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ABSTRACT

The degree-based graph invariants are parameters defined by degrees of vertices. A graph is regular if all of
its vertices have the same degree. Otherwise a graph is irregular. To measure how irregular a graph is, graph
topological indices were proposed including the irregularity of a graph, total irregularity of a graph, and the
variance of the vertex degrees. In this paper, the above mentioned irregularity measures for Mycielski
constructions of any underlying graph are considered and exact formulae are derived.
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1. INTRODUCTION

Let G be a simple undirected graph with vertex set V and edge set E . The order of G is
the number of vertices in G . If |V| =N and |E| =m, wesay that G is an (n, m)-graph.

The open neighborhood of a vertex V in a graph G, denoted by NG (V), is the set of all
vertices of G which are adjacent to V. The degree of a vertex V in G, denoted by dG (V) is

the cardinality of NG (V) A graph G s regular if all of its vertices have the same degree,

otherwise it is irregular.

Graph theoretical methods are all used in the characterization of molecular structure and
prediction of properties, especially in chemical graph theory. Many of the problems, especially in
computer network design can be easily handled if the related graphs are regular or close to
regular. It is of interest to measure the irregularity of chemical graphs both for descriptive
purposes and for QSAR/QSPR studies. Therefore, it is of great importance to know how irregular
a given graph is in many applications and problems such as analyzing the structure of
deterministic and random networks and systems occurring in chemistry, biology and social
networks [6,7]. For that purpose, several graph topological indices have been proposed.
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Irregularity me asures are expected to be of practical value in QSAR/QSPR studies. Among the
most investigated ones are the irregularity of a graph introduced by Albertson [1], the total
irregularity of a graph [2], and the variance of vertex degrees [3].

The irregularity of a graph can be defined by different graph topological indices. In this paper,
three graph topological indices that quantify the irregularity of a graph are considered. The
irregularities of graphs are investigated with respect to the irregularity of a graph, the total
irregularity of a graph, and the variance of the vertex degrees. It is known that these irregularity
measures are not always compatible.

The three irregularity measures of interest in this paper are presented next.

Albertson [1] defines the imbalance of an edge € =UV € E as |dG (u)—dG (v)| and the

irregularity of G as

irr(G) = quGe(G)|dG (u)—dg (V)| '

Upper bounds on irregularity for bipartite graphs, triangle-free graphs, and a sharp upper
bound for trees were presented in [1]. For general graphs with N vertices, Albertson [1] has
obtained an asymptotically tight upper bound on the irregularity, and in [18], for general graphs
with N vertices a sharp upper bound was presented. The graphs with maximal irregularity were
characterized in [8].

In [2], a new measure of irregularity, so-called the total irregularity, was recently defined as

ir, (G)= %ZU’VE\,(GJ% (u)-dg (V)| '

The upper bound of the total irregularity among all graphs was obtained in [2], and it was
shown that the star graph is the tree with maximal total irregularity among all trees. In [9], the
unicyclic graphs with maximal total irregularity among all unicyclic graphs were determined. The
bicyclic graphs with maximal total irregularity among all bicyclic graphs were characterized in
[10]. In [11], the graph with the minimal, the second minimal, and the third minimal total
irregularity among trees, unicyclic or bicyclic graphs was characterized.

The relation between irr (G) and ii’l’t (G) for a connected graph G was derived in [12].

ii’l’t (G) can be computed directly from the sequence of the vertex degrees of G . irrt (G)
has a property that the graphs with the same degree sequences have the same total irregularity,
while irr (G) does not have. The most irregular graphs with respect to iI’I’(G) are graphs

that have only two degrees. The most irregular graphs with respect to il’l’t (G) are graphs with
maximal number of different vertex degrees [2].

A sequence of non-negative integers dl, ...,d isa degree sequence, if there exists a graph

n
G with V (G) = {Vl, .. .,Vn} such that d (Vi ) = di . Let N, denote the number of vertices
of degree i for 1<i<n-—1 and let dl, . ..,dn denote the degree sequence of the graph G,
where I, is the number of vertices of degree i for 1<i<n—1. The variance Var(G) of

the vertex degrees [3] of the graph G is
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18, , 1(&, )Y 1w ?
var(@)=2307- %350 | 28 (i-2)
Nz n"\ia ns
Bell [3] characterized the most irregular graphs in some classes and obtained upper and lower

bounds of Var (G) as functions of N and M .

These irregularity measures as well as other attempts to measure the irregularity of a graph
were studied in several works [4,5,8,9,10,12,13,14,15,16,17,18,19,20,21,22,23].

In [24], Mycielski developed a graph transformation that transforms a graph G into a new
graph  1(G) called Mycielskian of G. For a given graph G with

n

V=V(G)={v,V,,...,V,} denote V':{vl',vz',,,,,v '} to be the corresponding set of

V', the Mycielski graph y(G) of G is defined with vertex set consisting of the disjoint union
V(,u(G))zV V' u{u}, and edge set

E(x(G))= E(G)u{vivj' VY, € E(G)}u{uvi' 1<i< n}. We call V' the twin

of V in ,u(G), and vice versa, and call U the root of ,u(G).

In Section 2, the irregularity, total irregularity, and the variance of the vertex degrees of
Mycielski graphs are determined in terms of the same parameters over G .

Remark 1.1. In [17], exact formulae are given for the irregularity, total irregularity, and the
variance of the vertex degrees of Mycielskian of paths and cycles. Motivated from the results in
[17], in this paper, exact general formulae are derived for those three irregularity measures of

Mycielskian of any underlying graph G .

2. MAIN RESULTS

An obvious inference from the definition of ,u(G) , the order of 1 (G) is 2n+1, and

ey (%) =20a (), @6 (W ) =de (V)1 en g (u) =1
The vertex set of ££(G ) can be partitioned into three subsets as
V,={v; eV (u(G)):v, eV (G),1<i<n,
V, ={w eV (4(6)):v/ eV’ 1<i<n}, and
Vy={ueV (u(G)):u s the root of (G)}.

The edge set of y(G) can be partitioned into three subsets as
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E, ={xye E(x(G)):xyeV (G)}
E, :{xye E(x(G)):xeV(G).y= y’eV’}, and
E, :{xye E(x(G)):x=x"eV',y is the root of,u(G)}.

Theorem 2.1. Let G be (n, m)-graph. Then

irr(u(G))= 2irr(G)+n(n—1)—2m+iZl:u_g:(v_)‘ZdG (vi)—(de (uj)+1)‘ :

Proof. By the definition of graph irregularity, it follows that

irr ('U(G)) - ZUVEE(/z(G)) d/t(G) (u) B d#(G) (V)‘ - nyeE, d#

for 1<i<3.

© (X)=d,q (y)‘

The contribution of the edges in E, to irr (,u(G)) is given by

i (/‘(G)) = nyeEl d.e) (x) —d (y)‘ = nyeEl 2d; (x)-2dg (y)|
- 2nyeE1 dG ( ( | 2Z:xygE )| G (y)| = 2irr (G) '

The contribution of the edges in E2 to |rr( ) is given by
irrz ('LI(G)) = nyeE2 d I(G) (X) _d#(G) (y)‘ = ZXYEEZ 2d
_nyeEz 2d (X ( )‘ Z

i=! U

G(X)_dﬂ(c)(y')
( (“i)*l)"

)

The contribution of the edges in E; to Irr(,u(G)) is given by

irr3 (/u(G)) = nyeE3

d.c) (x)- de) (y)‘ = 2xyeE3 dc) (X)- ”‘
= nyeEs dg (X)+1- n| .

Under the constraints OSdG(X)Sn—l VX EV(G) and N>1 it holds that
dg (X)+1-n<0. Thus,

i, (14(G)) =2, n—ds (x)-1= Zn de (x)-1=n(n-1) Zd
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By using the equality ZVGV(G) dg (V) = 2| E (G)| , We compute the summation as follows:
irr, ((G))=n(n-1)—2m.
The desired formula for irr ( ,u(G )) is obtained by summing the above three expressions. m

Theorem 2.2. Let G be (n, m)-graph. Then

irr, (4(G))=3irr, (G)+n(n-2) +ZZ

i=1 J—l

2d, (Vj)+1)‘+2|2d6 (u)-n| -
i=1
Proof. By the definition of graph total irregularity, it follows that
1
d,u(G) (U) - dﬁ(G) (V)‘ '

Irrt (’LI(G)) - EZUevi VeV
The contribution of the vertices in V to irr, (,u(G)) is given by

1<,j<3
1

irr, (u(G))= EzuEvl,VGVi dﬂ(G) (u)- dy(G) (V)‘ :
(1=i<3)
1
> ZU,VEvl d, e (u)—d ‘ ©) (Vi )‘

i=1 j—l

i=1 j 1 ( )‘
_ZZ‘d )‘ :ZU,VEV(G)‘dG (u)_de (V)‘ = 2irr, (G) @

i=1l j=1
j#i

%Zuevl,vevz d#(G)(u)_
:%Zn:i 2d, (Vi)—(de (Vj)+1)‘

1 n n

d ) (V)‘ = EZZ

i=l j=1

dye) (V)= (Vi')

320 (v)-1)+ ;;Zd )~(de (v)+1)
—m—E+1ZZZd ( (vj)+1)‘- @

i=1 j—l

751



Z.N. Berberler /Sigma J Eng & Nat Sci 37 (3), 747-754, 2019

1 1
EZ:uevl,VEV3 d,u(G) (U)— dy(G) (V)‘ = EE‘ZdG (Ui ) - n‘_ ©)

From (1), (2), and (3), we get

irr, (1(G))=2irr, (G +m—g+;znllznl: 2d

=1
i#

s (v )—(dG (vj )+1)‘+%Z_1:|2dG (u )—n|-
The contribution of the vertices in V2 to irrt (,u(G)) is given by

1
dﬂ(e)(u)_dy(e) (V)‘

i, (4(G))= EZUEVZ,VEvi

(1=i<3)

For the case U EV , Vv eV , We receive the same equality as in (2).

%ZU,VEVZ dyo) (U) = ‘ ZZ u(G ( i) ,G)(vj')

=327 (u)+1)=(d (v, )+ )\ ~de(v,)

i=1 ]_l — =

) ZU,VEV(G)‘dG (u) —dg (V)‘

=ir (G). @

1 18 '
EZUEVZ,V€V3 dy(G)(u)_ d,u(G)(ui )_n‘

dy(G) (V)‘ = Ez
(dg (ui)+1)—n‘.

i=1

Under the constraint 0<d (V) <n-1 wveV (G), we have the equality
1-n<(dg (v)+1)—n<0 yielding

—Z‘ )+1)- n‘ iZ:l“|n—d6(ui)—]jzg(n—l)—m. ®)

Summing (2), (4), and (5), we receive

i, (u(6) =irg (6)+n[ 31+ 2373

i=1 J—l

2d, ( ( ])+1)‘.
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Similarly, the contribution of the root vertex to il’l’t (,LI(G)) is given by

1
dy(G) (u) - d,u(G) (V)‘ '

Irrta (’u(G)) = EZuevg,VEVi
(1<i<2)

For the two necessary cases U €V, V€V, and U €V, V €V, the same equalities as in

(3) and (5) are obtained yielding

i, (1(G)) =g(n—1)—m+%iznl“|2dG (u)-nl.

The desired equality for il’l’t (,u(G)) is obtained by summing the above three

contributions. m

Theorem 2.3. Let G be (n, m)-graph. Then

Var (1(G)) =((2n+1)(5M, (G) + 4m+n(n+1)) -4(3m+n)’) /(2n+1)".

Proof. By the definition of the variance of vertex degrees of a graph, we receive
2

Var (@)= G 5| 2o (O |G| e

(1<i<3) (1=i<3)
n n

- (2n1+1) ( in d,e (v ) +iZ:'d”(G) (vi')2 + nzj—;(Zd#(G) (Vi) + 2 d, (vi')+ n)z

) (2n +1)2 i1 i-1

n n

:(2n1+1)[2n)(2d6(vi))2+i§"1;(de(vi)+1)z+n2] 1 [szG(vi)+Z(dG(vi)+1)+njz,

i1 - (2n -+—:|.)2 i1 i1

By the definition of the first Zagreb index [25], that is |\/|l (G) = ZVEV(G) dG (V)Z, and by
the equality ZVEV(G)dG (V) = 2‘ E (G)‘ , We proceed as

Var (u(@))= (2n1+1)

Thus, the proof of the theorem holds. m

(4M,(G)+(M,(G)+2(2m)+n)+n*)- (2(2m)+(2m+n)+n)’.

(2n+1)°
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