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ABSTRACT 
 
In this work, we generalize the Lucky Guess Lie group of dimension three [1], to the dimension 3݊ which is a 
solvable and non-nilpotent Lie group. We calculate general forms of the elements of both the Generalized 
Lucky Guess Lie group of dimension 3݊ and its Lie algebra, and study some algebraic and topological 
properties [4]. 
Keywords: Lucky guess lie group ܩܮሺ3ሻ, lie algebra य़ग़ሺ3ሻ, generalized lucky guess lie group ܩܮሺ3݊ሻ, 
generalized lie algebra य़ग़ሺ3݊ሻ. 
 
 
 ሻ࢔ሻ LUCKY GUESS LIE GRUBU VE ONUN LIE CEBİRİ ী঻ሺ૜࢔ሺ૜ࡳࡸ
 
ÖZ 
 
Bu çalışmada, üç boyutlu Lucky Guess Lie grup [1], çözülebilir ve nilpotent olmayan 3݊ boyutlu olacak 
şekilde genelleştirdik. Hem 3݊ boyutlu Genel Lucky Guess Lie Grubu ve onun Lie cebirinin genel formları 
hesaplanmış ve bazı cebirsel ve topolojik özellikleri incelenmiştir. 
Anahtar Sözcükler: Lucky guess lie grup ܩܮሺ3ሻ, lie cebiri य़ग़ሺ3ሻ, genelleştirilmiş lucky guess lie grup 
 .ሺ3݊ሻ, genelleştirilmiş lie cebiri य़ग़ሺ3݊ሻܩܮ
 
 
 
1. INTRODUCTION 
 

In this work, we study Lucky Guess Lie Group which has been introduced by Bowers , [1], in 
the three dimensional case. In [1], Bowers gives the Lie algebra of Lucky Guess in three 
dimension. 

In section 2, we calculate ܩܮሺ3݊ሻ  and ܩܮሺ6ሻ the Lucky Guess Lie groups of dimensions 
three and six, respectively. We calculate derivations of the Lucky Guess Lie algebra of dimension 
three. 

In section 3, we generalize Lucky Guess to dimension 3݊ and calculate the generators of 
Lucky Guess Lie algebra य़ग़ሺ3݊ሻ 
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And in section 4, we study algebraic and topological properties of the generalized Lucky 
Guess Lie group. We use some of the techniques given in [4]. 
 
 
2. LUCKY GUESS LIE GROUP ࡳࡸሺ૜ሻ AND LIE ALGEBRA  ী঻ሺ૜ሻ 
 

In [1 ], Bowers defines the Lucky Guess Lie algebra of dimension three, and in this section, 
we calculate Lie group of the Lucky Guess Lie algebra of dimension three and six. 

The Lucky Guess Lie algebra of dimension three has basis elements 
 

݁ଵ ൌ ൭
0 0 1
0 0 0
0 0 0

൱ , ݁ଶ ൌ ൭
0 0 1
0 0 െ1
0 0 0

൱ , ݁ଷ ൌ ൭
0 1 0
0 0 1
0 0 1

൱ 

 

where  ሾ݁ଵ, ݁ଶሿ ൌ 0,  ሾ݁ଵ, ݁ଷሿ ൌ ݁ଵ, ሾ݁ଶ, ݁ଷሿ ൌ ݁ଵ ൅ ݁ଶ. 
Since 

 

य़ग़ሺ3ሻ :݌ݔ݁ ՜  ሺ3ሻܩܮ 
ܣ ՜ exp ሺܣሻ 

expሺݔ. ݁ଵሻ ൌ ൭
1 0 ݔ
0 1 0
0 0 1

൱, expሺݕ. ݁ଶሻ ൌ ൭
1 0 ݕ
0 1 െݕ
0 0 1

൱, expሺݖ. ݁ଷሻ ൌ ൭
1 ݖ െ1 െ ݖ ൅ ݁௭

0 1 െ1 ൅ ݁௭

0 0 ݁௭
൱. 

 

Then, we obtain the Lucky Guess group ܩܮሺ3ሻ: 
 

ሺ3ሻܩܮ ൌ ൝൭
1 ݖ ݔ ൅ ݕ െ 1 െ ݖ ൅ ݁௭

0 1 െݕ െ 1 ൅ ݁௭

0 0 ݁௭
൱ อݔ, ,ݕ ݖ א Թൡ. 

 
2.1. Derivation Algebra of ী঻ሺ૜ሻ 
 

In the following, we calculate all derivations by [5] of the Lucky Guess Lie algebra of 
dimension three: 
 

य़ग़ሺ3ሻ ൌ ݌ݏ ൝݁ଵ ൌ ൭
0 0 1
0 0 0
0 0 0

൱ , ݁ଶ ൌ ൭
0 0 1
0 0 െ1
0 0 0

൱ , ݁ଷ ൌ ൭
0 1 0
0 0 1
0 0 1

൱ൡ 

 

where ሾ݁ଵ, ݁ଶሿ ൌ 0,  ሾ݁ଵ, ݁ଷሿ ൌ ݁ଵ, ሾ݁ଶ, ݁ଷሿ ൌ ݁ଵ ൅ ݁ଶ. 
If we take ݀ א  ൫य़ग़ሺ3ሻ൯, thenݎ݁ܦ

 

݀: य़ग़ሺ3ሻ ՜ य़ग़ሺ3ሻ 
݀ሺሾݔ, ሿሻݕ ൌ ሾ݀ሺݔሻ, ሿݕ ൅ ሾݔ, ݀ሺݕሻሿ 

݀ א य़ग़ሺ3ሻ ฺ ݀ሺ݁ଵሻ ൌ ݀ଵଵ݁ଵ ൅ ݀ଵଶ݁ଶ ൅ ݀ଵଷ݁ଷ 
                         ݀ሺ݁ଶሻ ൌ ݀ଶଵ݁ଵ ൅ ݀ଶଶ݁ଶ ൅ ݀ଶଷ݁ଷ 

                         ݀ሺ݁ଷሻ ൌ ݀ଷଵ݁ଵ ൅ ݀ଷଶ݁ଶ ൅ ݀ଷଷ݁ଷ. 
 

If we combain structure equations and derivation ݀, then we have  
 

݀ ൌ ൭
݀ଵଵ ݀ଵଶ ݀ଵଷ
݀ଶଵ ݀ଶଶ ݀ଶଷ
݀ଷଵ ݀ଷଶ ݀ଷଷ

൱

்

. 

 

Hence,  
 

݀ ൌ ൭
݀ଵଵ ݀ଶଵ ݀ଷଵ

0 ݀ଵଵ ݀ଷଶ
0 0 0

൱. 

 

Thus, 
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൫य़ग़ሺ3ሻ൯ݎ݁ܦ ൌ ൝൭
1 0 0
0 1 0
0 0 0

൱ , ൭
0 1 0
0 0 0
0 0 0

൱ , ൭
0 0 1
0 0 0
0 0 0

൱ , ൭
0 0 0
0 0 1
0 0 0

൱ൡ. 

 

 
2.1.1. Inner Derivation Algebra  of ী঻ሺ૜ሻ 
 

In this section, we calculate inner derivations of the Lucky Guess Lie group of dimension 
three. 
 

ܽ݀௘భ
ൌ ൭

0 0 1
0 0 0
0 0 0

൱ 

ܽ݀௘మ
ൌ ൭

0 0 1
0 0 1
0 0 0

൱ 

ܽ݀௘య
ൌ ൭

െ1 െ1 0
0 െ1 0
0 0 0

൱ 

൫य़ग़ሺ3ሻ൯݊ܫ ൌ ൝൭
0 0 1
0 0 0
0 0 0

൱ , ൭
0 0 1
0 0 1
0 0 0

൱ , ൭
1 1 0
0 1 0
0 0 0

൱ൡ. 

 
2.2. Lucky Guess Lie Group ࡳࡸሺ૟ሻ   and its Lie Algebra ী঻ሺ૟ሻ 
 

In this section, we want to present Lucky Guess Lie Group of dimension six with its Lie 
algebra. 

The Lucky Guess Lie Group of dimension six has the following form: 
 

ሺ6ሻܩܮ

ە
ۖ
۔

ۖ
ۓ

ۉ

ۈ
ۈ
ۇ

1 0 ଵݖ 0 ଵݔ ൅ ଵݕ െ ଵݖ െ 1 ൅ ݁௭భ 0
0 1 0 ଶݖ 0 ଶݔ ൅ ଶݕ െ ଶݖ െ 1 ൅ ݁௭మ

0 0 1 0 െݕଵ െ 1 ൅ ݁௭భ 0
0 0 0 1 0 െݕଶ െ 1 ൅ ݁௭మ

0 0 0 0 ݁௭భ 0
0 0 0 0 0 ݁௭మ ی

ۋ
ۋ
ۊ

ተ

ተ
,ଵݔ ,ଶݔ ,ଵݕ ,ଶݕ ,ଵݖ ଶݖ א Թ

ۙ
ۖ
ۘ

ۖ
ۗ

 

 

Genereal form of an element of ܩܮሺ6ሻ is 
 

ߚ ൌ

ۉ

ۈ
ۈ
ۇ

1 0 ଵݖ 0 ଵݔ ൅ ଵݕ െ ଵݖ െ 1 ൅ ݁௭భ 0
0 1 0 ଶݖ 0 ଶݔ ൅ ଶݕ െ ଶݖ െ 1 ൅ ݁௭మ

0 0 1 0 െݕଵ െ 1 ൅ ݁௭భ 0
0 0 0 1 0 െݕଶ െ 1 ൅ ݁௭మ

0 0 0 0 ݁௭భ 0
0 0 0 0 0 ݁௭మ ی

ۋ
ۋ
ۊ

 

 

and  
 

ሺ0ሻߚ ൌ  ,ܫ
 

and therefore, general form of an element of the Lucky Guess Lie algebra य़ग़ሺ6ሻ is  
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ሶߚ ൌ

ۉ

ۈ
ۈ
ۈ
ۇ

0 0 ଵሶݖ ሺ0ሻ 0 ଵሶݔ ሺ0ሻ ൅ ଵሶݕ ሺ0ሻ െ ଵሶݖ ൅ ݁௭భሺ଴ሻ. ଵሶݖ ሺ0ሻ 0
0 0 0 ଶሶݖ ሺ0ሻ 0 ଶሶݔ ሺ0ሻ ൅ ଶሶݕ ሺ0ሻ െ ଶሶݖ ሺ0ሻ ൅ ݁௭మሺ଴ሻ. ଶሶݖ ሺ0ሻ
0 0 0 0 െݕଵሶ ሺ0ሻ ൅ ݁௭భሺ଴ሻ. ଵሶݖ ሺ0ሻ 0
0 0 0 0 0 െݕଶሶ ሺ0ሻ ൅ ݁௭మሺ଴ሻ. ଶሶݖ ሺ0ሻ
0 0 0 0 ݁௭భሺ଴ሻ. ଵሶݖ ሺ0ሻ 0
0 0 0 0 0 ݁௭మ. ଶሶݖ ሺ0ሻ ی

ۋ
ۋ
ۋ
ۊ

. 
 

Here 
 

ሶߚ ൌ ଵሶݔ ሺ0ሻ.

ۉ

ۈۈ
ۇ

0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 ی0

ۋۋ
ۊ

ଶሶݔ+ ሺ0ሻ.

ۉ

ۈۈ
ۇ

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 ی0

ۋۋ
ۊ

 

൅ݕଵሶ ሺ0ሻ.

ۉ

ۈۈ
ۇ

0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 െ1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 ی0

ۋۋ
ۊ

൅ ଶሶݕ ሺ0ሻ.

ۉ

ۈۈ
ۇ

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 െ1
0 0 0 0 0 0
0 0 0 0 0 0 ی

ۋۋ
ۊ

 

൅ݖଵሶ ሺ0ሻ.

ۉ

ۈۈ
ۇ

0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 ی0

ۋۋ
ۊ

൅ ଶሶݖ ሺ0ሻ.

ۉ

ۈۈ
ۇ

0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 ی1

ۋۋ
ۊ

 , 

 

and the basis elements of the Lie algebra are 
 

ଵܺ ൌ

ۉ

ۈۈ
ۇ

0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 ی0

ۋۋ
ۊ

, ܺଶ ൌ

ۉ

ۈۈ
ۇ

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 ی0

ۋۋ
ۊ

,  

ଵܻ ൌ

ۉ

ۈۈ
ۇ

0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 െ1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 ی0

ۋۋ
ۊ

, ଶܻ ൌ

ۉ

ۈۈ
ۇ

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 െ1
0 0 0 0 0 0
0 0 0 0 0 0 ی

ۋۋ
ۊ

,  

ܼଵ ൌ

ۉ

ۈۈ
ۇ

0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 ی0

ۋۋ
ۊ

, ܼଶ ൌ

ۉ

ۈۈ
ۇ

0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 ی1

ۋۋ
ۊ

. 

 

Thus, य़ग़ሺ6ሻ ൌ ሼ݊ܽ݌ݏ ଵܺ, ܺଶ, ଵܻ, ଶܻ, ܼଵ, ܼଶሽ. 
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2.3. The Lie Brackets of Lucky Guess Lie Group ࡳࡸሺ૟ሻ 
 

The Lucky Guess Lie algebra of dimension six has the same properties of dimension three 
case, and the list of the brackets is in the following; 
 

1ሻ ሾ ଵܺ, ܺଶሿ ൌ 0                                                                                                                               (1) 
 

2ሻ ሾ ଵܺ, ଵܻሿ ൌ 0                                                                                                                               (2) 
 

3ሻሾ ଵܺ, ଶܻሿ ൌ 0                                                                                                                                (3) 
 

4ሻ ሾ ଵܺ, ܼଵሿ ൌ ଵܺ                                                                                                                          (4) 
 

5ሻ ሾ ଵܺ, ܼଵሿ ൌ 0                                                                                                                          (5) 
 

6ሻ ሾܺଶ, ଵܻሿ ൌ 0                                                                                                                                (6) 
 

7ሻ ሾܺଶ, ଶܻሿ ൌ 0                                                                                                                          (7) 
 

8ሻ ሾܺଶ, ܼଵሿ ൌ 0                                                                                                                          (8) 
 

9ሻ ሾܺଶ, ܼଶሿ ൌ ܺଶ                                                                                                                          (9) 
 

10ሻ ሾ ଵܻ, ଶܻሿ ൌ 0                                                                                                                        (10) 
 

11ሻ ሾ ଵܻ, ܼଵሿ ൌ ଵܺ ൅ ଵܻ                                                                                                                  (11) 
 

12ሻ ሾ ଵܻ, ܼଶሿ ൌ 0                                                                                                                        (12) 
 

13ሻ ሾ ଶܻ, ܼଵሿ ൌ 0                                                                                                                        (13) 
 

14ሻ ሾ ଶܻ, ܼଶሿ ൌ ܺଶ ൅ ଶܻ                                                                                                            (14) 
 

15ሻ ሾܼଵ, ܼଶሿ ൌ 0                                                                                                                        (15) 
 
3. A GENERALIZATION OF LUCKY GUESS LIE GROUP ࡳࡸሺ૜࢔ሻ 
 

In this section, we generalize the Lucky Guess Lie group of dimension three to dimension 3n 
and find its general form 
 

ሺ3݊ሻܩܮ ൌ ቐቌ
௡ܫ ܼ௡ ܺ௡ ൅ ௡ܻ െ ௡ܫ െ ܼ௡ ൅ ݁௓೙

0௡ ௡ܫ െ ௡ܻ െ ௡ܫ ൅ ݁௓೙

0௡ 0௡ ݁௓೙

ቍቑ, 

 

ܼ௡ ൌ ൮

ଵݖ 0 … 0
0 ଶݖ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݖ

൲, ௡ܻ ൌ ൮

ଵݕ 0 … 0
0 ଶݕ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݕ

൲, 

 

ܺ௡ ൌ ൮

ଵݔ 0 … 0
0 ଶݔ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݔ

൲ , ݁௓೙ ൌ ൮

݁௭భ 0 … 0
0 ݁௭మ … 0
ڭ ڭ ڰ ڭ
0 0 … ݁௭೙

൲ . 

 

3.1. Generators of the Generalized of Lucky Guess Lie Algebra ী঻ሺ૜࢔ሻ 
 

Let us denote by ௜ܺ
ଶ௡ା௜ the 3݊ ൈ 3݊ matrices having 1 at ݅th row and ሺ2݊ ൅ ݅ሻth column. 

Then, 
 

ଵܺ
ଶ௡ାଵ ൌ ൮

0 0 ڮ 1 0 ڮ 0
0 0 ڮ 0 ڮ ڮ 0
ڭ ڭ ڮ ڰ ڮ ڮ ڭ
0 0 ڮ ڮ ڮ ڮ 0

൲, 

A Generalization of Lucky … / Sigma J Eng & Nat Sci 33 (3), 429-437, 2015



434 

 

ܺଶ
ଶ௡ାଶ ൌ ൮

0 0 ڮ 0 ڮ ڮ 0
0 0 ڮ 0 1 ڮ 0
ڭ ڭ ڮ ڰ ڮ ڮ ڭ
0 0 ڮ ڮ ڮ ڮ 0

൲, 

 

 ڭ

ܺ௡
ଷ௡ ൌ

ۉ

ۈ
ۈ
ۇ

0 0 ڮ ڮ ڮ 0
0 0 ڮ ڮ ڮ ڭ
ڭ ڮ ڰ ڮ ڮ 1
ڭ ڮ ڮ ڮ ڮ 0
ڭ ڮ ڮ ڰ ڮ ڭ
0 0 ڮ ڮ ڮ 0 ی

ۋ
ۋ
ۊ

. 

 
Let us denote by ௜ܻ

ଶ௡ା௜ the 3݊ ൈ 3݊  matrices having first 1 at ݅th row and ሺ2݊ ൅ ݅ሻth 
column. 0௡ିଵ is an ሺ݊ െ 1ሻ ൈ 1 column matrix with zero entries. Then, 
 

ଵܻ
ଶ௡ାଵ ൌ

ۉ

ۇ

0 0 ڮ 1 0 ڮ 0
0 0 0 0௡ିଵ 0 0 0
ڭ ڮ ڰ െ1 0 ڮ 0
0 0 ڮ ڮ 0 ڮ ی0

 ,ۊ

 

ଶܻ
ଶ௡ାଶ ൌ

ۉ

ۈ
ۈ
ۇ

0 0 ڮ ڮ 0 ڮ 0
0 0 ڮ ڮ 1 ڮ ڭ
ڭ ڮ ڰ ڮ 0௡ିଵ ڮ 0
ڭ ڮ ڮ ڮ െ1 ڮ 0
ڭ ڮ ڮ ڰ ڭ ڮ ڭ
0 0 ڮ ڮ 0 ڮ ی0

ۋ
ۋ
ۊ

, 

 

 ڭ
 

௡ܻ
ଷ௡ ൌ

ۉ

ۈ
ۈ
ۈ
ۈ
ۇ

0 0 ڮ ڮ ڮ 0
0 0 ڮ ڮ ڮ ڭ
ڭ ڮ ڰ ڮ ڮ 1
ڭ ڮ ڮ ڮ ڮ 0௡ିଵ

ڭ ڮ ڮ ڰ ڮ െ1
ڭ ڮ ڮ ڮ ڮ 0
ڭ ڮ ڮ ڮ ڮ ڭ
0 ڮ ڮ ڮ ڮ 0 ی

ۋ
ۋ
ۋ
ۋ
ۊ

. 

 

Let us denote by ܼ௜
௡ା௜ the 3݊ ൈ 3݊  matrices having first 1 at ݅th row and ሺ݊ ൅ ݅ሻth 

column. 0ሺ௡ିଵሻൈଵ is an ሺ݊ െ 1ሻ ൈ 1  column matrix with zero entries and 0ଵൈሺ௡ିଵሻ is a 1 ൈ ሺ݊ െ
1ሻ row matrix with zero entries. Then, 
 

ܼଵ
௡ାଵ ൌ

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۇ

0 ڮ 1 0ଵൈሺ௡ିଵሻ 0 ڮ ڮ 0
ڭ ڮ 0 ڭ ڭ ڮ ڮ ڭ
ڭ ڮ ڭ ڭ 0 ڮ ڮ ڭ
0 ڮ ڮ 0 1 0 ڮ ڭ
ڭ ڰ ڮ ڭ 0ሺ௡ିଵሻൈଵ ڮ ڮ 0

0 ڮ ڮ 0 1 0 ڮ 0
ڭ ڮ ڰ ڭ 0 ڮ ڮ ڭ
ڭ ڮ ڮ ڰ ڭ ڮ ڮ ڭ
0 ڮ ڮ ڮ 0 ڮ ڮ ی0

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

, 
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ܼଶ
௡ାଶ ൌ

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۇ

0 ڮ ڮ 0 ڮ ڮ ڮ ڮ 0
ڭ ڮ 0 1 0 ڮ ڮ ڮ 0
ڭ ڮ ڭ 0 ڭ ڭ ڮ ڮ ڭ
ڭ ڮ ڭ ڭ ڮ 0 ڮ ڮ ڭ
0 ڮ ڮ ڮ 0 1 0 ڮ 0
ڭ ڰ ڮ ڮ ڮ 0ሺ௡ିଵሻൈଵ ڭ ڮ 0

0 ڮ ڮ ڮ 0 1 0 ڮ 0
ڭ ڮ ڮ ڰ ڮ 0 ڮ ڮ ڭ
ڭ ڮ ڮ ڮ ڮ ڭ ڮ ڮ ڭ
0 ڮ ڮ ڮ ڮ 0 ڮ ڮ ی0

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

, 

 ڭ

ܼ௡
ଶ௡ ൌ

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۇ

0 ڮ ڮ ڮ ڮ ڮ ڮ ڮ 0
ڭ ڮ ڮ ڮ ڮ ڮ ڮ ڮ 0
ڭ ڮ ڭ ڮ ڭ ڭ ڮ ڮ ڭ
ڭ ڮ ڭ ڭ ڮ 0 ڮ ڮ ڭ
0 ڮ ڮ ڮ 0 1 0 ڮ 0
ڭ ڰ ڮ ڮ ڮ 0 ڭ ڮ 0
0 ڮ ڮ ڮ 0 ڭ 0 ڮ 0
ڭ ڮ ڮ ڰ ڮ ڭ ڮ ڮ 1
ڭ ڮ ڮ ڮ ڮ ڭ ڮ ڮ 0ሺ௡ିଵሻൈଵ

0 ڮ ڮ ڮ ڮ 0 ڮ ڮ 1 ی

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

 

 
3.2. Lie Brackets of Generators of Generalized of Lucky Guess Lie Algebra ী঻ሺ૜࢔ሻ 
 

The Lucky Guess Lie algebra of dimension 3݊ has same properties of dimension three case, 
and the list of the brackets is in the following:   ሺ1 ൑ ݅, ݆ ൑ ݊ሻ, 
 

1ሻ ቂ ௜ܺ
ଶ௡ା௜, ௝ܺ

ଶ௡ା௝ቃ ൌ 0                                                                                                                   (16) 
 

2ሻ ቂ ௜ܺ
ଶ௡ା௜, ௝ܻ

ଶ௡ା௝ቃ ൌ 0                                                                                                                   (17) 
 

3ሻ ቂ ௜ܺ
ଶ௡ା௜, ௝ܼ

௡ା௝ቃߜ௜௝. ௜ܺ
ଶ௡ା௜                                                                                                                     (18) 

 

4ሻ ቂ ௜ܻ
ଶ௡ା௜, ௝ܻ

ଶ௡ା௝ቃ ൌ 0                                                                                                                    (19) 
 

5ሻ ቂ ௜ܻ
ଶ௡ା௜, ௝ܼ

௡ା௝ቃ ൌ .௜௝ߜ ሺ ௜ܺ
ଶ௡ା௜ ൅ ௜ܻ

ଶ௡ା௜ሻ                                                                                     (20) 
 

6ሻ ቂܼ௜
௡ା௜, ௝ܼ

௡ା௝ቃ ൌ 0                                                                                                                     (21) 

 
4. ALGEBRAIC AND TOPOLOGICAL PROPERTIES OF THE GENERALIZED 
LUCKY GUESS LIE GROUP ࡳࡸሺ૜࢔ሻ 
 
Lemma 4.1: The Lucky Guess Group ܩܮሺ3݊ሻ is closed Lie group in ܮܩሺ3݊, Թሻ. 
Proof: To prove, we use the same technique in [4]. Let ሺܣ௥ሻ௥வ଴ be any sequence of elements in 
 ௥ is of the formܣ ሺ3݊ሻ where eachܩܮ
 

௥ܣ ൌ ቌ
௡ܫ ܼ௡

௥ ܺ௡
௥ ൅ ௡ܻ

௥ െ ௡ܫ െ ܼ௡
௥ ൅ ݁௓೙

ೝ

0௡ ௡ܫ െ ௡ܻ
௥ െ ௡ܫ ൅ ݁௓೙

ೝ

0௡ 0௡ ݁௓೙
ೝ

ቍ , ݎ ൐ 0,   where 
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ܼ௡
௥ ൌ ൮

ଵݖ
௥ 0 … 0

0 ଶݖ
௥ … 0

ڭ ڭ ڰ ڭ
0 0 … ௡ݖ

௥

൲, ௡ܻ
௥ ൌ ൮

ଵݕ
௥ 0 … 0

0 ଶݕ
௥ … 0

ڭ ڭ ڰ ڭ
0 0 … ௡ݕ

௥

൲, 

 

ܺ௡
௥ ൌ ൮

ଵݔ
௥ 0 … 0

0 ଶݔ
௥ … 0

ڭ ڭ ڰ ڭ
0 0 … ௡ݔ

௥

൲ , ݁௓೙
ೝ

ൌ ൮

݁௭భ
ೝ

0 … 0
0 ݁௭మ

ೝ
… 0

ڭ ڭ ڰ ڭ
0 0 … ݁௭೙

ೝ

൲. Since Թ is complete, as 

ݎ ՜ ∞ 
 

we have ݔ௜, ,௜ݕ ௜ݔ ௜ such thatݖ
௥ ՜ ௜ݕ ,௜ݔ

௥ ՜ ௜ݖ ௜ andݕ
௥ ՜  ,௜ for each i. Thereforeݖ

௥ܣ ՜ ݎ as ܣ ՜ ∞, 
 

ܣ ൌ ቌ
௡ܫ ܼ௡ ܺ௡ ൅ ௡ܻ െ ௡ܫ െ ܼ௡ ൅ ݁௓೙

0௡ ௡ܫ െ ௡ܻ െ ௡ܫ ൅ ݁௓೙

0௡ 0௡ ݁௓೙

ቍ, ܼ௡ ൌ ൮

ଵݖ 0 … 0
0 ଶݖ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݖ

൲, 

௡ܻ ൌ ൮

ଵݕ 0 … 0
0 ଶݕ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݕ

൲,  ܺ௡ ൌ ൮

ଵݔ 0 … 0
0 ଶݔ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݔ

൲ , ݁௓೙ ൌ ൮

݁௭భ 0 … 0
0 ݁௭మ … 0
ڭ ڭ ڰ ڭ
0 0 … ݁௭೙

൲ . 

 

Lemma 4.2: The group ܩܮሺ3݊ሻ is a connected, simply connected and non-compact Lie group. 
Proof: Firstly, we prove that ܩܮሺ3݊ሻ is non-compact with the help of Frobenius norm. To prove, 
we use the same techinque in [4]. The Frobenius norm of an arbitrary element of ܩܮሺ3݊ሻ is given 
by 
 

ቯቌ
௡ܫ ܼ௡ ܺ௡ ൅ ௡ܻ െ ௡ܫ െ ܼ௡ ൅ ݁௓೙

0௡ ௡ܫ െ ௡ܻ െ ௡ܫ ൅ ݁௓೙

0௡ 0௡ ݁௓೙

ቍቯ

ி

ൌ ඪ݁ܿܽݎݐ ൦ቌ
௡ܫ ܼ௡ ܺ௡ ൅ ௡ܻ െ ௡ܫ െ ܼ௡ ൅ ݁௓೙

0௡ ௡ܫ െ ௡ܻ െ ௡ܫ ൅ ݁௓೙

0௡ 0௡ ݁௓೙

ቍ . ቌ
௡ܫ ܼ௡ ܺ௡ ൅ ௡ܻ െ ௡ܫ െ ܼ௡ ൅ ݁௓೙

0௡ ௡ܫ െ ௡ܻ െ ௡ܫ ൅ ݁௓೙

0௡ 0௡ ݁௓೙

ቍ

்

൪ 

 

ൌ ට݊ ൅ ∑ ൫ݖ௜
ଶ ൅ 1൯௡

௜ୀଵ ൅ ሺݔ௜ ൅ ௜ݕ െ ௜ݖ െ 1 ൅ ݁௭೔ሻଶ ൅ ሺെݕ௜ െ 1 ൅ ݁௭೔ሻଶ ൅ ݁ଶ௭೔ . 
 

Thus, ܩܮሺ3݊ሻ is not clearly bounded for all ݔ௜, ,௜ݕ ௜ݖ א Թ. Hence  ܩܮሺ3݊ሻ  is not compact. 
Secondly, we verify  ܩܮሺ3݊ሻ is connected and simply-connected:  

Let ݃ be a mapping from Թଷ௡ to  ܩܮሺ3݊ሻ such that  
 

݃: Թଷ௡ ՜  ሺ3݊ሻܩܮ
 

݃ሺݔଵ, … , ,௡ݔ ,ଵݕ … , ,௡ݕ ,ଵݖ … , ௡ሻݖ ൌ ቌ
௡ܫ ܼ௡ ܺ௡ ൅ ௡ܻ െ ௡ܫ െ ܼ௡ ൅ ݁௓೙

0௡ ௡ܫ െ ௡ܻ െ ௡ܫ ൅ ݁௓೙

0௡ 0௡ ݁௓೙

ቍ, 
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where  ܼ௡ ൌ ൮

ଵݖ 0 … 0
0 ଶݖ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݖ

൲, ௡ܻ ൌ ൮

ଵݕ 0 … 0
0 ଶݕ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݕ

൲, ܺ௡ ൌ ൮

ଵݔ 0 … 0
0 ଶݔ … 0
ڭ ڭ ڰ ڭ
0 0 … ௡ݔ

൲ , ݁௓೙ ൌ

൮

݁௭భ 0 … 0
0 ݁௭మ … 0
ڭ ڭ ڰ ڭ
0 0 … ݁௭೙

൲. 

 

Since ݃ is a homoemorphism and Թଷ௡ is a connected and simply-connected space, ܩܮሺ3݊ሻ is 
also connected and simply-connected. 
 
Lemma 4.3: The group ܩܮሺ3݊ሻ is solvable and non-nilpotent Lie group. 
Proof: य़ग़ሺ3݊ሻ ൌ ሼ݊ܽ݌ݏ ଵܺ, … , ܺ௡, ଵܻ, … , ௡ܻ, ܼଵ, … , ܼ௡ሽ, 
य़ग़ሺ3݊ሻሺ଴ሻ ൌ ሼ݊ܽ݌ݏ ଵܺ, … , ܺ௡, ଵܻ, … , ௡ܻ, ܼଵ, … , ܼ௡ሽ, 
य़ग़ሺ3݊ሻሺଵሻ ൌ ሼ݊ܽ݌ݏ ଵܺ, … , ܺ௡, ଵܻ, … , ௡ܻሽ, 
य़ग़ሺ3݊ሻሺଶሻ ൌ ሼ0ሽ, 
 ڭ
य़ग़ሺ3݊ሻሺ௞ሻ ൌ ൛ሾܺ, ܻሿหܺ, ܻ א य़ग़ሺ3݊ሻሺ௞ିଵሻൟ ൌ 0. The derived series vanishes for some ݇ א �, 
य़ग़ሺ3݊ሻ is solvable. 
 य़ग़ሺ3݊ሻሺ଴ሻ ൌ ሼ݊ܽ݌ݏ ଵܺ, … , ܺ௡, ଵܻ, … , ௡ܻ, ܼଵ, … , ܼ௡ሽ, 
य़ग़ሺ3݊ሻሺଵሻ ൌ ሼ݊ܽ݌ݏ ଵܺ, … , ܺ௡, ଵܻ, … , ௡ܻሽ, 
य़ग़ሺ3݊ሻሺଶሻ ൌ ሼ݊ܽ݌ݏ ଵܺ, … , ܺ௡, ଵܻ, … , ௡ܻሽ, 
 ڭ
य़ग़ሺ3݊ሻሺ௞ሻ ൌ ൛ሾܺ, ܻሿหܺ א य़ग़ሺ3݊ሻሺ௞ିଵሻ, ܻ א य़ग़ሺ3݊ሻൟ= ݊ܽ݌ݏሼ ଵܺ, … , ܺ௡, ଵܻ, … , ௡ܻሽ. The lower central 

series does not vanish for some k א ù, य़ग़ሺ3݊ሻ is not nilpotent. 
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