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SONLU BiR ARALIKTA VERILMiS DIFERANSIYEL OPERATOR DENKLEM iNIN DUZENLI izi
UZERINE

OZET

Bu calismada, sonlu bir aralikta verilmis sinirsiz operator katsayili ikinci mertebeden diferansiyel operatoriin
dizenli izi icin bir formil bulunmustur.
Anahtar Sozcikler: Hilbert uzayi, Kendine es operator, gekirdek operator

ABSTRACT
In this work; aformulafor the regularized trace of second order differential operator, which isgivenin afinite

interval and with unbounded operator coefficient, is found.
K eywor ds: Hilbert space, Self-adjoints operator, Kernel operator

1. INTRODUCTION
Let H be a separable Hilbert space. We denote theinner productinH by (.,.); and thenorminH
by ||, - The function f is strongly measurable belonging to H defined on [0,p | and satisfiesthe
p
condition ¢ f (x)||H2 dx<¥ Theset of dl funtionsf is denoted by
0

H,=Ly(H;[0,p]) .If theinner product of arbitrary two elements f and g of the space H; is
defined as

(f.9)= %{f (X),900),, dx (11)

then H; becomes a separable Hilbert space, [1].The norm in the space H, is denoted by | .|
sy (H) denotes the set of compact operators from H to H. If BT sy (H) then B* Bisanon-

negative self-adjoint operator and (B* B)UZT Sy (H), [2]. Let the non-zero eigenvalues of the
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operator (B* B)”2 be s;3s,3..35 (0E£kKkE£¥ ). Here, each eigenvalue is repested
according to multiplicity. The numbers of s;,s,...., s are called s-snumbers of the operator B. If
k<¥ thens; =0 (j=k+Lk+2..) will be accepted. s-numbers of the operator B is also
denoted by s, (B) (k=1.2...). If B isanormal operator, thatis B*B=BB* then s, (B) =l | (B)|
(k=1,2,...), [2].

Here, 1 1(B),l 5(B),....| ((B) are the non-zero eigenvalues of the operator B.s 1 or s{(H) isthe
set of all the operators BT sy (H) the s-numbers of which satisfy the condition

¥
4 s¢(B) <¥ .Theset s isaseparable Banach space [2] with respect to the norm
k=1

¥ -
||B||51(H) :élsk(B) Bl s, (1.2

An operator is called akernel operator if it belongsto s, (H) . If the operator AT s;(H) andthe
operator B: H ® H is linear and bounded then AB,BA T s,(H) and

1BAls o0y EBIIAL, 1y - 148l ny ELBIIAG n) (13

- N ¥
[2.1f Bl s{(H) and {ek}f I H isany orthonormal bass, the series § (Bek,ek)H is convergent
k=1

¥
and the sum of the series & (Bek =y )H does not depend on the choice of the basis {ek }f . The
k=1

¥ R

sum of the series § (Bek,ek)H issaid to be matrix trace and is denoted by trB. If A,Bl s(H)
k=1

and a,b isany scalar then

A)

JE— u
tr@A+bB) =atrA+btrB , trA* =trA,and trB= £ «(B) (1.4)
k=1

In the last equdity, each eigenvalue is added according to its own algebraic multiplicity

number.u (A) denotes the sum of algebraic multiplicity of non-zero eigenvalues of the operator B,
u(A)

[2]. The sum of the series él Ik (B) is said to be the spectral trace of the operator B.Recall that a
k=1

self-adjoint operator is said to have purely-discrete spectrum if its spectrum consist of eigenval ues

{li}] of finitemuttipiicity and lim|1 ;| =¥ .

Let us consider the differential expression inthe space H; = L,(H,[0,p])

lo(y) =-y"(X) + Ay(X) (15)
Here, adensely defined operator A: D(A) ® H in the space H satisfies the conditions
A=A31, AT sy(H) (I isidentity operatorinH)

Let g1 £9,£..£9; £... be the eigenvalues of the operator A and | 1.j 2,...] j.... be the

orthonormal eigenvectors corresponding to these eigenval ues.
Moreover, D, denotes the set of the functions y(x) satisfying the conditions:

(1) y(x) has continuous derivetive of the second order with respect to the normin the space H in
theinterval [0,p]
(2) Ay(x) is continuous with respect to the norm in the space H.
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3 YO =y(@)=0
Here Dy = Hy (50 denoted by closure of Dy ) and the operator L0¢: Dy ® Hp ,
Lovy =1g(y) is symmetric. The eigenvalues of L0' ae k? +g; (k=0,1,2,..;j=12,..) and the
orthonormal  eigenvectors corresponding to these eigenvalues are M coskxj ; (k=0,1,2....;
j=1,2,...) .Here,
J} pt if k=0
M, = i (1.6)
-T[\/Z)'l qf k=12,
As seen, the orthonormal eigenvectors system of the symmetric operator L0' is an
orthonormal basisin the space H, .
Let Q(x) be an operator function satisfying the following conditions:
(1) Q(x) has weak derivative of the second order in the interval [O,p] . The operator function

Q% x) isweakly measurable,and for every x1 [O,p] ,Q(i)(x) ‘H® H (i =O,L2)
are self-adjoint compact operators.

(2) The functions”Q(i)(x)” (H) (i = O,LZ) are bounded and measurablein the interval [O,p].
S1

(3)Forevery f1 H pc‘(Q(x)f,f)de:O.
0

In this work,we find a formula for the eigenvalues of the operatorsLy :L_gand
L =Ly +Q andthisformulaissaid to be regularized trace formula

The regularized trace formulas for scalar differentid operators are studied in [3],[4],[5]
and in many other works. The list of the works on the subjectsis given in [6] and [7], but a small
number of these works are on the regularized trace of differential operators with operator
coefficient.

In [8], the regularized trace of the Sturm-Lioville operator with bounded operator
coefficient is calculated. In [9], aformulafor the regularized trace of the difference of two Sturm-
Lioville operators which is given in haf-axis with the bounded operator coefficient is found. In
[10], aformulafor the regularized trace of the Sturm-Liouville operator under Dirichlet boundary
conditions with unbounded operator coefficient, is found. In [11], the regularized trace of a
singular differential operator of second order with bounded operator coefficient is investigated. In
[12] and [13], the formulas for the regularized traces of differential operators with bounded
operator coefficient are found.

2. SOME RELATIONS ABOUT THE EIGENVALUESAND RESOLVENTS

In this section, we will prove that the operators Ly and L are self-adjoint and we will find some
relations about the eigenval ues and resol vents of the operators Ly and L .

Theorem 2.1. Every symmetric closed operator , the eigenvectors system of which is closed is
self-adjoint.
Proof . Let H be a separable Hilbert space. Let B:D(B) ® H be a symmetric operator with

D(B)I H, {g}f be an orthonormal system consisting of the eigenvectors of the operator B
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and | aso be an nonreal number. Since (B- I I)'l is a bounded closed operator , the linear
manifold D((B-I I)’l):R(B- I 1) is closed. That is, the linear manifold R(B- 1| I)is a
subspace of H. On the other hand , since the subspace R(B- | 1) contains the closed system
{e}  thenR(B- I 1) =H similaly, R[B-T1)=H

In this case, aswell known, the operator B is self-adjoint. The Theorem 2.1 s proved. ¢

Since the eigenvectors system of the symmetric operator L0¢

2.1. the operator L, :L_gt is self-adjoint and since the bounded operator Q:H; ® H, is sdlf-
adjoint , the operator L =Ly + Q isalso self-adjoint.
The operators Ly and L have purdy-discrete spectrum. Let the eigenvalues of the
operators Ly andLbem E£m £ £Em £..and | £1,£.. £ £..respectively.
By using [14] , we can prove the following theorem:
Theorem2.2.1f g; ~aj® as j® ¥ thatis
2a

lim—L =1 thenasn® ¥ | ,,m ~dnza  (d>0)
jo¥ g2

is closed, according to the Theorem

By using Theorem 2.2. , it is easly seen that the sequence {m,} has a subsequence
m, < <..<m <.. suchtha
2a 2a
o &

& 2
me- m, 2 dogkz*"51 - Ny (kK =g, Nyp + 40, +2,..)

0
g

Let RO=(Ly- 11yt and R =(L- 11) ! betheresolvents of the operators L, and L

respectively. If a >2 by Theorem 2.2, R,O and R are compact operatorsfor | * my,l
(n=1,2,3...) . Inthiscase

¥ e 0
tr(R - RO =trR - trR’ = & 1 15

ka1l - 1 me-1 5

[2]. Let b, =2 l(rmm +m, 41) - It easy to seethat for thelarge value of m the inequalities

(2.1)

My, <bmn<my 41, In <by<l, . aesiisfiedandthe series

¥l 06 ¥e 1l ©

a I, a I
k:llk'lﬂ k=1 rT](-|ﬂ

are uniform convergent on thecircle || | = by,. Therefore by (2.1)

m 1

& (Ik-mo)=— dtr(R - Rl (22)
k= 2pi [1|=b,,

Lemma2l If g;~axi® (0<a<¥, 2<a<¥)as j® ¥ then

%

- - 20 .
)£const.n}nd % =2 29 onthecircle|l | =by,.
o

s 1(Hy e a-+
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Proof . For | T {mJ}¢_, since R? isanorma operator then

_x 1

=8 ——
si(H)  k=1|m- 1

[2]. Since |l | =ln=2"%(m,_+m, 41) then

ai

0 g 1 i 2 ¥ 2
“R £4& £a + 84—
si(H) k=l [- M ke, F s 20 ken, s 2M- My - M
N ¥
ed 2 .3 2 23)

a
k=1Mh _+1- Mk k=n,+1Mk - My
is obtained. By using the Theorem 2.2, we limit the sums on the right hand side of the inequality

above:
%’l" 1 < Nm £ Nm < Nm :dblnl-d (24)
m .

K2ty s - Me M- My do[(ng +DY9 - n 9] dgnd,

¥ 1 ;¥ 1

a £dgt &
K=+ M - My k=ny+1 k19 - pltd

1 1 ¥ 1
= +dot & ———— (2.5
dol(Mm +D™ - ™1 kengr2 k9 - e
M oreover
¥ 1 ¥ dx
& g mdf 0 hg md
k=np+2 K™ - Ny N+l X7 = Ny
2
. . ¥ dx 1 .L
anditiseasly shownthat o ——————£d “n,1*d |
1+d 1+d
n,+1 X - Ny
Considering the last two inequalitiesin (2.5)
d2
¥ n m
a 1 ¢ 1 m g 2 (2.6)

ket M= My, dol(n + )™ - n*@] - dod — dod
By (2.3), (2.4) and (2.6)

¥l 0y £ 56

E—mrlr']d isfound. Lemma2.1isproved e .
Lemma 22 If gj;~axj® (0<a<¥, 2<a<¥) a j® ¥ and Qisabounded self

s 1(Hy) dod

adjoint operator from H; to Hy then, || | = by, and for thelarge valuesof m |R | £ constxm;!
Proof . Sincethe eigenvalues of the kernel operator R, are {(I k-l )'l}tzl then
IR = ma 17 @

For |I | =bp,
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Il - []|=

My, +Mhoaa- 203 My +myg- 20, =my - my +2m, -1, )
k £ ny, and for thelarge values of m, since |l &l , then

il - %X(”hm + mwm+11=%|mwm +my - 2 2.8

My * Mher = 2k 2 My g My - 2y -1 [>my - my - C (2.9)
Herecisaconstant. k ® n, +1 and for thelarge values of m, since |l | =1 3 | 4 then
A|-my -y a2 q- My -, g
=20l a1 - My +1)+m1 a~ My
Sy s My - 2|| N+ - mnm+1| $mys- My -c  (210)
On the other hand, since Iim¥(n’hm+1- n’hm):¥ by (2.8),(2.9) and (2.10)
||I k|- || (m1 e rrhm) isfound. By using the Theorem 2.2

- e —[(n R 1 S T T NITEPE
0

is obtained. By (2.7) and the last inequality ||R || £ T xn;nd is found. Lemmais proved.e
o

We will use the last two lemmas to prove the following theorem.

3. THEFORMULA FOR THE REGULARIZED TRACE OF THE OPERATOR L

Thisisawell known formula for the resolvents of the operators Ly and L:

R =R-RQR’ (1T r(L)Cr (L))
By using thelast formulaand (2.2) , it can be shown that

n

L0 k-mo=4 oy +Dfp) (31
k=1 j=1
Here

.:(_ A 32
Duy =503 lllfir[(QRu)]d 32
D) = L) J nr[a (QR)p+1]dl (33)

20 |1 =y,
Theorem 3.1. If g; ~axj? (0<a<¥, 2<a<¥) as j® ¥, and the operator function

Q(x) satisfies the conditions (1) and (2) then
lim D,; =0 (j22)
m® ¥

Proof. According to the formula (3.2)

1 . 0 J 1 0 0 j'l
DnjlE=— o |tr d|£—= dl
| mJ| 2] |||Sqn‘ (QR7) “ | 2] |||:0nn © ]
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on] &35, 2 IR, gyl e
aou o AR, g IR S’ |§’qn“R'0 i (34)
Since R = R,O for Q° O accordingto Lemma 2.2
“ R|0 “ £ const <@ (3.5)

By using Lemma 2.1 and the inequalities (3.4) , (3.5)

R | £ const xm, >y d

|DmJ|£const oNm
Il 1=bm
1+d 2-d(j-1) ; -
isobtained. Since my, £ const X, ,  then |ij|£const XN is found. As seen; if
j3 gZd' ‘5+2 then

lim Dy =0 (3.6)
m® ¥

It is necessary to show that the equality above is satisfied for j=2,3,..., SZd ‘U+1 to

complete the proof . Let usshow for j=2. D, satisfiesthe followinginequality

Dy = T—fl" 2 (”k - m; )lﬁ ks Ql j)Hl(Qj i k)H1 . Therefore

k=1j=n,+1
¥ 2u
Dzl e & g(m )1aJ(QJ i k)H‘ { 37)
=Nm k= g
Since{j k}k:l isan orthonormal basisin the space H; and the equality
¥
lim & |m- -0 3.8
n®¥j:,?m+l( - ) (38)

issatisfied, by (3.7) and (3.8) lim D,,, =0 isobtained. «
n® ¥

Theorem 32. If gj~axj*® (0<a<¥, 2<a<¥)as j® ¥ and Q(x) satisfies the
conditions (1), (2), (3) then the formulain the form
Ny, 1
lim & (I - == |trQ(0) +tr
fim & (1 - mJ) =2 [rQ©) +1rQee)]

is satisfied for the regularized trace of the operator L.
Proof. According to the formula (3.2)

1
Do =- — dl 3.9
m = i S I_otr(QR| ) (3.9

Since the orthonormal eigenvectors system {Y p(x)}f according to the eigenvalues

{mp}¥ of the operator L, is an orthonormal basis of the space H; then

¥
tr(QR’) = & (QRYY .Y p)p, - If the equality above iswritteninto the equality (3.9),
p=L
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RloYp:(LO'“)-lep‘( 'l)lY and My <Dy < 4

Mo
é¥
are considered, then Dy =- L eé (mp )'1(QYp,Y ) ol
2pi |1 |= bm@ p=1
¥ 1 di M
=a QY Y — 9 = a |\QY,Y (3.10)
p:l( p p)H1 Z)I || |:bm | _ mp p:l( p p)H1

is obtained. Since the orthonormal eigenvectors according to the eigenvalues k2 +g i
(k=0,12,...;j=1,2,...) of the operator L, are M coskxj i (k=0,1,2,...;j=1,2,...) respectively then
Yp(X) = Mkp coskpXi i, (P=12.) Therefore by (3.10)

_ ”J""f)( . , )
Dm = 'a Q(X)Mkp cosk pX jp,Mkp coskpX] in dx

—% A M2 o(1+0052k x)(Q(x)j i J i ) dx

p=1
is found.Q(x) satisfies the condition (3) andM = \/2p'l (k=1,2,...) is considered,by the last
relation

17
D"“_E a100052k X(Q(x) i J i )H dx (3.11)

p=10

|sfound If the operator function Q(x) satisfies the conditions (1) and (2), the multiple series

a a o(Q(X)j il J) cos2kxdx isabsolute convergent. In this case as known
k=1j=10
lim a ocosZk X(Q(X)j i ) i ) dx = a a o(Q(X)] ol J) cos 2kxdx
m® ¥ p—]_o k=1 -
By (3.11) and the | ast equdity

lim Dy == & & olQ(X)j .j c0s 2kxdx
o= Lt 1),

¥i
z él a e—O(Q(X)J il J) coskxdxucosko
4 J:]1k ]_é) U
¥ éap o a il

+a é—é(Q(X)J il j)H coskxdxgcoskp y

k=1&P o Q %

isfound. If we consider that Q(x) satisfies the condition (3) , the sums according to k on the right
hand side of the last relation are the values at the point 0 and P of the Fourier series of the
function

(Q(X)j i )H having second order derivative according to the functions {cosk«y_, in the
interval [o.p] respectively. Therefore
. 1% S o
n')'@”; Dnﬂzzjfil[(Q(O)l il j)H +(Q(p)l i j)H]

or
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lim Dy = % [rQ(0) + trQ()] (3.12)

similar to the proof of the equality (3.6) the formula

#@n; D =o gepﬁs(a +2)2
m e a-2 g
(3.13)

can be proved. By theformulas (3.1) , (3.12) , (3.13) and Theorem 3.1

lim :a’:"lo - m) =[O +1rQp)

is obtained. The Theorem is proved.
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