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ABSTRACT

In this study, we obtained the Hermite-Hadamard integral inequality for MyA-P- function. Then we gave a
new identity for MyA-P- function and using these identity, we obtained the theorems and the results.
Keywords: MyA-P- function, Hermite-Hadamard type inequality.

2000 Mathematics Subject Classifcation: Primary 26D15, Secondary 26A51.

1. INTRODUCTION

Let f:1 <0 —0 beaconvex function defined on the interval | of real numbers and a,bel
with a < b . The following inequality

[a+bj bii f(b) L.1)

holds. This double inequality is known in the literature as Hermite-Hadamard integral
inequality for convex functions. Note that some of the classical inequalities for means can be
derived from (1.1) for appropriate particular selections of the mapping f. Both inequalities hold in
the reversed direction if f is concave. For some results which generalize, improve and extend the
inequalities (1.1) we refer the reader to the recent papers (see [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12,
13)).

In [7], Varosanec got the new convex class as follow:

Definition 1 [7] Let fiJg[0,0)—>1 , be a non-negative function, h=0. We say that
f:1[0,0)>L is an h -convex function, or that f belongs to the class SX (h,l), if f is non-

negative and forall X,y € I, « < (01) we have

f (ax+(l—a)y) <h(a)f(x)+ h(l—a) f (y) . (1.2)
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If inequality (1.2) is reversed, then f issaid to be h -concave, i.e. f e SV (h,l) .
Theorem 1 [7] Assume that the function f:Cc X — [o,oo) is an h -convex function with
he L[O,l]. Let y,x e C with Yy # X and assume that the mapping t — f [(H)xﬂy] te [0,1]

is Lebesgue integrable on [0,1} . Then

Zhlé ¢ [%y] < ! F(L-t)xrty o< £ (x)+(y)] ! h(t)dt . (13)

In [5], Dragomir et.al. gave the new theorem for the Hermite-Hadamard inequality via P -
function as follow:

Definition 2 [5] A function f : I c [o,oo) — 1 issaid to be P -function, if
f (tx+(1—t)y) <f (x) + f (y) 1.4)
for v,y el , teloa].

Theorem 2 Let f < P(I), a,bel,with a<b and f eLl[a,b].Then

(a*b] %T f(x (@) 1(b)) . (L5)

Both inequalities are the best possible.
In [14], lon, D. A. revealed the new identity for quasi-convex function as follow:

Lemma 1 Assume a,b el with a<b and f :[ab] >0 isa differentiable function on (a.b)

JAf fre Ll(a,b) then the following equality holds

f(a)+f 1

b 1
b | (%0 7L2"".[ 1-2t) £ (ta+(1-t)b)dt (1.6)
a 0

In this study, we have gotten the generalization of the (1.6) equation for M A - p -function.
We use the identity the theorems and corollary that is descent from previous study.

2. MAIN RESULTS

Definition 3 Let | be ainterval, ¢:1 - be a continuous and strictly monotonic function.

f:1—>_ issaidto be Mq,A - p -function, if
(o Hto(x)+a-e(y))< 1 (a)+ £ (b) 2.1)

forall X,y €1 ve te[03].
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0
Lemma2Let f:Ic [O,oo) — 0 be a differentiable functionon I , ¢:1 - C be a continuous

0
and strictly monotonic functionand a,b € I with 0 <a<b.If f' L([a.b]) , then we get

f(a)+f (b) 10

z bt | {00 22)

o0y ota) § <1—2t>(<o1)’(w(a>+<1—t><o<b>>f'(w1(t¢<a>+<1—t)w(b>))}

0

Proof. Firstly we use partial integration method on the right of (2.2) equality as follow

(120 (to(2)+(1-1)(b)) F (o7 (t4(@)+(1-)p(b)))

O ey

(1-2t) . i [
O OM G D) WI (o to(ara-0ote)
_ f(a) () [ 00
ZORZON b) o(a)) 2
If we compare both sides of the last equality with (p(b);p(a) , the proof is completed.

0 0
Theorem 3 Let f:1c[0x)—>1 be differentiable on 1 and a,bel with a<b,

@:1 >0 be a continuous and strictly monotonic function such that ¢ :¢(1°) > (1°) s

continuously differentiable, ' e L[a,b] and f"is M_A-p - function, we have

‘f(a)+f(b) S DO

o= MU 23
b)-p(a
PO om0 1 0)
where
% ,
Al a-20f(0 Cota -ttt (2.4)
s (20 ofa)+ -yttt 25)

Proof. Firstly we take absolute value on both sides of the equality and then use the f' is

M¢A - p -function, we get

\f(a)n(b) 1 Tf(x)(p,(x)dx 26)

2 ob)e(a)
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Hl Zt\\ o) (o )))dt]

a)\ 7
|- 2t t(p (a)+(1-t)p(b) “ (tp(a)+(1-t)e (b)))‘dt

(Zt—l)‘ “ ))dt}

% :
<5 | (Ht)‘((ﬂ) (tp(a)+(1-t)e

This proof is completed.

—X

Corollary 1. If we take (p(X) =mx +n to (2.3), we get

< 22|y,

ii. If we take qo(x) =Inx to (2.3), we get

f(a);f(b)fbiaj' ( )dx

Inb— Ina

[B.(1)+8,() ]| (@)| 1 (b))

where
b

B, (1) = | (1-2t)a'btdt
- |

(2t-1)a'b*"dt

b-a

2 [C+Co)] (|1 (v))

IA

where
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0 0
Theorem 4 Let f:1c[0x) >3 be differentiable on 1 and a,bel with a<b,
@:1 >0 be a continuous and strictly monotonic function such that ¢ :¢(1°) > (19) is
) ) . . N .
continuously differentiable functions. If [#]*, q >1, 5 g =1is M A-p-function on [ab]
then we get

‘ flaj+f(b) 1 %
‘ 2 o(b)-9(a

__loto)-o(a)

P(p+1)/p
where

(2.8)
{Dl/]/q(t)Jrqu(t)} (1) 4| o))"

(‘”ﬁl)’(t‘/’(aﬁ(lft)w(b))‘ dt |

q

(‘/’71)'(“/’(3)+(1—t)¢(b))‘ dt .

D, =

D, =

NRe— o X

Proof. By using Holder inequality on (2.6) inequality, we get

\ flaj+f(b) 1 ¢
2 eb)e(a)

o |

+[}j/(zt1)9 dt} [}j/((pl)' (t(p(a)+(17t)(p(b))‘q \ f '(w’l(t<p(a)+(1—t)¢w(b)))‘q dt]

Since [f1", d>1is M, A - p -function, we have

1
q q
dt | +

Corollary 2 i. If we take go(X) = mx +n to (2.8), we obtain

o |-

%

Jie)

_ L0 w(aﬂ

'(tp(a)+(1-t)p(b) “ tg(a)+(1-)p(0))) o ]

o e

(2.9)

‘f(a)+f(b) 1 Tf(x)w(x)dx
[o(b)-p(a)

|
% _
) 21+}p(p+1)/j/p J;(so

This completed is proof.

Y (to(a)+(1-t)(b))

j
7z

(90l)y(tw(a)+(l—t)¢(b))th] ] (‘ (@) 4| (o)’ )E :

f(a)+f(b 1bf g lo—a] f'aq+f'bq§ )10
; ba{ m[\()u(ﬂ (2.10)
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ii. If we take qo(X) = Inx to (2.8), we obtain

f<\/§)_lnb—lna-[f(x)dx < Tir;t)—lial qu(t)Jfqu(t)}(f'(a)q+f'(b)q)q
a 2 P(p+1)p

where

a®pi gt

1

m
-
Il

m
N
Il

a%tpaYgt

N RPe— s O

iii. If we take qo(X) =X ,to0(2.8), we obtain
b

(Zab\ ab If

a+b) b-a

a

L {Fﬂ(t)%“(t)}( F(@f 1 o) )°
2 P(p+1)pab
where

0 0
Theorem 5 Let f:1c[0x) >3 be differentiable on 1 and abel with a<b,

@:1 -7 be a continuous and strictly monotonic function such that ¢ :¢(1°) > (1°) is

continuously differentiable functions. If [1{', 921 is M A~ p-function on [ab] then we get

‘ fa)rf(b) 1 .b[
|2 eb)e(a))

2.11)

3-
2 q
where

. Lﬂ{w >+ezq<t)}( @) o))

q

(1- 2t)‘(¢ )(t(p(a)+(1—t)¢(b)) dt

G

i
o'—.m\H
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q

(2t—1)‘( )(t¢(a)+(1—t)q)(b)) dt .

@
N
N\H‘—.D—\

Proof. We use with the power mean inequality on (2.6) and the \f’\q, qaz1,is M,A-p-
function then we get

1

q

- {j(l 2t)d } {T(l 2t‘ '(tp(a)+(1-t)p b)‘ ‘ te(a)+ (lt)ga(b)))thJ

J{.[ 2t-1)d J {j (2t—l‘ '(tp(a)+(1-t) ‘ ‘ ot (a)+(1—t)(p(b)))th}
lp(b)-¢(a)| 2 o [ ay el o 0
< ) I(l_a)‘(q, J (to(a)+(1-t)o (o) ot | +| [ (2t—1)‘(¢a )(tw(a)+(1—t)w(b))‘ at| | o))
2@ 0 3

Corollary 3 i. If we take ¢7(X) = mx +n to (2.11), we obtain

1

[%bj—bflaj i < ztjr[ O REOME 212)

ii. If we take @ (x) = In x to (2.11), we obtain

b

f(vaB) [ F(x)x

Inb—Ina
a

3£

< Eﬁ{m‘*(t)mzq(w}( )"+ (b)")?
2 p

where

a%bgt

I
iy
Il

a®p™ gt

T
N}
Il

N RPe— s O

iii. If we take (/)(X) =X ,to(2.11), we obtain
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1

5 f(x b-a -
(22 [ | < 2 (] [ o) !
a 2 Pab
where
1
2 2
F(t)-] (3b) —dt
o (th+(1-t)a)™
1 2
F ()= (@)
1(tb+(1-t)a)
2
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