Sigma J Eng & Nat Sci 9 (1), 2018, 63-67

sabma
O Publications Prepared for the 13th Algebraic Hyperstructures and its S

4%,

Applications Conferences AHA 2017 S

Research Article
ON 6-PRIMARY HYPERIDEALS OF COMMUTATIVE SEMIHYPERRINGS

Ashraf ABUMGHAISEEB*!, Bayram Ali ERSOY?

YYildiz Technical University, Dep. of Mathematics, Esenler-ISTANBUL ; ORCID:0000-0001-7824-9154
2Yildiz Technical University, Dep. of Mathematics, Esenler-ISTANBUL; ORCID:0000-0002-8307-9644

Received: 23.11.2017 Accepted: 05.12.2017

ABSTRACT

In this paper, we study the mapping & that assigns to each hyperideal I of the commutative semihyperring R,
another hyperideal §(I) of the same semihyperring. Also we introduced the notation of §-zero divisor of
commutative semihyperring and §-semidomainlike semihyperring which is generalization to those in the
semirings. Moreover we showed that if § be a global hyperideal expansion then I is §-primary if and only if
Zs(R/I) € §({0x1}).
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1. INTRODUCTION

The first one who introduced the theory of algebraic hyperstructure as a generalization of
ordinary algebraic structure was the French mathematician F. Marty in 1934. Firstly, Marty
introduced the concepts of hypergroup[4]. In 1956 Marc Krasner introduced the concepts of the
hyperrings and hyperfields and he generalized the additive structure of the hyperring as canonical
hypergroup[2]. Since then, many researchers have studied the theory of hyperstructure and many
results have been published on hyperrings, most of these results where extensions of the standard
results in commutative algebra.

Marty put the definition of a hyperoperation o as relation from a set H to P*(H) which the set
of the nonempty subsets of H. It can be written as :

o: HX H— P*(H).

By the definition of hyperoperation, Marty defined the hypergroup as the following .If H is
nonempty set and o is a hyperoperation defined on H, such that o satisfy the following conditions,
For x,y,z € H, we have (xoy)oz=xo(yoz) and xoH =Hox. Then (H, o) is a
hypergroup where, x o (y ©z) = UyeyopyX 7, X0 H = Upeyx o h.

Definition 1.1: [4] In the sense of Krasner, the algebraic structure (R,+, -) is a hyperring if:

1. (H,+) is canonical hype r group. i.e.
i. Vx,y,Zz€R, x+(y+2)=x+y)+z
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ii. VX, yER, x+y=y+=x.

iii. 3azeroelement0 € R, suchthatx + 0 =0+ x = {0},Vx € R.

iv. For each x € R,3x" € R such that 0 € x + x’, x' is called the opposite of x, and we
write x' = —x.

v. Ifzex+y,thenye—-x+zandx € -y +z.

2. (H, -)isasemigroup have a zero as bilaterally absorbing element, i.e.

0-x=x-0=0.

3. The multiplication is distributive to the hyperaddition, so that

x-(y+z)=x-y+x-2z

(x+y)-z=x-y+x-zforallx,y,z €R.
Definition 1.2:[1] A semihyperring is an algebraic structure (R,+, -) which satisfies the
following axioms:

1) (R,+) is commutative hypermonoid , i.e.

(i) x+y)+z=x+(y+z) foralx,yz€eR.

(ii) There exists 0 € R, suchthat x + 0 = 0 + x = x forall x € R.

(ii)x +y =y +xforallx,y €R.

2) (H, -) is a semigroup have a zero as bilaterally absorbing element, i.e.

(i) 0-x=x-0=0.

(i(x-y)-z=x-(y-z)forall x,y,z € R.

3) The multiplication is distributive to the hyperaddition, so that
x-y+z)=x-y+x-z, (x+y) z=x-y+x-z forallx,y,z €R.

Definition 1.3:[1] A semihyperring (R, +, -) is called:

(i) Commutative, ifx-y =y -xforall x,y € R.

(ii) Semihyperring with identity if 1; € R, suchthat x - 1 = 15 - x = x, forall x € R.
Definition 1.4:[1] A left (right) hyperideal of a semihyperring R is a non-empty subset I of R,
such that

(i) Forallx,y elLx+yclI

(iiy Forallx eI, reR,r-x €1 (x-r €1), ahyperideal of a semihyperring is a non-empty
subset of R, which is left and right hyperideal of R, and the set of all hyperideals of R is denoted
by Id(R).

Definition 1.5:[1] For x € R, if there exist one and only one —x € R such that 0 € x + (—x)
then —x is called the opposite of x. Denote to the set of all opposite elements of R, by V(R) ,that
isV(R)={x €R|Ty eR,0€E x+y}.

Definition 1.6:[2] Let I be a hyperideal of a semihyperring R, then I is called k-hyperideal if for
ac€l,xe Rwehavea+x =1 = x € I, where A = B mean ANB # ¢.

Definition 1.7:[1] A semihyperring R is called additively reversive if it satisfy if it satisfy the
reversive property with respect to the hyperoperation of addition, i.e. for a € b+ ¢ implies
bea+ (—c)andc =a+ (-b).

Definition 1.8: Let R be commutative semihyperring, and let I be a hyperideal of R, the closure
of I which denoted by cl(I) is defined by cl(I) = {a € R:a + ¢ <€ I, for some ¢ € I}.

Theorem 1.1: Let R be a semihyperring. Then R has at least one maximal k-hyperideal.
Proof: let A be the set of all k-hyperideals of R. Since {0} is proper k-hyperideal of R then A # ¢,
and the relation of inclusion is partially order on A, then by Zorn’s lemma we have a maximal
element in A. So that R has at least one maximal k-hyperideal. m

In [2], Ameri showed that for a semihyperring R, with I is a hyperideal of R, the set
(R/1,®,®) is a semihyperring, where R/ ={x+I,x €R}, x+I®y+I1={z+1:z€x +
y+Itandx + 1@y +1=xy +1.
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2. NOTATION AND BASIC STRUCTURE

Definition: [5]A hyperideal expansion is a function §, which assigns to each hyperideal I of a
semihyperring R another hyperideal §(I) of the same semihyperring such that I < §(I) and if
I € J then §(I) € §(J) for any hyperideal J of R.

Definition 2.1: [5] Let 6 be a hyperideal expansion, a proper hyperideal I of a semihyperring R is
called §-primary if ab € I, and a ¢ I, then b € §(I). The definition can be stated as: If b € I,a ¢
6(D),then b € 1.

Remarks:

1. Let I be a hyperideal of the semihyperring R, the identity function &,, such that §,(I) =1
is an expansion of for each I € Id(R) A hyperideal I is §,-primary if and only if I is prime
hyperideal.

2. Letr(I) be the radical of hyperideal I of the semihyperring be defined the same as on the
hyperideal of hyperring. Define &,(I) =r(I) for each I € Id(R) then &; is a hyperideal
expansion. A hyperideal I is §;-primary if and only if I is primary hyperideal.

3. Let I be a hyperideal of the semihyperring R, let 6,(I) = cl(I). Then &, is a hyperideal
expansion.

4. Let B be the biggest hyperideal of the hyperring R, then 65;(I) = B for all I € Id(R), then
83 is a hyperideal expansion.

5. Let 6, defined by the intersection of all maximal hyperideals containing I, and 6,(R) =
R, then 6, is hyperideal expansion.

6. If § is a hyperideal expansion, let Es: Id(R) — Id(R) defined by

Es(I) = N{J € Id(R):1 < ],] is §-primary}. Then Es is a hyperideal expansion.

Theorem 2.1: let R be commutative semihyperring, and let § be a hyperideal expansion then a
hyperideal P is §-primary if and only if for any two hyperideals Iand J if J < PandI € P =
] € 8(P).

Proof: Let P &-primary hyperideal, and suppose that I, hyperideals such that I.J < P and
I &£ Pbut J £ 65(P). Now choose a € I —P,b € ] —5(P), then ab € I.J € P but
a & P,b ¢ §(P) which is a contradiction because P is &-primary. Therefore | < &(P).
Conversely, assume that for any two hyperideals I,J if .J] € PandI & P,then] < §(P). For
any a,b € Rsuppose that ab € P and a ¢ P , then < a >< b >C Pand < a >¢
P. So < b >< §(P) impliesthat, b €< b >< §(P), and P is §-primary.m

Theorem 2.2: If I is §-primary hyperideal of the commutative semihyperring R and J be any
subset of R, then (I: Q) is also §-primary, and if J is a hyperideal with J € &§(I) then (I:]) = I.
Proof: Letab € (I: Q) and a & (I: Q), then 3q € Q, such that aq ¢ I, but abq = aqb € I, aq & I
then b € §(I) € §(I: Q). Hence (I: Q) is §-primary. For any x € I, and for all y € J, we have that
xy €1. Then x € (I:]) and so I < (I:]). Conversely, for any x € J,y € (I:]) we have xy € I,
therefore J(I:]) < I, and by the assumption | € §(1), then (I:]) € I so we have (I:]) = Im.

Theorem 2.3: Let § be a hyperideal expansion of the commutative semihyperring R. If §(I) <
r(I) for every 8-primary hyperideal I, then §(I) = r(I).
Proof: let x € r(I), then x™ € I forsomen € N. If = 1, then x € I € §(I) and we have done. So
we may assume that n > 1, such that x® € I but x™ ! & I. Since I is §-primary and x" =
xx™ 1 e, x" ! ¢, thenx € I, therefore §(I) = r(I). m

We will define a §-zero divisor of a semihyperring and a hyperring. This definition is an
extension to the definition of a §-zero divisor of a semiring [3].

Definition 2.2: Let & be a hyperideal expansion on a semihyperring (hyperring) R, an element x
is called §-zero divisor in R, if there exists y € R with y & §({0}) such that xy € §({0}). The set
of all §-zero divisor in R will be denoted by Zs(R).
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Theorem 2.4: Let R be a semihyperring with identity and let § be a hyperideal expansion such
that §({0}) # R, then

1. nilg(R) is a hyperideal of R with nils(R) < Zs(R).

2. If Zs(R) is a hyperideal, then Zs(R) is §-primary.
Proof: 1. Let x,y € nils(R),r € R, then x,y € §({0}) which is a hyperideal. So that x +y <
6({0}) and rx € §({0}), therefore nils(R) is a hyperideal. Now for x € nils(R), we have
x=x-1 € §({0}), but 6({0}) = R, s0 1, & §({0}) and x € Zs(R).

2. Suppose that Zs(R) is a hyperideal of R, let x,y € R such that xy € Zs(R), then there
exists r € R with xyr € §({0}) but r € §({0}). Now if yr € 6({0}),then y € Zs(R), and if
yr & §({0}), then x € Z5(R). Hence Zs(R) is §-primary hyperideal. m

Theorem 2.5: Let [ be a hyperideal of a semihyperring R, and let § be a global hyperideal
expansion. Then I is §-primary if and only if Zs(R/I) € §({0z/1}).

Proof : Suppose that §(I) is &-primary, let r; + I be an element of Zs(R/I) , then 3, +1 ¢
8({0g,;}) such that ry + I@r, + 1 = 1y, + 1 € §({0g,,}). Since & is global, then for the natural
homomorphism f:R — R/I, which defined by f(x) =x+R we have f(I) = {0g/;} and
8({0g/}) = 8(F(D) = f(6(1) =8U)/1. Then ryr, € 5(I),m, € () so that ~, € and
r +1 € 8({0g/,}). Conversely, Suppose that Zs(R/I) < 8({0g,;}), and let x,y € R such that
xy€lLx ¢l thenx+IQy+I=xy+I1=1 and so y+1€ Zs(R/I) then y +1 € §({0x/1})
theny € §(I) and so I is §-primary. m

Definition 2.3: 1. Let R be a semihyperring with a hyperideal expansion &, then R is called 6-
semidomainlike semihyperring if Zs(R) < nils(R).

2. Let R be a hyperring with a hyperideal expansion &, then R is called §-domainlike
hyperring if Zs(R) S nils(R).

Theorem 2.6: Let R be a semihyperring with a hyperideal expansion § such that 6(6(1)) =45
for every hyperideal I in R, then

1. &6({0}) is 5-primary hyperideal if and only if Z5(R) = nilg(R).

2. 6({0}) is §-primary if and only if R is §-semidomainlike semihyperring.

3. If R is §-semidomainlike semihyperring then Zs(R) is the unique minimal &-primary
hyperideal.

Proof: 1. Suppose that §({0}) is &-primary hyperideal, by previous theorem we proved that
nils(R) € Zs(R), so it is enough to prove that Zs(R) S nils(R). Let x € Zg(R) then 3y ¢
6({0}) such that xy € §({0}), and since §({0}) is §-primary hyperideal y ¢ §({0}) then x €
8(8({0})) = 8({0}), and so nils(R) < Zs(R). Conversely, suppose that Zs(R) = nils(R), and
let xy € §({0}), v & §({0}), then x € Zs(R) = nils(R), x € §({0}), therefore, §({0}) is &-
primary. (2) follows from (1). To prove (3), Assume that R is §-semidomainlike semihyperring,
then by (1), (2) we have Zs(R) = nils(R), and since §({0}) is §-primary hyperideal then also
Zs(R) is 6-primary hyperideal. Let J be any &-primary hyperideal of R, since {0} < J, then
§({0) € 6(J) and if x € Zs(R), then 3y & §({0}), such that xy € 6({0}) < §(J) and since J is
S-primary, if y € §(J), thenx € J ,sothat Zs(R) = nils(R) S ]. m
Definition 2.4: 1. Let R be commutative semihyperring, let § be a hyperideal expansion on R,
then R is called §-semidomain is xy € §({0}), then either x € §({0}) or y € 6§({0}).

2. 1. Let R be commutative hyperring, let § be a hyperideal expansion on R, then R is called
6-domain is xy € §({0}), then either x € §({0}) or y € §({0}).

Theorem 2.7: Let R be a semihyperring R, and let § be global expansion such that 6(6(1)) =
&(I) for every hyperideal Iof R. If §(I) is §-primary then R/I is §-semidomainlike if and only if
R/I is §-semidomain.
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Proof: Suppose that R/I is a &-semidomainlike semihyperring, since & is global hyperideal
expansion, then 8(0g/;) = 8(1)/I, now, let a+1,b+1 € R/I such that a + I®b + 1 = ab +
1€68(0g/) =8(I)/1, then ab € §(I) and since §(I) is §-primary, then either a € §(I) or
bes(8()=8U). So that a+1€8(I)/I or b+1€8()/I, therefore R/I &-semidomain.
Conversely, assume that R/I is §-semidomain, then by previous theorem it is enough to prove
that Zs(R/I) S nils(R/I), so that let x +1 € Zg(R/I), then Iy + 1 & 6(0R/,) = &(I)/I such
that x + 1@y + I = xy + I € §(0g/;). Since R/I is §-semidomain, then +I € §(0g/;) , and we
have Zs(R/I) € nils(R/I). Hence R/I is 6-semidomainlike semihyperring.m
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