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ABSTRACT
This paper shows that the peak temperature of a nonuniformly heated region can be decreased by embedding highconductivity tree-shaped inserts which is in contact with a heat
sink from its stem. The volume fraction of the high-conductivity
material is fixed, and so is the volume of the solid region. The
length scale of the solid domain is L. Inside there is a cubeshaped region with length scale of 0.1L and heat production 100
times greater than the rest of the domain. The location of this
hot spot was varied to uncover how its location affects the peak
temperature and the design of inverted fins, i.e. highconductivity tree-shaped inserts. The volume fraction of the
high-conductivity tree was varied for number of bifurcation
levels of 0, 1 and 2. This showed that increasing the number of
the bifurcation levels decreases the peak temperature when the
volume fraction decreases. The optimal diameter ratios and
optimal bifurcation angles at the each junction level are also
documented. Y-shaped trees promise smaller peak temperatures
than T-shaped trees. The location of the vascular tree in the z
direction also affects the peak temperature when the heat
generation is non-uniform. In addition, the peak temperature is
minimum when z = 0.65L even though the hot spot is located on
z = 0.75L.
INTRODUCTION
Advanced technologies require compactness such as
smaller computers, engines, turbines and so on with significant
heat generation rates. For example, Fig. 1 shows how the heat
generation in processor chips increases relative to years [1].
Nowadays, power density of an electronic chip is equivalent to

the heat generation rate of nuclear reactors. Because
compactness is one of the constraints, the volume of the coolant
is limited. In addition, fans, pumps and cooling surfaces require
additional volume. The spacing in between two cooling
channels may not be small enough to cool the system under an
allowable temperature level as compactness increases.
Therefore, compactness of heat generating systems are limited
with the cooling requirements. The compact designs with high
power are the direction of the evolution of technology [2].
Therefore, it is essential to design compact cooling systems
with great cooling capacities.
Convection promises great cooling performance.
Therefore, the literature of the cooling technologies has evolved
from natural convection to forced convection and from single
phase fluids to phase change and nanofluids [3-11]. However, in
a convective cooling system fluid always interact with solid
domains. Therefore, increasing the convective heat transfer
coefficient after a ceiling value does not change the order of the
total heat transfer rate when the thermal resistance of the
convective domain is so small in comparison with the thermal
resistance of the conductive domain. In addition, new
technologies require significant heat production per unit volume
in solid domains, Fig. 1. Carrying this generated heat from solid
to cooling channels with less resistance can be achieved with
embedding high-conductivity material in the solid domain.
However, Ref. [12] shows that high-conductivity material
should have a tree-shaped design instead of uniform distribution
throughout the solid domain in order to minimize thermal
resistance with fixed amount of high-conductivity material.
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This paper focuses on cooling performance enhancement
with inverted fins which are high-conductivity trees embedded
in a non-uniformly heated domain. Because the thermal
conductivity of the solid domain is increased with inverted fins,
the peak temperature can be kept under an allowable limit with
less coolant volume. Therefore, addition of inverted fins in
designs which are cooled by convection promise compactness.
The literature includes some examples of cooling with
embedding high conductivity materials [2, 12-17]. This paper
uncovers that the fins should be placed where it is required
(where the thermal resistances are significantly greater than
others), even it means placing the fins in the solid material.

because a number of these elemental cubes will be stacked in
palpable devices. Similarly, symmetry boundary condition is
used for outer surfaces of heat generating volumes in which
high-conductivity material is embedded in the current literature
[12-16].
Figure 2 shows the tree design with 2 bifurcation levels (on
the left) and the locations of the hot spots (on the right). The
governing equations for the low conductivity and high
conductivity domains are,
(1)
k l ∇ 2 T = q ′′′
k l ∇ 2 T = 100 q ′′′
k h∇ 2T = 0

q ′′′

where
2

2

2

(2)
is

2

the
2

2

volumetric

heat

rate

and

2

∇ = ∂ ∂x + ∂ ∂y + ∂ ∂z . The continuity of the heat
flux is
∂T
∂T
kl
= kh
∂n
∂n
(3)
The length scale of the nondimensionalization is L.
(~x, ~y, ~z , ~n ) = (x, y, z, n )
L

(4)

The dimensionless temperature and continuity of heat flux
are

~ (T − Tref )k h
T=
q ′′′L2
~
~
~ ∂T
∂T
k ~ = ~
∂n h ∂n l
~
where k = k h k l . Heat continuity at the interface of
region and the rest of the domain reduces
~
~
~
, i.e. k = 1 .
∂T ∂~
n = ∂T ∂~
n
hot

(5)
(6)
hot
to

cube

The dimensionless governing equations of Eqs. (1) and (2)
are

1 2~
~ ∇ T =1
k
~
∇2T = 0

FIGURE 1: TRENDS OF ON CHIP POWER DENSITY BETWEEN THE
YEARS 1990 AND 2006, REF [1].

MODEL
Consider a cube which is heated volumetrically with length
scale of L, Fig. 2. A cube shaped hot region with length scale of
0.1 L has heat production 100 times greater than the other
sections of the solid domain. The heat conductivity of the solid
domain is k l , and a vascular tree with high-conductivity
material, k h , is embedded in the cube to keep it under an
allowable peak temperature. The volume fraction between the
high-conductivity tree and the low-conductivity cube is ϕ . The
temperature of the tree root, i.e. the heat sink, is Tref , and the
outer surfaces of the cube is symmetry boundary condition,
∂T ∂n = 0 . The symmetry boundary condition is selected

1 2~
~ ∇ T = 100
k

(7)
(8)

NUMERICAL MODEL
Consider the cube with embedded T-shaped tree of Fig. 2.
The cube is heated by two heat sources. A cube shaped hot
region with length scale of 0.1L which produces 100 q ′′′ and the
rest of the domain produces q ′′′ . The vascular tree of Fig. 2 has
2 levels of bifurcation. When the bifurcation level is 0, L1 = L.
If the bifurcation level is greater than 0, L 1 = L 2 and

L 2 = L 3 = L 4 = L 5 = L 6 = L 7 = L 4 . This length scales are
addressed because Ref. [2] shows that there is a length scale
corresponding to the smallest heat transfer resistance in highconductivity
tree-shaped
inserts.
The
dimensionless

2
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~
conductivity is k = 100 , which corresponds to silicone dioxide
~
and silicone. The reference temperature is Tref = 0.

FIGURE 3: COMPUTATION GRID FOR MID-PLANES İN THE X-Y
(LEFT) AND Z-X (RIGHT) DIRECTIONS.

The numerical results obtained by using the current method
have been compared with the numerical results obtained by
Almogbel and Bejan [19] to check the accuracy. The
dimensionless governing equations of Ref. [19] was solved with
the given geometry and boundary conditions when φ = 0.1 ,

H L = 1 and D B = 0.15 . Table 2 shows that the results of the
current numerical method agrees with the results of Ref. [19].
TABLE 1: NUMERICAL TESTS SHOWING THAT MAXIMUM
TEMPERATURE DOES NOT DEPEND ON THE MESH SIZE.
FIGURE 2: HIGH-CONDUCTIVITY TREE EMBEDDED IN A CUBE
(LEFT) AND THE LOCATIONS OF THE HOT SPOT (RIGHT).

The dimensionless energy equation was solved by using a
finite element software [18]. The grid was non-uniform both in
~
x and ~y directions, Fig. 3. Figure 3 shows the computation
grid for mid-planes of the cube in the x-y (left) and z-x (right)
directions. Boundary meshes are used at the interfaces in order
to minimize the numerical errors due to variation in the
temperature gradients. The mesh size was determined by
successive mesh refinement, increasing the number of the mesh
~
~
~
elements until the criterion T n − T n +1 T n < 5 × 10 −3 was

(

max

max

)

max

~n
~ n +1
and
Tmax
represents the maximum
satisfied. Tmax
dimensionless temperature by using the current mesh and the
refined mesh, respectively. Table 1 illustrates that mesh
independency was achieved with 54584 number of mesh when
the vascular tree of Fig. 2 has one level of bifurcation with
d 2 d 1 = 0.5 , d 3 d 1 = 0.5 , φ = 0.01 and the hot spot is located
on (b) of Fig. 2.

In addition, the overall heat transfer rate on the stem
surface of the high-conductivity tree is calculated from the
numerical simulation as ~
q = 1.07432 . Because of the outer
surfaces of the cube are symmetry boundary condition, the
generated heat in the cube should be transferred to the heat sink
from the first law of thermodynamics. The rate of the generated
heat in the cube is ~
q = 1.089 , and the error in between the
generated heat and the transferred heat was found as 1.3%. This
shows that the conservation of the energy was achieved in the
numerical solutions.
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TABLE 2: COMPARISON OF THE RESULTS OF THE CURRENT
STUDY+ AND REF. [19]*.

HIGH-CONDUCTIVITY TREES
Figure 4 shows the temperature distribution in the cube
with the vascular tree of N = 2 for the hot spot locations of Fig.
2. Red and blue represent the maximum and the minimum
temperatures. The peak temperatures of the each cube are: a)
~
~
~
Tmax = 0.72 , b) Tmax = 0.62 , c) Tmax = 0.74 and d)
~
Tmax = 0.63 . The temperature distribution of Figs. 4b and 4d is
more uniform than Figs. 4a and 4c.
~
~
Figure 5 shows the evolution of Tmax and Tavg relative to
~
~
ϕ when N = 0. Tmax and Tavg decrease as ϕ increases. In
addition, the decrease in the maximum temperature diminishes
as ϕ increases. This result is expected because increasing the
amount of the high-conductivity material both decreases the
overall heat transfer resistance and the overall heat generation
rate. The overall heat generation rate decreases because the
high-conductivity insert have zero heat generation.
Next consider the tree design with one level of bifurcation,
i.e. the branches of diameter d1, d2 and d3 exist in Fig. 2. The
location of the hot spot is as shown in Fig. 2 (a). For ϕ = 0.01 ,
the diameter ratios of d 2 d 1 and d 3 d 1 are varied respectively
to find the tree design which provides the smallest peak
temperature, Fig. 6. First, d 3 d 1 was fixed at 0.5 and d 2 d 1
was varied, and the peak temperature is smallest with
d 2 d 1 = 0.4 . Then, the optimized value of d 2 d 1 = 0.4 was
fixed, and d 3 d 1 was varied. The peak temperature is the
smallest when d 2 d 1 = 0.4 and d 3 d 1 = 0.4 , Fig. 6.

FIGURE 4: TEMPERATURE DISTRIBUTION IN THE CUBE WITH AN
INSERTED HOT SPOT, RED AND BLUE REPRESENT MAXIMUM AND
MINIMUM TEMPERATURES, RESPECTIVELY.

~
~
Figure 7 (top) shows the evolution of Tmax and Tavg when

ϕ varies with one level of bifurcation. The optimal diameter
ratios of Fig. 6 ( d 2 d 1 = 0.4 and d 3 d 1 = 0.4 ) are used as the
~
~
diameter ratios. Tmax and Tavg decrease as ϕ increases. Figure
7 (bottom) compares the peak temperatures of the Figs. 5 and 7
(top). Figure 7 (bottom) shows that when the volume fraction is
0.005, using the design with one level of bifurcation provides
the smallest peak temperature. When ϕ = 0.015, the peak
temperature of N = 0 and N = 1 designs become the same. This
volume fraction value is the transition point of design. The
design should be changed from N = 1 to N = 0 in order to
minimize peak temperature as ϕ increases. This shows that as
the size of the system changes, the shape of the highconductivity insert should also change. This result is in accord
with the constructal theory, and Ref. [20] also shows how the
miniature of a system should have a different shape in order to
minimize resistances.
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~
distribution in the cube is more uniform (the order of Tmax and
~
Tavg closer to each other) in the hot spot locations (b) and (d)
than in the hot spot locations (a) and (c) of Fig. 2, Fig. 8. Figure
8 (bottom) shows how the diameter ratios of d 2 d 1 and

d 3 d 1 (which correspond to the smallest peak temperature)
vary relative to the location of the hot spot. The ratios of d 2 d 1
and d 3 d 1 should be the same when the hot spot is located at
(a) in Fig. 2 as shown in Fig. 8. The reason of this is that the hot
spot has the same distance to the branches of d2 and d3, and it is
in the symmetry plane of the vascular tree.

FIGURE 5: THE EFFECT OF ϕ ON THE PEAK AND AVERAGE
TEMPERATURES WITH N = 0.

FIGURE 6: THE EFFECT OF d2/d1 AND d3/d1 RATIOS ON THE PEAK
TEMPERATURE WHEN N = 1 AND ϕ = 0.01.

Figure 8 documents the minimum peak temperatures and
corresponding diameter ratios relative to the hot spot locations.
For each hot spot location, only the minimum peak
temperatures are documented, i.e. the optimal values are found
with repeating the procedure of creating Fig. 6. Figure 8 (top)
~
~
shows how Tmax and Tavg are affected from the location of the
~
hot spot. Tmax is smaller when the hot spot is located in (b) or
(d) of the Fig. 2, i.e. when the hot spot is closer to the trunk of
~
the vascular tree. In addition, Tavg was not affected much from

FIGURE 7: THE EFFECT OF ϕ ON: ~Tmax AND ~Tavg WHEN N = 1
(TOP) AND ~T
WHEN N = 0 AND 1 (BOTTOM).
max

the location of the hot spot. However, the temperature
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a ratio such that the mesh does not affect the results by more
than 0.5%, and this ratio is d 4 d 1 = d 6 d 1 = 0.05.

FIGURE 8: THE EFFECT OF THE HOT SPOT LOCATION ON ~Tmax
AND ~Tavg WHEN ϕ = 0.01 AND N = 1 (TOP). OPTIMIZED DIAMETER
RATIOS OF d2/d1 AND d3/d1 RELATIVE TO THE HOT SPOT LOCATIONS
(BOTTOM).

~
~
Figure 9 (top) shows how Tmax and Tavg are affected by the
location of the hot spot when high-conductivity tree has two
levels of bifurcation. The minimum peak temperatures shown in
Fig. 9 are smaller than in Fig. 8, i.e. peak temperature is
decreased by adding the second levels of bifurcation when
ϕ = 0.01 . Figure 9 (bottom) shows the diameter ratios
corresponding to the minimum peak temperature for each
location of the hot spot. The diameter ratios of d 2 d 1 and

d 3 d 1 are the ratios correspond to the minimum peak
temperature in Fig. 8 (bottom). The peak temperature decreases
as the diameter ratios of d 4 d 1 and d 6 d 1 decrease. However,
the diameter ratios of d 4 d 1 and d 6 d 1 have been decreased to

FIGURE 9: THE EFFECT OF THE HOT SPOT LOCATION ON ~Tmax
AND ~Tavg WHEN ϕ = 0.01 AND N = 2 (TOP). OPTIMIZED DIAMETER
RATIOS OF THE TREE DESIGN RELATIVE TO THE HOT SPOT LOCATIONS
(BOTTOM).

~
Figure 10 shows how Tmax changes relative to the hot spot
location as the number of the bifurcation level increases. Tree
designs of N = 1 and N = 2 are the designs correspond to the
minimum peak temperature of Fig. 8 and Fig. 9, respectively. N
= 2 design provides the smallest and N = 0 design provides the
~
greatest Tmax for the given design parameters and boundary
conditions. Depending on the hot spot location, the transition
point from N = 1 to N = 2 design changes. For example, when
the hot spot is located at (d) in Fig. 2, the design of N = 1
provides the same cooling performance as the design of N = 2.
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When the hot spot location is (c), changing from N = 1 to N = 2
~
decreases Tmax .

FIGURE 11: THE EVOLUTION OF ~Tmax RELATIVE TO THE
BIFURCATION ANGLE WHEN

FIGURE 10: THE EFFECT OF THE HOT SPOT LOCATION ON ~Tmax
FOR THE DESIGNS OF N = 0, 1 AND 2 WHEN

ϕ = 0.01.

Y-SHAPED TREES
Figure 9 (bottom) shows that the peak temperature is the
smallest when d 4 d 1 and d 6 d 1 diameter ratios reaches to 0.
This result suggests that removing the branches of diameter d4
and d6 could decrease the conductive thermal resistance because
the amount of high-conductivity material is fixed. The literature
also shows that Y-shaped trees provide greater cooling
performance than T-shaped trees [12, 21-22].
~
Figure 11 shows the evolution of Tmax when the bifurcation
angle varies. The diameter ratios of d 2 d 1 and d 3 d 1 are the
optimized ratios shown in Fig. 8 (bottom). T-shaped tree design
of Fig. 8 (top) has θ = 180 o . Decreasing θ from 180 to 60
~
~
decreases Tmax , and if θ continues to be decreased then Tmax
increases. θ = 60 o provides the minimum peak temperature
when the hot spot is located at (a) in Fig. 2. Y-shaped trees
promise lower conductive thermal resistance than T-shaped
trees with the same amount of high-conductivity material.

ϕ = 0.01.

The hot spot creates non-uniform heating throughout the
cube. Therefore, the location of the vascular tree in the z
direction also affects the cooling performance of the vascular
tree. Locating the vascular tree such that it touches to the hot
spot decreases the heat transfer resistance because the distance
(and conductive thermal resistance) in between the hot spot and
the vascular tree decreases. However, the heat transfer
resistance from the remaining sections of the cube increases
when the vascular tree touches to the hot spot because the
distance between the lower edge of the cube and the vascular
tree increases. There is a trade off in between these two thermal
resistances. Therefore, there should be a location for the
vascular tree that provides the minimum peak temperature
which is closer to the hot spot but not touches it.
~
Figure 12 shows the evolution of Tmax relative to the
location of the vascular tree in the z direction when N = 1 for T~
and Y-shaped tree designs. Tmax decreases as the location of the
vascular tree changes from z = 0.5 L to z = 0.65 L. Placing the
stem of the high-conductivity tree at z = 0.65L minimizes total
conductive heat transfer resistance from the entire cube to the
vascular tree when the hot spot is located on (a) of Fig. 2 and ϕ
= 0.01. Even though hot spot is located on z = 0.75 L, z = 0.65L
location provides the smallest peak temperature.
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the high-conductivity branches just touch each other to cover
the greatest volume. Constructal law states that inserting the
material where it is needed decreases the imperfection [2]: the
results of this paper agree with that statement, i.e. fins should be
placed in the solid material when the thermal resistance of the
conductive domain is greater than the thermal resistance of the
convective domain.
Producing a structure with embedded inverted fins is a
manufacturing challenge. However, with the new production
methods such as additive manufacturing it is possible, and a
decade or so it may become feasible. In addition, simple
structures (such as structures with zero and one level of
bifurcation) can be manufactured. The simple structures would
decrease the peak temperature. However, Figure 7 shows that as
volume fraction decreases the complexity of the design should
increase in order to minimize the peak temperature.

FIGURE 12: THE EVOLUTION OF ~Tmax RELATIVE TO THE
VASCULAR TREE LOCATION IN THE Z DIRECTION WHEN

ϕ = 0.01.

CONCLUSIONS
This paper shows that inverted fins are capable of
decreasing the overall thermal resistance of a non-uniformly
heated cube. The cooling system becomes more compact with
the inverted fins because the required coolant volume decreases.
Increasing the volume fraction of the high-conductivity material
decreases the peak temperature when the number of the
bifurcation level is fixed. In addition, increasing the number of
the bifurcation levels decreases the peak temperature when ϕ
decreases. There is a transition point from one highconductivity tree design to another for each volume fraction
value.
This paper also shows how the diameters of the tree
branches should be changed in order to minimize the peak
temperature. The diameter ratios corresponding to the smallest
peak temperatures are documented for variable hot spot
locations. Depending on the location of the hot spot, the merit
of increasing the number of the bifurcation levels also changes.
In addition, the effects of the bifurcation angle and the location
of the vascular tree in the z direction are uncovered. The design
with θ = 60 o and stem location of z = 0.65L provides the
smallest peak temperature.
In addition, the optimal diameter ratios of Fig. 8 (bottom)
and Fig. 9 (bottom) show that tree branches with diameters of
d 4 and d 6 are unnecessary. The thermal boundary layer of the
stem cools the region where these two branches are located.
Because Y-shaped trees do not have the branches with diameters
of d 4 and d 6 , Y-shaped trees provide smaller peak
temperatures than T-shaped trees. The overall conductive
thermal resistance can be decreased if the boundary layers of

NOMENCLATURE
B length of kp blade, m, Ref. [19]
D thickness of kp blade, m, Ref. [19]
d diameter of high-conductivity tree branch, m, Fig. 1
H height of conducting domain, m, Ref. [19]
k thermal conductivity, W m−1 K−1
L length scale of the cube (Fig. 2) and length of
conducting domain of Ref. [19], m
n normal direction
N number of bifurcation levels
~
q dimensionless overall heat transfer rate
q''' heat source, W m−3
T temperature, K
x, y, z
coordinates, m
Greek symbols
ϕ volume fraction
θ bifurcation angle
Subscripts
avg average
cube cube of length scale L
h high
hot hot spot of length scale 0.1L
l
low
max maximum
ref reference
Superscript
n index of the mesh independency test
~ dimensionless
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