Sigma J Eng & Nat Sci 33 (3), 2015, 429-437

Sigma Journal Engineering and Natural Sciences
Sigma Miihendislik ve Fen Bilimleri Dergisi

Review Paper / Derleme Makalesi
A GENERALIZATION OF LUCKY GUESS LIE GROUP LG(3n) AND ITS LIE
ALGEBRA Ig(3n)

Ayse KARA HANSEN*, Mahmut KUDEYT

Yildiz Technical University, Department of Mathematics, Esenler-ISTANBUL

Received/Gelis: 28.11.2014 Revised/Diizeltme: 22.02.2015 Accepted/Kabul: 18.05.2015

ABSTRACT

In this work, we generalize the Lucky Guess Lie group of dimension three [1], to the dimension 3n which is a
solvable and non-nilpotent Lie group. We calculate general forms of the elements of both the Generalized
Lucky Guess Lie group of dimension 3n and its Lie algebra, and study some algebraic and topological
properties [4].

Keywords: Lucky guess lie group LG(3), lie algebra Ig(3), generalized lucky guess lie group LG (3n),
generalized lie algebra [g(3n).

LG(3n) LUCKY GUESS LIE GRUBU VE ONUN LIE CEBIRi Ig(3n)
0z

Bu ¢aligmada, ii¢ boyutlu Lucky Guess Lie grup [1], ¢oziilebilir ve nilpotent olmayan 3n boyutlu olacak
sekilde genellestirdik. Hem 3n boyutlu Genel Lucky Guess Lie Grubu ve onun Lie cebirinin genel formlar
hesaplanmus ve bazi cebirsel ve topolojik ozellikleri incelenmistir.

Anahtar Sozciikler: Lucky guess lie grup LG(3), lie cebiri 1g(3), genellestirilmis lucky guess lie grup
LG (3n), genellestirilmis lie cebiri [g(3n).

1. INTRODUCTION

In this work, we study Lucky Guess Lie Group which has been introduced by Bowers , [1], in
the three dimensional case. In [1], Bowers gives the Lie algebra of Lucky Guess in three
dimension.

In section 2, we calculate LG(3n) and LG(6) the Lucky Guess Lie groups of dimensions
three and six, respectively. We calculate derivations of the Lucky Guess Lie algebra of dimension
three.

In section 3, we generalize Lucky Guess to dimension 3n and calculate the generators of
Lucky Guess Lie algebra Ig(3n)
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And in section 4, we study algebraic and topological properties of the generalized Lucky
Guess Lie group. We use some of the techniques given in [4].

2. LUCKY GUESS LIE GROUP LG(3) AND LIE ALGEBRA 1Ig(3)

In [1 ], Bowers defines the Lucky Guess Lie algebra of dimension three, and in this section,
we calculate Lie group of the Lucky Guess Lie algebra of dimension three and six.
The Lucky Guess Lie algebra of dimension three has basis elements

0 0 1 00 1 01 0
el=<0 0 0),62 =<0 0 —1).63 =<0 0 1)
0 0 O 0 0 0 0 0 1

where [ej,e,] =0, [eg,es] = ey, [e,e3] = €1 +e,.

Since
exp:1g(3) = LG(3)
A - exp (4)
1 0 x 1 0 y 1 z —-1—-2z+¢é€*
exp(x.e) = (0 1 0), exp(y.e;) = <0 1 —y), exp(z.e3) = (0 1 —1+e* )
0 0 1 0 0 1 0 0 e’
Then, we obtain the Lucky Guess group LG (3):
1 z x+y—1—-2z+¢€*
LG(3)={(0 1 -y —1+e? ) x.y,zeR}-
00 e’

2.1. Derivation Algebra of Ig(3)

In the following, we calculate all derivations by [5] of the Lucky Guess Lie algebra of
dimension three:

00 1 00 1 010
Ig(3)=sp{el=(0 0 0),62=<0 0 —1>,e3=<0 0 1)}
000 00 0 00 1

where [e1,e5] =0, [eg,e3] = ey, [e5,e5] = e; + e,.
If we take d € Der(lg(B)), then
d: 1g(3) - 1g(3)
d([x,y]) = [d(x), y] + [x,d ()]
d €1g(3) = d(ey) = dyie; +dqize; + dizes
d(e;) = dyreq +dyze; + dyzes
d(e3) = dzie; +dsze; + dzzes.

If we combain structure equations and derivation d, then we have

di; dip dis ’
d={dy dy dy3|.

d3; d3; dsz
Hence,
(dll dy d31>
d=( 0 dyy ds |
0 0 0
Thus,
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10 0y /O 1 0\ /0 0O 1\ /0 O O
Der(Ig(3))=010,(000,000,001.
0 0 o/ \0o 0 0/ \0o 0 0/ \0o 00O

2.1.1. Inner Derivation Algebra of Ig(3)

In this section, we calculate inner derivations of the Lucky Guess Lie group of dimension

three.

0 0 1

ad,, = (0 0 0)
0 0O
0 0 1

ad,, = (0 0 1)
0 0O

-1 -1 0

ad,,={ 0 -1 0

0 0 0
00 1y /00 1\ /1 10
m(1g(3)) = (0 0 0),(0 0 1).(0 1 0>.
000/ 00 \0o 00

2.2. Lucky Guess Lie Group LG(6) and its Lie Algebra Ig(6)

In this section, we want to present Lucky Guess Lie Group of dimension six with its Lie

The Lucky Guess Lie Group of dimension six has the following form:

algebra.
1 0 z
01 0
0 0 1
LG(6
© 0 0 O
0 0 O
0 0 O

Genereal form of an element of LG (6) is

and

0 xq+y;—z,—1+e% 0

Z, 0 x2+y2—zz—1+e22\
0 -y —1+e* 0

1 0 -y, —1+e?

0 e” 0

0 0 e”
0 zz 0 xy+y;—2z,—1+4+e% 0
1 0 2z 0 X +y, —2z;— 1+
0 1 0 -y1—1+en 0
0 0 1 0 -y, —1+e?
0 0 O e” 0
0 0 O 0 e”2

BO) =1,

X1, X2, Y1, Y2, %1, %2 € R

ezZ\

and therefore, general form of an element of the Lucky Guess Lie algebra Ig(6) is
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B =

%1(0) + 1 (0) — 7, + e4(®.Z,(0)

|
)

0
%5(0) + ¥2(0) — Z,(0) + e%2(9). 2,(0)
0
—2(0) + e%2(9). 2,(0)
0
e”2.7,(0)

0
—%,(0) + %, 7, (0)
0
e%(9 7 (0)

0
7(0)
0
0
0
0

0

o © O o

o O © © o

0 0 Z(0)

o O © O o
NN

Here

—_— — ~
\I |/ i -
O OO O
SO OO OO
000000000000
SO OO oo
000000010000
(el e B e B e B e i e
000000000000
[l e e e Nl
000000000000
SO OO OO
~ P RLeCPC°CPS95ococooo
. /|\
N -
e = ~
~ S =
2 = <
il o N
Soocococo _—m—
\J
SO OO OO
— o OO oo eeceeee
i
00000010 | OO OO O HO
000000000000000000
i
S OO OO Coocoocoo o Cecoee
000000000000000000
/Ill\
. SO OO OO
\nU) S O O O O O _~
~————— .
N~
= . ~
= > e
N~ —
Il — N
Q. I_Vu +

and the basis elements of the Lie algebra are

- \IJ —_—

S — - ——
SHooooP e | cSdocoo Ao
CoOO0O0O0OCcococococ@Poo000O
CoO0O0O0 00000
CoOO0O0O0ChccococoPOo0o0O0O
COoOO0O0O0ChcmcococoPOoO0O0OCO
CO0OO0O0O0OC PO 0Q

Il Il I
o o~
> > N
\llll]
Soocoocoddocococodoo0oo0o0o0o
co-HowHo
100000104.000
coocoococo coocococo
coocoococo
coococoo —“—ococoooco
coococoo
coococoo coocococo
coococoo
coococoo coocococo
~— o ocoocococoo ~——
(\
I I
Il Il i
> oo N

Thus, Ig(6) = span{X, X, Y1, Y, Z1, Z5}.
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2.3. The Lie Brackets of Lucky Guess Lie Group LG(6)

The Lucky Guess Lie algebra of dimension six has the same properties of dimension three
case, and the list of the brackets is in the following;

1) [X,X]=0 1)
2) [X,11]=0 @
3)[X1, Y2l =0 3)
4) [X1,Z,] = 4)
5) [X1,Z4] = 0 &)

6) [X5, V1] =0 (6)
7) [X2, Vo] =0 (M

8) [X3,Z1] =0 ®

9) [X2,Z,] = X, ©)]
10) [Yy, Y] =0 (10
MM,z ]l=X+Y (11)
12) [y, Z,] = (12)
13) [Y,, Z4] = (13)
14) [V, 2] =X, + 1, (14)
15) [24,Z,] = (15)

3. A GENERALIZATION OF LUCKY GUESS LIE GROUP LG(3n)

In this section, we generalize the Lucky Guess Lie group of dimension three to dimension 3n
and find its general form

Iy Zn Xp+Yy—1I,—Z, +e%n

LG(3n) =40, I, —Yn—I + eZn ,
0, 0,
zz 0 .. O V1
7, = 0 Z:2 0 Y, = 0 yz
0 0 .. z 0
X1 0 . 0 e O
o I R efz -0
0 0 .. xg, 0 0o .. ez"

3.1. Generators of the Generalized of Lucky Guess Lie Algebra Ig(3n)

Let us denote by X2™*! the 3n x 3n matrices having 1 at ith row and (2n + i)th column.
Then,

0 0 0 - 0
X2+ = 0 0 0 0 ‘
0 0 v v e e 0
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0 0 0 -« - 0
xn+z [0 0 0 - 0
2 - : e ’
0 0 0
0 0 o o o 0
0 0 - e e d
0 0 - -« - 0

Let us denote by Yizn” the 3n X 3n matrices having first 1 at ith row and (2n + i)th
column. 0,,_4 isan (n — 1) X 1 column matrix with zero entries. Then,

/0 0 - 0 - 0
Y2t = 0 0 0 0,., O 0 O
R 0 - 0
0 0 -0 0
0 0 0 0
0 0 ;
y2n+2 — P 0n-1 0
’ P 0
0 0 0 0
0 0 0
/0 0 : \
‘g
T 0
y3n_ n-1
n TR
: 0

Let us denote by ZP*! the 3n x 3n matrices having first 1 at ith row and (n+ i)th
column. 0¢,_1)x isan (n — 1) X 1 column matrix with zero entries and 0;x(—1) isa 1 X (n —
1) row matrix with zero entries. Then,

0 - 01x(n-1) 0 e e 0
P 0 : : v e 8
HROR : 0
0 v e 0 0
=g o e : 0n-1)x1 ,
0 0 0
0
0 0 0
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0 -0 - 0
: 0 0 0
0 :
P 0
7+ = 0 0 0 ol
0n—1)x1
0 0 0
0
0 0
R 0
.0 - :
|0 0 0 0
Zyt = 0 0
0 0 : 0 0
O T, 0n-1)x1

3.2. Lie Brackets of Generators of Generalized of Lucky Guess Lie Algebra Ig(3n)

The Lucky Guess Lie algebra of dimension 3n has same properties of dimension three case,
and the list of the brackets is in the following: (1 <i,j < n),

1) [x2m+, x| = 0 (16)

2) [xzm+, vt = 0 (17)

3) [Xi2n+itzjn+j]6ij-Xi2n+i (18)
Comai

4) |:YiZ11+Llyj n+1] =0 19)

5) [Yi2n+i,Zjn+j] — 61] (Xian + Yizn+i) (20)

6) |2+, 2/ =0 @1

4. ALGEBRAIC AND TOPOLOGICAL PROPERTIES OF THE GENERALIZED
LUCKY GUESS LIE GROUP LG(3n)

Lemma 4.1: The Lucky Guess Group LG (3n) is closed Lie group in GL(3n, R).
Proof: To prove, we use the same technique in [4]. Let (4,),~¢ be any sequence of elements in
LG (3n) where each A, is of the form

L, Z, X, +Y, —I,—Z,  +e%"
A.=(0, I, —Y, =1, + e’ , 7 >0, where

ZT
0, 0, e’n
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z" 0 0 yi© 0 0
sr_| 0 z7 0 )\ yr— 0 ¥ 0
n : s in : : ’
0 0 Zy" 0 0 V"
xlr 0 0 ezl 0 0
T - r
X, = 0 x? " 0 L el = 0 ez_z - 0 . Since R is complete, as
0 0 .. x, 0 0 .. ea
T — o0

we have x;, ¥;, z; such that x;" — x;, y;” = y; and z;” — z; for each i. Therefore,
A, > Aasr > oo,

Ly Zyn Xp+Yy—ly—Zy+en o
A=|o0, I, —Y, — I, + e%n A I §
0, O, e’n 0 0 .. z
y, 0 .. 0 x 0 .. O er 0 .. O
Z:
N R B A ) e (L
0 0 .. wm 0 0 .. x, 0 0 .. e™m

Lemma 4.2: The group LG (3n) is a connected, simply connected and non-compact Lie group.
Proof: Firstly, we prove that LG (3n) is non-compact with the help of Frobenius norm. To prove,
we use the same techinque in [4]. The Frobenius norm of an arbitrary element of LG (3n) is given
by

Ly Zn Xp+Yy—1I,—Zy+e%n

0, I, —Y, — I, + e%n

0, 0, en v

Iy Zyn Xn+Yy—In—Zn+em\ (I, Zn Xn+Yy—1I,—Zy+eZn\"
= [tracel|| 0, I, -Y, — I, + e A0, I -Y,— I, +e%n
0, 0, eZn 0, 0, eZn

= \/n + XM (224 1)+ G +yi—zi— 1+ %)+ (—y; — 1+ e%)? + 24,

Thus, LG(3n) is not clearly bounded for all x;,y;,z; € R. Hence LG(3n) is not compact.
Secondly, we verify LG(3n) is connected and simply-connected:
Let g be a mapping from R3" to LG (3n) such that

g:R3" > LG(3n)
I, Zn Xn+Yy—1I,—Z,+e"
G, e X, Y1y s Yo Z1s e Zn) = | 0 I —Y, — I, + e%n ,
0, 0, ein
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zz 0 .. O vy 0 .. 0 xx 0 .. O
where Z,, = 0 7 0 Y, = 0 y:Z 0 , X, = 0 % 0 ,efn =
0 0 Zn 0 0 Vn 0 0 Xn
et 0 0
0 e? 0
0 0 .. e

Since g is a homoemorphism and R3" is a connected and simply-connected space, LG (3n) is
also connected and simply-connected.

Lemma 4.3: The group LG (3n) is solvable and non-nilpotent Lie group.
Proof: Ig(3n) = span{Xy, ..., X, Y1, oo, Yo, Z4, oo, Zn ),

16(3n)@ = span{Xy, ., Xp, Y1, . Yoo Z1, s Z s

lgBn)D = span{Xy, ..., Xy, Y1, o) Yol

lg(3n)® = {0},

lg(3n)® = {[X,Y]|X,Y € g(3n)*~V} = 0. The derived series vanishes for some k € 1,
Ig(3n) is solvable.

Ig(3n)(0) =spani{Xy, ..., Xp, Y1, o, Y, Z1, o Z0 ),

Ig(3n) 1y = span{Xy, ..., Xp, Y1, ., Vs

13(3n) 2y = span{Xy, ..., Xp, Y1, .., Vs

1g(3n) ) = {[X, Y]|X € 1g(3n) (x-1), Y € Ig(3n)}= span{Xy, ..., Xn, Y1, ..., Y }. The lower central
series does not vanish for some k € N, Ig(3n) is not nilpotent.
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