′) is a 

(commutative) group‎. ‎Then‎ 𝜌1 = 𝜌2 = 𝜌3 = 𝜌4‎. as equivalence relations‎. 
 

Proof. ‎From Proposition 3.14, the result is clear‎. 
 

Proposition 3.16. ‎Let 𝑁 be a canonical subhypergroup of 𝑀 such that (𝑀/𝑁, +′) is a 

(commutative) group‎. Then for every 𝑥 ∈ 𝑀‎, 
 

𝛽∗(𝑥) ⊆ 𝜌1(𝑥) = 𝜌2(𝑥) = 𝜌3(𝑥) = 𝜌4(x).‎ 
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Proof. ‎Since 𝛽∗ is the smallest equivalence such that 𝑀/𝛽∗ is a group‎, ‎the result is clear‎. 
 

‎In the sequel‎, ‎we need another definition of heart as follows‎: 
 

Definition 3.17. [20, Definition 2.5] The heart of a canonical hypergroup 𝑀 is 
 

𝜔𝑀 = {𝑡 ∈ ∑ (𝑥𝑖 − 𝑥𝑖)𝑛
𝑖=1 | 𝑛 ∈ ℕ‎, ‎ 𝑥𝑖 ∈ 𝑀}. 

 

Remark 3.18. By definition of ⊗ and since 𝑥 + 0𝑀 = 𝑥 = 0𝑀 + 𝑥‎, ‎it is easily seen that‎ ‎𝛽∗(𝑥) ⊗
𝛽∗(0𝑀) = 𝛽∗(𝑥) = 𝛽∗(0𝑀) ⊗ 𝛽∗(𝑥)‎. ‎So‎ 𝛽∗(0𝑀) is the identity of the group 𝑀/𝛽∗‎. By 

Definition 2.5, ‎ 
 

𝜔𝑀 = {𝑥 ∈ 𝑀| 𝜑𝑀(𝑥) = 𝛽∗(0𝑀)} = {𝑥 ∈ 𝑀| 𝛽∗(𝑥) = 𝛽∗(0𝑀)}. 
 

So 𝜔𝑀 = 𝛽∗(0𝑀). 
 

Proposition 3.19. ‎Let 𝑁 be a canonical subhypergroup of 𝑀 such that 𝑥̅ − ′𝑥̅ is a singleton for 

each 𝑥 ∈ 𝑀‎. ‎Then‎ ‎𝜔𝑀 ⊆ 𝑁. 
 

Proof. Since 0𝑀 ∈ 𝑥 − 𝑥 ∩ 𝑁‎, ‎from Lemma 3.8, we have 𝑥 − 𝑥 ⊆ 𝑁‎. ‎So 𝜔𝑀 ⊆ 𝑁‎.‎ 
 

When 𝑀/𝑁 is a (commutative) group‎, ‎we have 
 

𝜔𝑀 = 𝛽∗(0𝑀) ⊆ 𝜌1(0𝑀) = 𝜌2(0𝑀) = 𝜌3(0𝑀) = 𝜌4(0𝑀) = 0𝑀 + 𝑁‎, 
 

i.e.‎, ‎𝜔𝑀 ⊆ 𝑁‎ (see Proposition 3.19)‎. 

Now let 𝒮 denote the set of all canonical subhypergroups 𝑁 of 𝑀 such that (𝑀/𝑁, +′) is a‎ 

(commutative) group‎. ‎Then we have the following result‎: 
 

Corollary 3.20. ‎For every canonical hypergroup 𝑀, 𝜔𝑀 ⊆∩𝑁∈𝒮 𝑁‎.‎‎ 
 

‎ In the following‎, ‎for completeness‎, ‎we state a direct proof of being an equivalence relation for 

𝜌2‎. 
 

Proposition 3.21. Let 𝑁 be a canonical subhypergroup of 𝑀‎. ‎Then 𝜌2 is an equivalence‎ relation 

on 𝑀‎. 
 

Proof. ‎Let 𝑥 ∈ 𝑀. ‎Since {𝑥} = 𝑥 + 0𝑀 ⊆ 𝑥 + 𝑁‎. ‎So the relation 𝜌2 is reflexive‎. ‎Let 𝑥, 𝑦 ∈ 𝑀‎. ‎If 

𝑥 ∈ 𝑦 + 𝑁‎, then 𝑥 ∈ 𝑦 + 𝑛 for some 𝑛 ∈ ℕ‎. ‎That is‎, ‎𝑦 ∈  𝑥 − 𝑛 ⊆ 𝑥 + 𝑁. ‎So‎, ‎𝜌2  is a symmetric 

relation‎. Suppose that 𝑥, 𝑦, 𝑧 ∈ 𝑀 such that 𝑥𝜌2𝑦 and 𝑦𝜌2𝑧‎, ‎then 𝑥 ∈ 𝑦 + 𝑁 and 𝑦 ∈ 𝑧 +
𝑁‎. ‎Therefore‎, ‎𝑥 ∈  
 

𝑦 + 𝑛‎, ‎and 𝑦 ∈  𝑧 + 𝑛′‎, ‎for some 𝑛, 𝑛′ ∈ ℕ‎. ‎So‎, ‎𝑥 ∈ 𝑦 + 𝑛 ⊆ (𝑧 + 𝑛) + 𝑛′ = 𝑧 + (𝑛 + 𝑛′) ⊆
𝑧 + 𝑁‎. ‎Hence 𝑥𝜌2𝑧‎. ‎Therefore‎, the relation 𝜌2 is transitive‎. 

 

3.3.  Quotient by normal canonical subhypergroup 

 

A canonical subhypergroup 𝑁 of 𝑀 is said to be normal if for all 𝑥 ∈ 𝑀‎, ‎𝑥 + 𝑁 − 𝑥 ⊆ 𝑁‎. 
 

Proposition 3.22. If 𝑁 is a normal canonical subhypergroup of 𝑀‎, ‎then 
 

𝑥𝜌1𝑦 ⟺ 𝑥𝜌2𝑦 ⟺ 𝑥𝜌3𝑦 ⟺ 𝑥𝜌4𝑦. 
 

Proof. ‎ 
 

𝑥𝜌1𝑦 ⟹ 𝑥̅ = 𝑦̅ ⟹ 𝑥 ∈ 𝑦̅ ⟹ 𝑥𝜌2𝑦 

⟹ 𝑥 ∈ 𝑦 + 𝑁 ⟹ 𝑥 − 𝑦 ⊆ 𝑦 + 𝑁 − 𝑦 ⊆ 𝑁 ⟹ 𝑥𝜌3𝑦 

⟹ 𝑥 − 𝑦 ∩ 𝑁 ⟹ 𝑥𝜌4𝑦 

⟹ ∃𝑡 ∈ 𝑥 − 𝑦:  𝑡 + 𝑁 = 𝑁 ⟹ 𝑡̅ = 𝑁 = 0𝑀
𝑁

∈ 𝑥̅ − ′𝑦̅ 

⟹ 𝑥̅ = 𝑦̅ ⟹ 𝑥𝜌1𝑦. 
 

So 
 

𝑥𝜌1𝑦 ⟹ 𝑥𝜌2𝑦 ⟹ 𝑥𝜌3𝑦 ⟹ 𝑥𝜌4𝑦 ⟹ 𝑥𝜌1𝑦 
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Now by Theorem 3.12, the result is followed‎. 

‎According to Proposition 3.22‎, ‎𝜌3 is an equivalence relation for every canonical 

subhypergroup 𝑁 of 𝑀, ‎since 𝜌1 is an equivalence relation‎. ‎Moreover‎, 
 

Theorem 3.23. If 𝑁 is a normal canonical subhypergroup‎. ‎Then‎ 𝜌1 = 𝜌2 = 𝜌3 = 𝜌4 as 

equivalence relations‎. 
 

Proof. ‎‎Since 𝜌1 is an equivalence relation‎, ‎from Proposition 3.22, the result is followed‎. 

Although we proved 𝜌3 is an equivalence relation by 𝜌1 when 𝑁 is normal‎, ‎we can prove this fact 

independent of 𝜌1 as follows‎: 
 

Proposition 3.24. 𝜌3 is an equivalence relation if 𝑁 is a normal canonical subhypergroup of 𝑀‎. 
 

Proof. Clearly‎, ‎𝑥 ∈ 𝑥 + 0𝑀 implies 𝑥 − 𝑥 ⊆ 𝑥 + 0𝑀 − 𝑥 ⊆ 𝑥 + 𝑁 − 𝑥 ⊆ 𝑁‎. ‎So 𝜌3 is reflexive‎. 
 

Also‎, ‎𝑥 − 𝑦 ⊆ 𝑁 if and only if 𝑦 − 𝑥 ⊆ 𝑁‎. ‎So 𝜌3 is symmetric‎. For transitivity, let 𝑥 − 𝑦 ⊆ 𝑁 

and 𝑦 − 𝑧 ⊆ 𝑁‎. ‎So by normality of 𝑁‎, ‎we have‎‎ 
 

𝑥 − 𝑦 + 𝑦 − 𝑧 = 𝑥 − 𝑦 + 0𝑀 + 𝑦 − 𝑧 ⊆ 𝑥 + 𝑁 + −𝑧 ⊆ 𝑥 − 𝑧 + 𝑁 ⊆ 𝑁. 
 

Remark 3.25. According to the proof of Proposition 3.22‎, ‎if 𝑁 is a normal canonical 

subhypergroup‎, ‎then 𝑥̅ = 𝑦̅ if and only if 𝑥̅−′𝑦̅ = {𝑡̅| 𝑡 ∈ 𝑥 − 𝑦} = {𝑁} = {0𝑀/𝑁}‎, ‎i.e.‎, ‎𝑥̅−′𝑦̅ is 

the singleton {0𝑀/𝑁}‎‎. 
 

Lemma 3.26. ‎Let 𝑁 be a normal canonical subhypergroup of a canonical hypergroup 𝑀‎. ‎Then 

𝜔𝑀 ⊆ 𝑁‎.  
 

Proof.‎ Clearly for every 𝑥 ∈ 𝑀‎, ‎0𝑀 ∈ 𝑥 − 𝑥 ∩ 𝑁 ≠ ∅‎. ‎So by the proof of Proposition 3.22, 

‎𝑥 − 𝑥 ⊆ 𝑁‎. ‎Since 𝑁 is a canonical subhypergroup of 𝑀‎, ‎we have‎ ∑ (𝑥𝑖 − 𝑥𝑖)𝑛
𝑖=1 ⊆ 𝑁 for all 

𝑛 ∈ ℕ (which 𝑥𝑖 ∈ 𝑀)‎. ‎Thus 𝜔𝑀 ⊆ 𝑁. 
 

Let 𝒩 denote the set of all normal canonical subhypergroups of 𝑀‎. Then‎ 
 

Theorem 3.27. For every canonical hypergroup 𝑀‎, 𝜔𝑀 ⊆∩𝑁∈𝒮 𝑁 ⊆∩𝑁∈𝒩 𝑁. 
 

Proof. According to Remark 3.25‎, 𝒮 ⊇ 𝒩‎. ‎Hence the result is followed by Corollary 3.20‎. 
 

Corollary 3.28. Let 𝑀 be a canonical hypergroup‎. ‎If 𝑁 = {0𝑀} is a normal canonical 

subhypergroup of 𝑀‎, ‎then 𝜔𝑀 = {0𝑀}. 
 

Proof. From Lemma 3.26‎, ‎it is clear‎. 
 

We say a canonical hypergroup 𝑀 has the trivial fundamental group if 𝑀 = 𝜔𝑀 (see [18])‎. 
 

Proposition 3.29. Let 𝑀 be a canonical hypergroup with the trivial fundamental (commutative) 

group‎. ‎Then the canonical subhypergroup‎ ‎{0𝑀} is normal if and only if 𝑀 = {0𝑀}‎. 
 

Proof. According to Lemma 3.26, ‎since 𝑀 = 𝜔𝑀‎, ‎normality of ‎{0𝑀} implies‎ ‎𝑀 = {0𝑀}‎. ‎The 

converse is clear‎. 
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