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ABSTRACT

In this work, we define 2-absorbing o -primary fuzzy ideals which is the generalization of 2-
absorbing fuzzy ideal and 2-absorbing primary fuzzy ideals. Furthermore, we give some
fundamental results concerning these notions.
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1. INTRODUCTION

The notion of fuzzy subset is defined by Zadeh in[9] and studied to apply fuzzy theory on
algebraic structures. Then many researchers have studied on fuzzy ring theory. Liu [4]
investigated the concept of fuzzy ideal of a ring. In fuzzy commutative algebra, prime ideals are
the most significant structures. Mukherjee and Sen defined prime and primary fuzzy ideals in
[5,6]. Also in [7] Sidky and Khatab studied on the notion of nil radical of fuzzy ideals.

The concept of 2-absorbing ideal, which is a generalization of prime ideal, was introduced by
Badawi in [1]. At present, work on the 2-absorbing ideal theory is progresssing rapidly. It has
studied extensively by many authors. Recently, Badawi et al. [2] introduced the concept of 2-
absorbing primary ideals in commutative rings with 1= 0 and gave some characterizations related
to it. Also in [8], S6nmez et al. introduced the notion of 2-absorbing primary fuzzy ideal, which is
a generalization of prime and primary fuzzy ideals in commutative rings. Furthermore in [11],
Zhao introduced the concept of expansion of ideals of R. In this paper, we introduce the notion of

2-absorbing o -primary fuzzy ideal which is a generalization of 2-absorbing primary fuzzy ideal.
Also recall that from [8], a nonconstant fuzzy ideal is said to be 2-absorbing primary if if for any

fuzzy points X,,Y,,Z, of R, X Y.z, €y implies that either X, Y, € i or X Z, € 4/#
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or Y Z, €4/ /L. Based on this definition, a nonconstant fuzzy ideal g of R is said to be a 2-
absorbing 5—primary fuzzy ideal of R if for any fuzzy points Xy Y5, Z, of R,
X, Yz, € p implies that either X, Y, € 1 or X.Z, € 6(u) or Y.z, € 5(u).

2. PREMILINARIES

We assume throughout that all rings are commutative with 1+ 0. Unless stated otherwise
L =0,1] stands for a complete lattice . Let | be a proper ideal of R, the set

{1 :1 isanideal of R } will be denoted by | (R). Z denotes the ring of integers,
L(R) denotes the set of fuzzy sets of R and LI(R) denotes the set of fuzzy ideals of R.
For 1, e L(R) , wesay sz & if and only if u(X) < &(X) for all X € R. When
relL, X,y € R wedefine X, € L(R) as follows :

xr(y)={

and X, is referred to as fuzzy point of R.

r X=Y,
0 otherwise,

Also, for z2€ L(R) and t € L, define 4, as follows :

u ={xeR:u(x) >t}
Definition 2.1 [4] A fuzzy subset & of aring R is called a fuzzy ideal of R if X,y € R the
following conditions are satisfied :

« p(x=y)Z pu(X) A py), VX, yeR
« p1(Xy) = p(X)v u(y). VX, yeR

Let & be any fuzzy ideal of R; X,y € R , and 0 be the additive identity of R . Then it is
easy to verify the following:

(i) £(0) = p(x), p(X) = p(—X) and g4, < g, where s, t € Im(zz) and t>S.
() 1f u(0)=p(x=y), then p(x)=p(y), u(X)=s iff Xeu and
X¢u,Vt>s.
Definition 2.2 [3] Let £ be any fuzzy ideal of R . The ideal £z, , (££(0) > 1) is called level
ideal of /¢ .
Definition 2.3 [6] A fuzzy ideal t& of R is called a prime fuzzy ideal if for any two fuzzy
points X, Y, of R, X Y, € & implies either X, € £¢ or Y, € u.
Definition 2.4 [5] Let 44 be a fuzzy ideal of R . Then \/; , called the radical of £¢, is defined

by Ju(X) = v pu(x").
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Definition 2.5 [5] A fuzz y ideal £ of R is called a primary fuzzy ideal if for X, ye R .
£(xy) > p(x) implies z(xy) < z(y") for some positive integer N .

Theorem 2.6 [5] Let 4 be a fuzzy ideal of aring R . Then Ju s afuzzy ideal of R.
Definition 2.7 [6] Let R be a ring. Then a nonconstant fuzzy ideal M is said to be a weakly
completely prime fuzzy ideal iff for X,y € R, z(xy) = max{u(x), u(y)}-

Theorem 2.8 [7] If 1 and & are two fuzzy ideals of R, then \W = ﬁﬁﬁ :
Theorem 2.9 [7] Let T : R —> S be a ring homomorphism and let £ be a fuzzy ideal of R
such that £ is constant on Kerf and & be a fuzzy ideal of S . Then,

AT ER{O/ME
O = (8.

Definition 2.10 [1] A nonzero proper ideal | of a commutative ring R with 17 O is called a
2-absorbing ideal if whenever @,b,c € R with abC e | | theneither ab el or ac el or

bcel.
Definition 2.11 [2] A proper ideal | of R is called a 2-absorbing primary ideal of R if

whenever a,b,c € R with abc e | , theneither ab e | or ac e«/l_ or bc e «/l_

Theorem 2.12 [2] If | is a 2-absorbing primary ideal of R, then \/l_ is a 2-absorbing ideal of
R

Definition 2.13 [8] A nonconstant fuzzy ideal is called a 2-absorbing primary fuzzy ideal if if for
any fuzzy points X.,Y,,Z, of R, X, Y.Z, € £ implies that either X Y, € £ or
X, Z, €EJ M or Y Z, ewf,u

Definition 2.14 [11] A function O : 1 (R) — I (R) is called an expansion function of ideals of
R if whenever P,Q areideals of R with P < Q, then P < 6(P) and 6(P) < 6(Q)

Definition 2.15 [11] A proper ideal | of R is said to be a O -primary ideal of R if xy €|

impliesthat X € | or y € 5(I) forany X,y € R.

Theorem 2.16 [11] Let &, be an identity function, where &(1) =1 for every | € Id(R).
Thenanideal | is &, -primary ideal if and only if | isa prime ideal.

Theorem 2.17 [11] Let &, be a function, which is defined &, (1) = /I forevery | € Id(R).

Then anideal | isa 51-primary if and only if it is primary ideal.
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3. 2-ABSORBING O —PRIMARY FUZZY IDEALS

Definition 3.1 Let £z be a nonconstant fuzzy ideal of R . Then g is called a 2-absorbing O —
primary fuzzy ideal of R if for any fuzzy points Xy Y5, Z; of R, X, Y,Z, € £ implies that
either X, Y, € p or Xz, € S(u) or Yz, € 6(u).

Example 3.2 Let &, be identity function where &, (££) = g forevery 1 € LI(R). Then u

is a 2-absorbing 50 -primary fuzzy ideal if and only if it is a 2-absorbing fuzzy ideal.

Example 3.3 Let 51 be a function such that 51 is defined by 51(;1) = ,\/,u , the fuzzy radical

of fuzzy ideal f¢. Then 4 is a 2-absorbing 51-primary fuzzy ideal if and only if it is a 2-
absorbing primary fuzzy ideal.
Theorem 3.4 Let £ be a fuzzy ideal of R . Assume that O is a fuzzy ideal expansion and ideal

expansion of R such that 5(z4) = S(u), for t €[0, 1£(0)]. If x4 is a 2-absorbing O -
primary fuzzy ideal, then the level ideal £, , t [0, ££(0)], is a 2-absorbing O -primary ideal
of R.
Proof Assume that 4 is a 2-absorbing o -primary fuzzy ideal of R such that
o(u) = o(u), . Let Xyz € 14, where t €[0, ££(0)]. Then X, Y,Z, € . Since g isa2-
absorbing O -primary fuzzy ideal of R, then we have XY, € 4 or Xz, € S(u) or
Y,Z, €6(x). Thus we conclude that Xy ey or XZeo(u), =0(4) or
yz € 5(u), = 8(14,) . Hence, 14, is a2-absorbing O -primary ideal of R .
Theorem 3.5 Let ¥ and O be two fuzzy ideal expansions of R . If 5(u) < y () for each
fuzzy ideal ¢ , then every 2-absorbing o -primary fuzzy ideal of R is also 2-absorbing Y-
primary fuzzy ideal of R . Thus, in particular, a 2-absorbing fuzzy ideal of R is a 2-absorbing
o -primary fuzzy ideal for every fuzzy ideal expansion 0.
Proof Assume that £/ is a 2-absorbing O -primary fuzzy ideal of R . We show that £z is a 2-
absorbing ¥ -primary fuzzy ideal of R. Let X, Y,Z, € 4. Since (1 is a 2-absorbing o -
primary fuzzy ideal and O(g) < y(u), then we conclude that X Y, € or
Xz, €O(p) < y(1) or ¥z, € 5(pr) < y(1t) . Hence pt is a 2-absorbing y -primary
fuzzy ideal.

For each O fuzzy ideal expansion, if £ is a 2-absorbing fuzzy ideal, then we have (£ is a

2-absorbing o -primary fuzzy ideal by the definition of 2-absorbing fuzzy ideals.

Definition 3.6 A fuzzy ideal expansion O is called intersection preserving if it is satisfies

(&) =6(u) N6(S) forany p,& € LIR).
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Definition 3.7 An expansion is said to be global if for any ring homomorphism f :R — S,

o(f () = fH(S(w)) forall g e LI(S).

Note that the expansions 50 and 51 are both intersection preserving and global.
Theorem 3.8 Let O be an intersection preserving fuzzy ideal expansion of R . If My, are

2-absorbing O -primary fuzzy ideals of R and & = &(g4;) forall i, then

n
H= ﬂ/"i
i=1
isa O -primary fuzzy ideal.
Proof Suppose that X Y Z, € 4 and X Y, & £¢.Then X/ Y & p4; forsome N = j>1and

X Y.Z, € H; forall N> j >1. Since M, is a 2-absorbing O -primary fuzzy ideal, then we
have

V.2, € 8(m) = Pu) =5 ) = 5040

K7, € 0(un) = Yu) = 5( ) = 5040

Thus 4 is a 2-absorbing O -primary ideal of R .
Theorem 3.9 If O is a global and f : R —> S is a ring homomorphism, then for any 2-

absorbing o -primary fuzzy ideal 4 of S, ft (,u) is a 2-absorbing o -primary fuzzy ideal
of R.
Proof Assume that X Y.z, € T (1) where X_,Y.,,Z, are any fuzzy points of R. Then

rAsAt< 17 (u)(xyz) = u(f (xyz2)) = u(F () f(y) f(2)).

Let f(x)=a, f(y)=b,f(z)=ceS. Thus we get that r AS At < z(abc)
and arbsCt € L4 .Since W isa2-absorbing primary fuzzy ideal, then we get

ab, e porac ed(u) obgc ed(u).
If &b, € u, then we have
ras<u(ab) = u(f () F(y)) = u(f ) = () (xy) -
Hence we conclude that X, Y, € T () .
If &,C, € O(ut), then we get
rat<s(u)(ac) = s(u)(f () F(2)) = 5(w) T (x2) = T (5(w)(x2).

Since O is a global, then we have
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rat<s(f ) (xz) so x.z, € (f*(w)).
By the similar way, it can be see that y,z, € 5(f ™ (w)).
Theorem 3.10 Let f : R — S be a surjective ring homomorphism and let O bea global
fuzzy ideal expansion. Then a fuzzy ideal £ of R which is constant on Kerf is a 2-absorbing
O -primary if and only if f (££) is a 2-absorbing O -primary fuzzy ideal of S .
Proof Suppose that @ b,C, € f () where &, ,b;,C, are any fuzzy points of S. Since f is
a surjective ring homomorphism, we have there exist X,Y,Z€R such that
f(x)=a, f(y)=b, f(z)=c. Thus,
ab,c (abc) =rasat< f(u)(abe) = f()(f(x)F(y)f(2)) = f()(f(xy2)) = (xy2)
because ¢ is constant on Kerf . Then we get X, Y,Z; € 4. Since 1 is a 2-absorbing 0 -
primary fuzzy ideal, we conclude X Y, € & or X.Z, € o(u) or Y.z, € 5(ut) . Thus,
ras<pu(xy) = f()(f(xy)) = F()(f(x)f(y)) = f(z)(ab) so
ab, e f(u)or
rat<o(u)(xz) = (1 (w)(f(x2)) = 5(f () T(x) £(2)) = 5(f ())(ac) so
a.c, €5(f (1)
By the similar way it is easy to see that B,C, € 5(f (1)) if y,z, € 5(u).
Theorem 3.11 Let g be a fuzzy ideal of R . If &(x) is a prime fuzzy ideal of R, then g is

a 2-absorbing primary fuzzy ideal of R .
Proof Assume that X Y.z, € & and X Y, & ¢ forany X,y,Z€R and r,s,t €[0,1].

Since X, Y,Z, € ¢ and R is a commutative ring then
X Y.2.2, = (4 2)(Y,2.) € 1 € 5
Thus X, z, € O(pt) or Y.z, € 5() since o(u) is a prime fuzzy ideal of R . Hence,

we conclude that £ is a 2-absorbing primary fuzzy ideal of R .

4. CONCLUSION

In this work the theoretical point of view of 2-absorbing primary fuzzy ideals is discussed.

We introduce the definition of 2-absorbing o -primary fuzzy ideal which is a generalization of 2-
absorbing primary fuzzy ideal. Furthermore, under a ring homomorphism, these ideals are
investigated. In order to extend this study, one could study other algebraic structures and do some
further study on properties them.
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